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Construction of strongly regular graphs
using affine designs

W. D. Wallis

Suppose there exist a balanced incomplete block design with

A =1 and an affine resolvable balanced incomplete block
design, the two designs having the same replication number.
Combining these designs we construct two strongly regular
graphs. This is applied to give a new family of design graphs
((v, k, A)—graphs). Finally, we show that for any prime power
n there are two non-isomorphic design graphs with

v=n2(n+2) , k=nn+tl) and A =n .

We have discussed design graphs, under the name "(v, k, A)-graphs”,
in (for example) [6]. In this paper we give a construction method for the
more general strongly regular graphs; we then discuss the particular
cases when the graphs constructed are design graphs. We get two known
classes of graphs and infinitely many new graphs. In particular we obtain
the graphs with parameters v = n2(n+2) , k=n(n+tl) , X =n, n a
prime power, which were discussed by Ahrens and Szekeres in [1]. We prove
the existence of a pair of non-isomorphic graphs with these parameters for

every suitable = .

The first two sections contain definitions which are needed later.
General references for these are [3] and [5]. Material on strongly

regular graphs appears in [2].

1. Basic definitions

A balanced incomplete block design (BIB design) with parameters
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(v, b, r, k, A) 1is a scheme for selecting b k-sets (called blocks) from
a v-set of objects (called treatments) such that any treatment belongs to
r blocks and any pair of treatments belongs to A blocks. A symmetric
BIB design, or (v, k, A)-configuration, is one for which v =3 . BIB

designs necessarily satisfy
(1) A(v-1) = r(k-1) , Dbk =vr .

An Hedamard matrix of order ULn is a square matrix of order Un with
elements *1 and with any two rows orthogonal. It exists if and only if

a (4n-1, 2n-1, n-1)-configuration exists.

Graphs in this paper are finite and undirected, without loops or

G=(V, X) is a set V of vertices

=

multiple edges. Thus a graph
together with a set X of edges, or unordered pairs of vertices. If

(x, y} € X then we say x 1is adjacent to y , written xz vy . If U is
a subset of V , then the spanning subgraph of U in g(V, X) is

ng, Y) , where Y consists of all members of X with both vertices in

U . The complement of G(V, X) is g(v, X) , where X consists of all

possible edges which are not in X . The union of graphs is defined by
S(Vy, X1) v G(Vy, X)) = &V, uVy, X; VX)) .«
Write Sx ={y :y €V, y vae} . Then Ile is the valency of x .
G is called regular if IS&I =k for every & in V ; if also constants:

A1 and Ay exist such that

A, when x"Vvy ,

s, n sy] 1

A, otherwise,

s, n Sél o

then it is called a strongly regular graph with parameters
(v; k5 A1, A2) . In particuler when A} = X, =X , G 1is called a design
graph or (v, kX, A)-graph; in this case the vertices of G as treatments

and the sets §  as blocks form a (v, k, A)-configuration. The

complement of g strongly regular graph with parameters (vy k; Al Az) is

strongly regular with parameters

(2) (v; v-k-1; v-2k+A,-2, v-2k+},) .

The complete graph and null graph on a certain set of vertices are
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the graphs with, respectively, all vertices adjacent and no vertices

adjacent. The k-partite graph K is a graph on
TN M sty

nl + n2 + ...+ nk vertices constructed as follows: the vertices are

partitioned into subsets called components of sizes nl, n2, ve.s and

nk ; the induced subgraph of any component is null; vertices in different

components are always adjacent. If nl =n, = ... = nk =n , we denote the

graph 5; . For example, £§ is shown.

2
1

Ei is strongly regular with parameters

(3) (kn; (k=1)n; (k=2)n, (k-1)n) .

2. Affine resolvable designs

A BIB design with parameters (v, b, r, k, A) 1is called affine
resolvable if its set of blocks can be partitioned into »r subsets or
"parallel classes" of size #n such that each treatment occurs in exactly
one block in each parallel class and such that two blocks from different
parallel classes have | common points for some fixed p . It is known

[3, p. 73] that the parameters of an affine resolvable BIB design are
(4) v=n?p, D=nu+n(t+y) , r=mu+t+u, k=nu, A=t+u,

where the non-negative integer ¢ satisfies W = (n-1)t + 1 .
Consequently we shall denote such a design as an AR(n, u) . We shall
refer to the blocks and treatments as lines and planes; lines in the same

parallel class are called parallel, and clearly have no common points.

The designs AR(2, y) are precisely the family of designs discussed
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in [7]; consequently an AR(2, u) exists if and only if there is an

Hadamard matrix of order Ly (that is, probably for all u).

An AR(n, 1) is precisely an affine plane of parameter xn , so it is
known to exist when 7 1is a prime power and known not to exist for certain
values such as »n = 6 . More generally, if we take the points and
hyper-planes of affine d-space over GF(q) as points and lines we obtain

d—2)

an AR(q, q (3, p. 721.

3. Construction of strongly regular graphs

THEOREM 1. Suppose there exists an AR(n, u) and there exists a

BIB design B with parameters (v, b, r, k, 1) , where
(5) r=mu+t+y, w=(n-l)t+1.
Then there is a strongly regular graph G with parameters
(6) (vn2u; (v-1)nu; (v-k)ur(k-2)n, (v-k)u} ;

moreover the vertices of G can be partitioned into v subsets of size

n2u  whose induced subgraphs are null.

Proof. PFirst select v disjoint sets Al, A2, ey Av of size

nzu ; the vnzu objects will be the vertices of G . Then construct
designs é}, AT, ..., é? , each of which is an AR(n, u) (these are not

necessarily isomorphic), with A% as the set of points of é? . Whenever
l<o=<wv and 1 =7 =12y , the set of lines in the 7-th parallel class of

Aa is denoted L: .

With the <-th block B, = {B, ¥ ...5 8} of B we associate a
symbol [Bp, Yo’ [ GT] , Wwhere p, O, ..., T are integers chosen in
some way that each aTT , where 1 =oa <v and 1 =7 <vr , will occur in

exactly one of the complete set of b symbols. (This can be done since
each 0O occurs in exactly r Dblocks of 2:') Correspoﬁding to each block

we construct a graph gi which is the union of »n k-partite graphs of

type gﬁu on disjoint sets of vertices: if Bi has symbol
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[B w Yos +005 8 ] then the first components of the n Kk are the n
p’ ‘o 1 Snu

lines in Ls , the second components are the lines of L;, ..., and the

k-th components are the lines of Lf .

We define G = U=gi , and shall show that it has the desired

properties.

Two vertices in A% cannot lie in different components of the one

k-partite graph, so they are not adjacent. Hence the various _Aa are v

disjoint subsets of size n2u whose induced subgraphs are null. If

x € Aa then the r graphs in gi containing & have no common points

outside of 4% (as B has last parameter 1); from (3) x is adjacent

to (k-1)ny points of each gi containing it; so x has valency

r{k-1)ny = (v-1)npy , for any =z .

If x and Yy belong to 4% then they occur together in M + ¢

lines of éﬁ , SO they occur in the same component in u + ¢ k-partite
graphs, and have (k-1)nd common vertices adjacent to them both in each
one; these vertices are all distinct. When & belongs to any other
block Bj of B, x and y are in different k-partite graphs in gi 5

if B 1is any other element of Bj then the lines of ée which are

adjacent to x and y are parallel, so they have no common points. So,

in total, « and y are mutually adjacent to (k-1)nu(u+t) vertices.

B

Say x belongs to A and y to Ay , B #Y . There will be one

block B, of B which contains both B and Y : either x and y are
in the same k-partite graph in gi , Whence they are adjacent and have
(k-2)ny mutually adjacent vertices in gi ;3 or not, whence they are not

adjacent and have no mutually adjacent vertices in gi . This eliminates

k of the A% . Each of =z and y are adjacent to one line (nu
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points) in any é? vhere o f Bi 5 these two lines of é? are not

parallel, since they correspond to different blocks, so they have u
common points by the properties of an AR(n, U) . So & and y have

u(v-k) further mutually adjacent vertices.

Summarizing, two adjacent vertices have U{v-k) + n(k-2) vertices
mutually adjacent; two non-adjacent vertices have either u(v-k) or

u(u+t)n(k-1) . But applying (1) and (5) to B ,

il

v - k =r(k-1) - (k-1)

n(t+u)(k-1) ,

so the graph is strongly regular.

THEQREM 2. Suppose there exist designs as in Theorem 1, which
further satisfy

(1) k - 2= un-2)
Then there is a strongly regular graph H with parameters
(8) (vn2u; (v4n-1)nu-1; x+n?p-2, z+2ny)

where x = (V-2-un+2u)u . Furthermore the vertices of H can be
partitioned into v subsets of size n?u whose induced subgraphs are

complete.
Proof. Construct G as in Theorem 1, and in addition make all points

in the same 4% adjacent. Call the new graph H . If S& is the set of

vertices adjacent to «x in G , then the set adjacent to x in H is
S_ v (Aa\{x}) s
x
where x € A% . As Sx and 4% are disjoint, this set has order

s | + [4%] -1 = (vn-2)mu - 1,

so the graph is regular of the required valency. If « € 2% and y € AB

the set of vertices adjacent to both 2 and y 1is
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[gz u LA“\{x})] n [sy u (AB\{y})]
= ng n Sy] v [(Aa\{:r}} n Sy] v [Sx n (AB\{y})] v [(A%\{z}) n (AB\{y}]]

The four sets enclosed by square brackets are disjoint. If o = B , then
the second and third sets have no elements and the fourth has »n2u - 2 .
If o # B then the fourth is empty; the second and third have np

elements each if & and y are non-adjacent and nu - 1 each if they are
adjacent, since Sx includes one line of AB which contains y 1if and
only if x vy . The size of S:r: n Sy is given in Theorem 1. With a

little arithmetic we obtain the parameters shown in (8), provided (T7)
holds.

Naturally the theorems imply the existence of the complements of G

and H which are strongly regular; their parameters may be deduced from

(6), (8) and (2). In the complement of G the A% induce complete
graphs, while in the complement of H they induce null graphs.

4. Design graphs

The graph G of the preceding section is a design graph if and only

if k=2 . 1In that case B always exists.

COROLLARY 3. If there is an AR(n, W) , then there is a design
graph with parameters

(n2u(npst+u+l), mu(nurt+n), nulu+t)) ,
where U = (n-1)t + 1 . In particular
(i) 1if there is an affine plane of parameter n , then there is a
graph
(9) (n2(n+2), n(n+1), n) ;
(ii) 1if there is an Hadamard matrix of order hp , then there is a
graph
(10) (16u2, 8u2-2p, u2-2y) ;

(i1i) 1f n <is a prime power greater than 2 and d tis an integer

greater than 2 , then there is a graph
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(11)

nd(nd;n-Q] nd'%fnd—l ndLl(nd_l-l)
n-1 ’ n-1 ? n=1

The parameters (11) all seem to be new.

Part (7Z) of the corollary appears in [4]. Note that a graph with

parameters (10) implies the existence of a design graph
(16u2-1, 8u?, w?)
by Theorem 4 of [6].

Graphs with parameters (9) with »n a prime power were constructed by
Ahrens and Szekeres in [7]. Their graphs all have the following property:
if x and Yy are any two adjacent vertices and 2 and ¢ are mutually

adjacent to x and y , then =z 1is adjacent to ¢ .

In our construction for (9) the parameters of B include v =n + 2
and k = 2 . There are »n lines in each parallel class of each é? .

Suppose x and y are two given'adjacent vertices in our graph and

2 € AB and t € AY are adjacent to both x and y . Suppose the symbol
corresponding to the block {8, y} of B is [Bc, Yr] . Since nz 2,

we have enough freedom to ensure that the lines containing z and t in

Lg and LI do not lie in the same 2-partite graph, ensuring that our

graph is not isomorphic to the Ahrens-Szekeres solution.

COROLLARY. If =»n <4s a prime power, there are at least two
non-tgomorphic graphs of parameters (9).

The other graphs constructed in Section 3 do not yield design graphs,
except that the complement of the graph H of Theorem 2 is a graph of

parameters (10) when n =k = 2
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