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1. In th is p a p e r we a r e deal ing with d i f fe ren t ia l 
equa t ions of the f o r m s : 

(E.) x + p . ( t )g . (x , x) - 0 , i = 1,2 , 
l i l 

w h e r e the funct ions p . a r e p o s i t i v e . 

By a so lu t ion of an equat ion of the above f o r m s , we m e a n 

a funct ion x(t) e c [c, + oo) w h e r e c i s a non -nega t ive cons tan t , 
which s a t i s f i e s the c o r r e s p o n d i n g equat ion on the whole i n t e r v a l 
[c, +oo). By an o s c i l l a t o r y so lu t ion of (E.) , we m e a n a so lu t ion 

with a r b i t r a r i l y l a r g e z e r o s . 

In the second sec t ion (g. homogeneous with r e s p e c t to 

both v a r i a b l e s t oge the r ) we give a " s e m i - c o m p a r i s o n " t h e o r e m 
r e l a t i n g the c h a r a c t e r of the so lu t ions of the equat ion (E ) 

to those of the equat ion (E ), and in thé th i rd sec t ion we 

extend the r e s u l t s of the second sec t ion to the c a s e g.(x, y) = g.(x) 

w h e r e the g . ' s a r e not n e c e s s a r i l y h o m o g e n e o u s . Sufficient 

s m o o t h n e s s of the funct ions p . , g. , i = 1, 2 , for the e x i s t e n c e 
l l 

of so lu t ions on an i n t e r v a l of the f o r m [c, +oo), wil l be a s s u m e d 
without m e n t i o n . 

2 . THEOREM 1. Cons ide r the d i f fe ren t i a l equa t ion 
(E. ) i = 1,2 with the following a s s u m p t i o n s : 

( l , i ) p . : I - * ÏÏ2 ,, I = [tQ, +oo), t > 0 , Î& = (0, +oo), cont inuous 

and such that p (t) > p 9 ( t ) for e v e r y t e l ; 
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(1 , ii) g.»ÏÏ? x « \ -^ R , p-f = (-00, +00), con t inuous , xg.(x, y ) > 0 

for e v e r y x 4 0 and g . ( \x , \ y ) = \ x g.(x, y) for any 
" 1 1 

3 
(\, x, y) € ïtî , w h e r e n. a r e p o s i t i v e i n t e g e r s ; 

(1 , i i i) g (1 , y) <_ k for e v e r y y e rx! , w h e r e k i s a p o s i t i v e 

cons tan t ; 
( l , i v ) t h e r e ex i s t s an o s c i l l a t o r y so lu t ion y(t) ^ 0 of (E ) which 

i s bounded on I ( i . e . t h e r e e x i s t s a c o n s t a n t L > 0 such tha t 
| y ( t ) |< L, it I); 

then e v e r y so lu t ion of (E ) i s bounded or o s c i l l a t o r v . 
1 y 

Proof . Suppose tha t t h e r e e x i s t s a so lu t ion x(t) of (E ) 

which is n o n - o s c i l l a t o r y . Then without any lo s s of g e n e r a l i t y , 
we m a y (and do) a s s u m e tha t x ( t ) i s defined and p o s i t i v e on I. 
Now, if x ( t ) < 0 for s o m e t > t , then s ince x< 0 for e v e r y 

te [t , + 00 ), we m u s t h a v e : 

(1) x(t) = x(t ) + f x ( s )ds < :dt ) + x(t ) ( t - t ) -+- 00 as t-
1 Jt. = 1 1 1 

a c o n t r a d i c t i o n . Thus , x(t) i s s t r i c t l y i n c r e a s i n g on I, whi le 
i t s d e r i v a t i v e x(t) i s pos i t i ve and s t r i c t l y d e c r e a s i n g on I. 
H e r e we d i s t i n g u i s h two c a s e s : 

Case I. l im x ( t ) < + o o and l im x(t) = a>_ 0. Then if a> 0 we 
t-> +00 t ->+ 00 

obta in 

(Z) x(t) = x(t ) + J x (s )ds > x(t ) + a ( t - t )-+ + 00 as t-> + 00, 

a c o n t r a d i c t i o n . Thus a ~ 0, and consequen t ly l im x( t ) /x ( t ) = 0. 
t-> +°o 

Case II. l im x(t) = +00. Then s ince x(t) i s bounded on I, 
t-> + 00 

Urn x ( t ) / x ( t ) = 0 . 
t-> + 00 

Now, by u s e of the cont inui ty of g and the fact that 

l im x( t ) /x( t ) - 0, g iven a fixed pos i t i ve e < g ( l , 0 ) , t h e r e e x i s t s 
t-> +00 
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a t* > t such tha t : 

<3) 0 < k
1 = g ^ ^ O ) - e < g i ( l ï x ( t ) / x ( t ) ) < g l ( l , 0 ) +e 

for e v e r y t > t# . 

Since the function y(t) i s o s c i l l a t o r y on I, t h e r e ex i s t s 
an i n t e r v a l (a , b )(t*< a < b ) such that : y(a ) = y(b ) - 0, 

1 1 1 1 1 1 
y(a ) > 0, y ( b j < 0 and y(t) > 0 for e v e r y t € (a , b ). F r o m 

1 1 1 1 
(E.) i = 1,2, af ter m u l t i p l i c a t i o n of (E ) by y(t) and (E ) 

by x(t) , te (a , b ), we find 
1 1 

x(b )y(b1) - x ( a 1 )y ( a 1 ) = J ^ xy 

(4) 

P 1 ( t ) ! i ^ , - P 2 ( t ) ! 2 ^ ) 

x y 
d t 

- / , xy 

2n 2n 
P 1 ( t ) x g 1 ( l , i / x ) - p 2 ( t ) y g 2 ( l , y / y ) ! at 

The f i r s t m e m b e r of (4) i s nega t ive , so that t h e r e m u s t 
e x i s t a point t > t* such that t e (a , b ) and 

1 1 1 1 

2 n i 
(5) P ^ t ^ x ( t l ) 

g (1, x /x ) 
2n_ 

< p 2 ( t 1 ) y ( t 4 ) 

1 

g 2 ( i > y / y ) 

Now, taking into account our a s s u m p t i o n s , we obta in 

n / n l / 2 n 
(6) x(t ) < C y L(t) w h e r e C - (k /k ) 

1 1 1 1 2 1 
> 0. 

P r o c e e d i n g in the s a m e way, we c o n s t r u c t a s equence of 
poin ts ( t } , t € (a , b ) w h e r e (a , b ) a r e su i tab le i n t e r v a l s , 

n n n n n n 
b < + oo, such that l im t = + oo, y(t ) > 0 and 

n ^^oo n n 

(7) 
2n 2n 

x (t ) < C y ^ ( t ) n - 1,2, 
n n n 

w h e r e C a r e pos i t ive c o n s t a n t s . It fol lows that 
n 

l im inf x(t) <_ L, which i m p l i e s that x(t) <C L, t e l . Thus , e v e r y 
t-> + oo 
n o n - o s c i l l a t o r y solut ion of (E ) i s bounded on I. 
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COROLLARY. Let the equations (E.) i = 1, 2, be such that: 

(i) the assumptions (l,i) - (l,iii) are satisfied; 

(ii) there exists a solution y(t) ?É0, t e l of (E ) which is 

oscillatory on I and tending to zero as t-** oo ; then every 

non-trivial solution of (E ) is oscillatory. 

Proof. The proof can be easily derived from Theorem 1, 
for in this case (7) implies lim inf x(t) = lim x(t) = 0, which 

tr+ + oo t-> +oo 
contradicts the increasing character of x(t). 

3. THEOREM 2. Consider the equations (E.)i = l ,2 , 

under the following assumptions: 

(2,i) p.(t) as in (l,i) of Theorem 1; 

(2, ii) g.(x, y) = g.(x): TR "* 1R > continuous, xg.(x)>0 for x ^ 0, 

g.(-x) = -g.(x), and 

lim g.(x)/x = 0, lim g (x)/x = + oo ; 
x-> 0 1 x-> + oo ^ 

(2, iii) there exists a bounded oscillatory solution y(t) ^ 0 of 
(E ); then every solution of (E ) is bounded or oscillatory. 

Proof. Assume the existence of a solution x(t), t e l of 

(E ), which is positive on I. Let y(t) ^ 0 be a bounded 

oscillatory solution of (E ). Then by (4) of Theorem 1, 

we have 

(8) xfb^ytb^-xU^yU^ = / & x y f c ^ t ^ (x)/x-p2(t)g2(y) /y] dt 

The left hand member of (8) is negative, so that there exists 
a point t e ( a . b ) for which we have 

1 1 1 

(9) p j t ^ g ^ x ^ ) ) / ^ ) < P2(t1)g2(y(t1))/y(t1), 
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f r o m which i t fol lows that : 

(10) g (x(t ) ) /x( t ) < g (y(t ) ) /y( t ); 
1 1 1 Z 1 1 

thus , continuing in the s a m e m a n n e r , we c o n s t r u c t a s equence 
of po in t s { t } n = l , 2 , . . . , such tha t : 

( I D g , (x ( t ) ) /x( t ) < g (y(t ) ) /y( t ), 
I n n 2 n n 

and l im t = +oo. 
n-> oo n 

Since e v e r y eventua l ly pos i t i ve so lu t ion of (E ) i s 

s t r i c t l y i n c r e a s i n g , (11) i m p l i e s that l im x( t )<+oo. 
t-> +oo 

Thus , e v e r y n o n - o s c i l l a t o r y so lu t ion of (E ) i s bounded . 

REMARK. If ins tead of l im g (x ) /x = +oo, we suppose 
x-*- oo 

in T h e o r e m 2 tha t l im in f g ( x ) / x > 0 and y( t ) -*0 as t->+oo, 
x-*- oo 1 

then i t i s obvious tha t e v e r y so lu t ion of (E ) m u s t be o s c i l l a t o r y 

s ince (11) i m p l i e s now l im x(t ) = 0. 

The au thor w i s h e s to e x p r e s s h is thanks to the r e f e r e e 
for his helpful s u g g e s t i o n s . 

Wayne State U n i v e r s i t y 
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