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THE LAMBDA-PROPERTY FOR GENERALISED DIRECT
SUMS OF NORMED SPACES

ROBERT H. LOHMAN AND THADDEUS J. SHURA

This paper considers direct sums of normed spaces with respect to a Banach space
with a normalised, unconditionally strictly monotone basis. Necessary and suf-
ficient conditions are given for such direct sums to have the A-property. These
results are used to construct examples of reflexive Banach spaces U and V such
that U has the uniform A-property but U* fails to have the A-property, while V
and V* fail to have the A-property.

If X is a normed space and z is in the closed unit ball Bx of X, a triple (e,y, A)
is said to be amenable to z in case e € ext (Bx),y € Bx,0 < A <1 and z =
de+ (1 — A)y. In this case, the number A(z) is defined by

A(z) = sup{A : (e,y,)) is amenable to z}.

X is said to have the A-property if each # € Bx admits an amenable triple. If X
has the A-property and A(X) = inf{)(z) : ¢ € Bx} > 0, then X is said to have the
uniform A-property .

General facts and geometric ramifications concerning the A-property can be found
in [1] and [4]). It is now known that many different types of classical sequence and
function spaces have the A-property or uniform M-property (see [1-3, 5, 7, 10]). In

oo
this paper, our goal is to consider generalised direct sums of the form (e Yy X ,,) )
k=1 Z
where Z is a Banach space with a normalised, unconditionally strictly monotone basis
and (X;) is a sequence of normed spaces. We give necessary and sufficient conditions
for such spaces to have the A-property (Theorem 8, Corollary 10) or to have the uniform
A-property (Theorem 9, Corollary 11). In particular, our results generalise Theorem 3
(e ]
of [5], which considered (G) X ,,) . Using our results, we are able to give examples
k=1 4
of reflexive Banach spaces U and V such that U has the uniform X-property but U*
fails to have the A-property , while V' and V* both fail to have the A-property .
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0. NOTATION

Throughout the paper, Z denotes a Banach space with a normalised uncondi-
tional basis (zx). The basis (2) is said to be unconditionally monotone in case

3 arzk, Y bizi € Z and |ax| < |b| for all k imply
k=1 k=1

(1) 1) arz
k=1

<) bz -

k=1

If, in addition, |ax| < |bi| for some k implies strict inequality in (1), then (z:) is said
to be unconditionally strictly monotone. For example, the standard unit vector bases of
£,,1 € p < o0, are unconditionally strictly monotone, while the standard unit vector
basis of ¢y is not. Throughout the paper, it is assumed that (z;) is unconditionally
strictly monotone. Sx denotes the unit sphere of a normed space X. If X and Y are
normed spaces, we write X = Y if X is isometrically isomorphic to Y.

Given a sequence (X}) of normed spaces, X = (® i X k) denotes the normed

z

k=1
space

{z = (zk) :zx € X} forall k and Z"zk”szZ}

k=1

with ||z|| defined by

=l =

o0
> Nzalize
k=1

If each space X; has the A-property , we denote its A-function by Ax. In this case, if

z = (z) € Bx and = # 0, we write

A(z) = inf{) (ﬁ) : 24 # 0}

1. THE A-PROPERTY IN (@ZX,,)
k=1 z

o0
In order to investigate the A-property for the normed space X = (G) X k) ,
k=1 z
it is necessary to have a description of the extreme points of Bx. We wish to thank

Professor Pei-Kee Lin for pointing out such a description (Lemma 1) and for suggesting
investigation of the A-property in general spaces X as above. The proof of the following
lemma is essentially the same as that for the case Z = £, (see [9]) and is omitted.
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LEMMA 1. If z = (z:) € Bx, the following are equivalent:
(a) =z €ext(Bx)
(b) }: ||zk||zl, € ext (Bz) and z;,/”z),” € ext (BX,,)’ if 2z ;’-’ 0.
k=1

REMARK 2. Let () be a sequence of scalars with |ex| =1 for all k.
The mapping T : Z — Z, defined by

oo oo
T Zakzk = Zekal,zk,
k=1 k=1

is a linear isometry of Z onto Z. In particular, z € ext (Bz) if and only if T(z) €
ext (Bz).
LEMMA 3. Assume that each summand X, has the A-property and z = (z) €

Sx. I Y ||zk|lzx admits an amenable triple (Eakzk, ibl,zk,z\) and A(z) > 0,
k=1 k=1 k=1
then z admits an amenable triple and A(z) 2 AA(z).

PROOF: Let 0 < a < A(z). If zx # 0, then a < A(z) < Ai(zk/||zkl). By
Proposition 1.2 of [1], there is a triple (ex,y},a) amenable to z,/||zs||. If z, = 0,
define e, = y, = 0. Then for all k, we have

(2) zi = allziller + (1 — @)l|zllvi-
Since Y |lzkllzx = 3. [Xar + (1 — A)bi]zi, we obtain

k=1 k=1
(3) |zl = Aar + (1 — A)bs

for all k. By (2) and (3), write z = (aA)arex + (1 — @A)y, where

ol —Xbreg + (1 —a)dapy; + (1 — a)(I — A)bey)
B 1-al '

Next, observe that all of the sequences (arer), (bxer), (ary}), (bry}) are in By

(for example, [[(axex)ll = |5 llanerllzall < || 3 axzall = 1). Thus,if y = (ys), we have
k=1 k=1

(@ — A)libaes)l] + (1 — a)M|(eayi)ll + (1 — a)(1 - MIIGayi)ll 1
1-—al =

[s
flyll <

Letting e = (axex), we see that |le]| < 1. Since z = ale+ (1 —al)y,0 < al <1 and

llz|| = 1, we must have ||e|| = |jy|]l = 1. Therefore,

o0 o
1=lell = 1> Nasexllzsll < | Y lanlzslf = 1.
k=1 k=1
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oo
By strict monotonicity, |jarex|| = |ax| for all k. Consequently, Y |larer|zx =
k=1

> lak|zx. By hypothesis ) axzp € ext (Bz). Remark 2 yields Y |ai|z; € ext (Bgz).
k=1 k=1 k=1

Also, if axer # 0, then ex € ext (Bx,) and ases/|larer|| = exexr, where Jex| = 1.
Therefore, arer/||arer| € ext (BX.,) whenever aie; # 0. By Lemma 1, e € ext (Bx).
This shows (e,y, @A) is amenable to z and establishes the fact that A(z) > a). Taking
the supremum over all such a establishes A(z) > AA(z).

THEOREM 4. Assume that X,k = 1,2,..., and Z have the A-property . If
there exists a subset Ny of N, with finite complement, such that hienr£ Ae(X:) > 0,
0

then
i) X= (@ io:Xk) has the A-property .
k=1 z
(ii) Iro 752: = (zk) € By,

o (S0

k=1

PROOF: Let 0 # z = (z3) € Bx. Then z/|z| = (zi)/|z|| € Sx and
oo 0 o0
> (llz«|l/l|zllzx) admits an amenable triple (Zakzk, Zbkzk,k), where
k=1 =1 =1

A< (i(l]zkn/nz")zk) Since ki€n£ Ae(Xk) > 0, it follows that A(z) > 0. By
k=1 0
Lemma 3, z/||z|| admits an amenable triple and
A(=/ll=ll) = AL (=/]lz]l) = AA(=).

Taking the supremum over all such A shows

(o) > (Z N )

By the proof of Lemma 2.1 of (1], z admits an amenable triple, establishing (i), and
A(z) = (1 + |z]])/2)A (z/||zll) , establishing (ii).

In order to obtain a converse of Theorem 4, we need ext(Bz) to have a diversity

of extreme points.

DEFINITION 5. The extreme points of Bz are said to be diversified if for each increasing
[ead
sequence (k,) in N, Bz has an extreme point of the form Y a,zi, , where a, # 0 for

n=1
all n.
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REMARK 6. There are many different conditions under which the extreme points of

Bz are diversified. Let (k,) be an increasing sequence in N. If Z is strictly convex,

let w= Y (2x,)/(2"). Then w/||w| is an extreme point of Bz of the form required
n=1

in Definition 5. Also, if Z is a symmetric space (see [8]) and Bz contains an extreme

oo
point Y aiz; with infinite support, let the nonzero a;’s be indexed by j; < j2 < ---.
k=1

o0

Then the vector ) a;, 2, is an extreme point of Bz. Finally, if the extreme points of
n=1

By are diversified, then for each increasing sequence (k,) in N, Remark 2 guarantees

o
that there exists ), anzj, € ext(Bz) with a, > 0 forall n.
n=1

THEOREM 7. Assume X = (@ EX,,) has the A-property . Then:
k=1 z

(i) Each summand X has the A-property .
(ii) Z has the A-property .
(iii) If, in addition, the extreme points of Bz are diversified, there exists a
subset Ny of N, with finite complement, such that é"uﬁf"ak) >0.

PROOF: (i) We show that X; has the A-property (the proof for other indices
is the same). If z; € Sx,, define z = (2,,0,0,...). By hypothesis, we can write
z = de+ (1 —A)y, where ¢ = (e;) € ext (Bx),y = (&) € Bx,0 <A <1. I
A=1,then z = ¢ and z; = €; € ext (Bx,) by Lemma 1. If 0 < A < 1, then
z; = ey + (1 — A)yy forces |le1|| = ||y1ll = 1. By strict monotonicity, ex = yx = 0
for k > 2. Then e; € ext (Bx,) and (ey,y1,]) is amenable to z;. Since unit vectors
in X; admit amenable triples, the proof of Lemma 2.1 of [1] shows that X; has the
A-property .

(ii) It suffices to show that each z = iakzk € Sz admits an amenable triple.

k=1
By Remark 2, we may assume a; > 0 for all k. For each k, choose e; € ext (Bxh)
and define z = (arer). Then ||z]| = ||z|| = 1. We can write z = Xe + (1 — M)y, where
e=(v;)€Eext (Bx),y=(yr) €ESx and 0 < A< 1. f A=1,then z = ¢ and Lemma 1
yields z € ext (Bz). Thus, we may assume 0 < A < 1. For all k, we have

arer = Avg + (1 — A)y;..
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Therefore,
= llzll = ||D_arze|| = [|D_MAve + (1 — Nyillze
k=1 k=1

<122 Alloall + (1 = Nlgelll 2
k=1

<A welizal + @ = D) |S Nl
k=1 k=1

=1.

By strict monotonicity,
ar = [laerll = Aljorll + (1 = A){|yell

for all k. Consequently,
z=2 (Z “”k”zk> +(1-2) (E ”yk“zk) .
k=1 k=1

oo o0 o0
Since Y [|vil|lzx € ext(Bz) by Lemma 1, it follows that (E lvellze, X ||yk||zk,,\> is
k=1 k=1 k=1

amenable to 2.
(iii) Assume, to the contrary, that no such set Ny exists. Then there exist k; <
ky < .- with A (Xix,) — 0. Therefore, we can choose u;, € Sxkﬂ such that
(= ]
Ak, (ukr,) — 0. By hypothesis, there exists ) ax,2k, € ext (Bz) with ax, > 0 for all

n=1

n. If k ¢ {ky,kz,...}, define ax = 0,1, = 0. Then z = (apu;) € Sx.

We can write z = Ae + (1 — A)y, where 0 < A < 1,e = (v) € ext (Bx),y =
(yx) € Sx. If A =1, then z = e and, by Lemma 1, u;, € ext (Bxk") for all n, which
contradicts A, (%x,) — 0. Thus, 0 < < 1 and, as in the proof of (ii), we obtain

ar = Alfuall + (1 = A)llyll

for all k. In particular, vy = yx = 0 for k ¢ {ki,k2,...}. Therefore,

D ar,z, =2 (Z ”"k..”zk..) +(1-12) (z llvin ||z,,") -

n=1 n=1 n=1
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o0
Since Y ag,zi, € ext (Bz), we must have

n=1
oo oo o0
>tz =) vrallzen = Y lvkallzrns
n=1 n=1 n=1
or ar, = [lvaa |l = flyrall

for all n. Therefore, for all n

Vi, Yk,
up, = Atn_ 4 (1 — 2)Ykn_
fon TN

llyeall”
But vy, /||vk, || € ext (Bxh") implies Ay, (ug,) = A for all n, a contradiction. 0
Combining Theorems 4 and 7, we obtain
THEOREM 8. Assume that the extreme points of Bz are diversified. The follow-

ing are equivalent:

(a) X= (@ §X,,> has the A-property .
z

k=1
(b) FEach space X has the A-property , there exists a subset Ng of N, with
finite complement, such that hlenhfl Ax(Xy) > 0, and Z has the A-property
o

We now turn our attention to the uniform A-property .

THEOREM 9. The following are equivalent:

(a) X= (e ZXI,) has the uniform A-property .
k=1 z
(b) Each summand X has the uniform A-property , A = irthk(Xk) > 0 and
Z has the uniform A-property .
In this case, we have

A(X) > %,\(Z).

PRroOF: (a) = (b). By Theorem 7, each summand X, has the A-property .
Moreover, the proof of Theorem 7 shows that if z; € Sx, , then

Ar(ze) = X(0,...,0,24,0,...) 2 A(X) > 0.

It follows from Lemma 2.1 of [1] that A > 0.
(8) = (a). This follows from Theorem 4, as does the asserted inequality. 0

In case the summands are the same, we can sharpen our results as follows.
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COROLLARY 10. Let X =Y for all k and assume Bz contains an extreme
point with infinite support. The following are equivalent:

(a) X= (Q §Y) has the A-property .
k=1 zZ

(b) Y has the uniform A-property and Z has the A-property .

PRrROOF: (b) = (a). This follows from Theorem 7.
(a) = (b). By Theorem 7, Y and Z have the A-property . If Y fails to have the
uniform A-property , there is a sequence (w,) in Sy with A(w,) — 0. By hypothesis,

there exists Eaknzkn € ext (Bz) with a;, > 0 for all n. Define a;, = 0 if k ¢

n=1

{k1,k2,...} and let
{w,., if k=k, for some n
Up =
0, k¢ {ki,k2,... }.

We can then write # = (ajui) and proceed as in the proof of part (iii) of Theorem 7
to obtain the same contradiction as before.

An immediate consequence of Theorem 9 is
COROLLARY 11. Let X =Y for all k. The following are equivalent:
(a) X= (@ io: Y) has the uniform X-property .
(b) Y and Zkzhlave zt'he uniform A-property .
In this case, A\(X) 2 AY)A(Z)/2.
Combining Corollaries 10 and 11, we obtain

COROLLARY 12. Assume that Y has the uniforrn A-property and that Z has
the A-property but not the uniform A-property . If Bz contains an extreme point with

(o4
infinite support, then (e > Y) has the A-property but not the uniform X-property
k=1 z

The preceding corollary provides us with the following curiosity which one should

compare to the well-known fact that (G) > lp) =fp,1<p<oo.
=l /4
COROLLARY 13. If Z has the )-property but not the uniform A-property and

oo
(® 3 Z) = Z, then all the extreme points of Bz have finite support.
z H

REMARK 14. In view of Corollary 12, it should be noted that there are spaces Z which
have the A-property , fail to have the uniform A-property and for which Bz contains
extreme points with infinite support. For example, consider £, and £, over the reals

andlet Z = (4; © ¢, thatis, Z=({; ROR® - . Then Z has a normalised
L3
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unconditionally strictly monotone basis and, by Lemma 1, Bz contains extreme points
with infinite support. On the other hand, £; has the A-property but not the uniform
A-property ([1]). Consequently, Theorems 8 and 9 imply that Z has the. A-property
but not the uniform A-property .

2. REFLEXIVITY AND THE A-PROPERTY

We close with two éxamples concerning reflexive Banach spaces. It has been con-
jectured that reﬂexivity might play a special role in the study of the A-property and
the uniform A- property "We now show that the most natural questlons one might pose
regarding reflexive spaces and the A- property have a negative answer, Consequently,
reﬂex1v1ty does not appear to play a.ny slgmﬁcant role in the study of these propertles

" It follows from the results of [1] that X(ek) =1/2 and A(€}) < 1/k for all k. By
Theorem 9, the reflexive Banach space

Uz(eieﬁo)
Nt k=1 )

. oo o
has the uniform A-property . Since U* = (69 3 Zf) , Theorem 8 shows that U™ fails
1

2

k=1
to have the A-property (this fact was also obtained in [8] by means of direct calculations
rather than a general theorem).
Now let V = (U ® U*),,; that is,

ve(oh0b.080-),.

Then V is a reflexive Banach space which fails to have the A-property by Theorem
8. Since V* = V,V* also fails to have the A-property . This is the first example
of a reflexive Banach space with this property (a nonreflexive Banach space with this
property was given in [1]).

Finally, it should be noted that a reflexive Banach space W with the A-property
does not necessarily have the uniform A-property . Such an example is given in [6]. In
fact, Bw can be constructed from B,, with very slight modifications.
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