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Abstract

The length of every pair {A, B} of 6× 6 complex matrices is shown to be at most 10, that is, the words
in A, B of length at most 10, including the empty word, span the unital algebra generated by A, B. This
supports the conjecture that the length of every pair of n × n complex matrices is at most 2n − 2, known
to be true for n < 6.
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1. Introduction and preliminaries

It is shown in [5, Proposition 5] that, for n = 2, 3 or 4, the length of every pair
{A, B} of n × n complex matrices is at most 2n − 2. This was first proved by Paz [6]
who conjectured that it was true for every positive integer n. The conjectured result
was shown to hold for n = 5 in [5, Theorem 5]. (It is also shown in [5], using [3,
Example 2], that there are pairs with length 2n − 2, for every n.) Here we use the
notation and extend the techniques of [5] to establish the result for n = 6. For related
results on more general fields see [1, 2, 5, 6].

Briefly, let Mn(C) denote the set of all n × n complex matrices. Let A, B ∈ Mn(C)
and, for every positive integer k, define a word in the alphabet A, B to be of length k
if it has k factors, counting multiplicities, so that, for example, the word A2 B AB2 A3

has length 9. The word of length zero, also called the empty word, is taken to be the
identity matrix. For every natural number k, let Vk be the subspace of Mn(C) spanned
by the words of length at most k (including the empty word). Clearly

CI = V0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vi ⊆ Vi+1 ⊆ · · · ⊆A,

where A is the unital algebra generated by A, B. Since A is finite-dimensional,
there is an integer l such that Vl = Vl+1. Then Vk = Vl , for every k > l, and since
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A=
⋃
∞

k=0 Vk , then A= Vl . The length l{A, B} of the pair {A, B} is defined to be the
smallest integer l for which Vl =A. Then

CI = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vi ⊂ Vi+1 ⊂ · · · ⊂ Vl =A,

where ‘⊂’ denotes strict inclusion.

2. Main result

The proof begins with a proposition which is the analogue of [5, Proposition 3] for
the case n = 6.

PROPOSITION 1 [4]. Let w be a word of length 11 in the symbols a and b satisfying:

(i) w has no factor of the form a6 or b6;
(ii) w is not of any of the forms

(pqrs)2 pqr, p(qrs)3q, pq(rs)4r, (pqr)3 ps, p(qr)4qs, (pq)4 prs,

where {p, q, r, s} ⊆ {a, b}.

Then w has at least 37 subwords, including the empty subword.

We leave it to the reader to complete the proof: using considerations analogous
to those used in the proof of [5, Proposition 3], it can be shown that the numbers of
different subwords of w satisfy the following table:

length 11 10 9 8 7 6 5 4 3 2 1 0
#subwords 1 2 3 4 5 ≥ 5 ≥ 5 ≥ 3 ≥ 3 ≥ 3 2 1

The following corollary is the analogue of [5, Corollary 2] for the case n = 6.

COROLLARY 2. Let w be a word of length 11 in the symbols a and b. If w has no
factors of a6 or b6 and has 36 or fewer subwords (including the empty subword) it
must be one of

(ab)5a; (ba)5b;

(a2b)3a2
; (b2a)3b2

; a(ab)5; b(ba)5; (aba)3ab;

(bab)3ba; (ab)5b; (ba)5a; (ab2)3ab; (ba2)3ba;

(a3b)2a3
; (b3a)2b3

; a(a2b)3a; b(b2a)3b; a3(ba)4; b3(ab)4;

a2b(a3b)2; b2a(b3a)2; (a2b)3ab; (b2a)3ba; a2(ba)4a; b2(ab)4b;

(aba2)2aba; (bab2)2bab; (aba)3a2
; (bab)3b2

; (ab)4a3
; (ba)4b3

; (ab)4a2b;

(ba)4b2a; a(bab)3b; b(aba)3a; ab2(ab)4; ba2(ba)4; (ab3)2ab2
; (ba3)2ba2.

The words in the first row above each have 22 subwords; those in the second and third
rows have 30; those in the remaining rows have 36.
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PROOF. By Proposition 1, w must be of one of the forms

(pqrs)2 pqr, p(qrs)3q, pq(rs)4r, (pqr)3 ps, p(qr)4qs, (pq)4 prs,

where {p, q, r, s} ⊆ {a, b}. Bearing in mind the fact that w has no factor of a6 or b6,
it must be one of the words listed or be one of

(a2b2)2a2b; (b2a2)2b2a; (ab2a)2ab2
; (ba2b)2ba2

;

a(ab2)3a; b(ba2)3b; (ab2)3a2
; (ba2)3b2.

But each of the latter has 37 subwords. (By symmetry one needs only to verify this for
(a2b2)2a2b and a(ab2)3a.) Finally, by symmetry, to verify that the actual number of
subwords is as claimed, one need only check that, (ab)5a has 22 subwords, that each
of (a2b)3a2, a(ab)5, (aba)3ab has 30 subwords and that each of

(a3b)2a3, a(a2b)3a, a3(ba)4, a2b(a3b)2,

(a2b)3ab, a2b(ba)4a, (aba2)2aba, (ab)4a2b

has 36 subwords. 2

PROPOSITION 3 [5, Proposition 4]. Let n ≥ 2. For all complex n × n matrices A
and B, the matrix (AB)n−1 A belongs to V2n−3.

PROPOSITION 4. If A0, A1, . . . , Am are n × n matrices, m, n ≥ 1, and V is a
subspace of Mn(C) and A0 + A1λ+ A2λ

2
+ · · · + Amλ

m
∈ V , for every λ ∈ C\{0},

then Ai ∈ V for every i = 1, 2, . . . , m.

PROOF. Let Xλ = A0 + A1λ+ A2λ
2
+ · · · + Amλ

m . Then Xλ −→ A0 as λ−→ 0.
Since V is closed, it follows that A0 ∈ V . Then

Xλ − A0

λ
= A1 + A2λ+ · · · + Amλ

m−1
∈ V,

for every λ ∈ C\{0}. Repeating the argument just given leads to a proof of the result. 2

We can now prove our main result.

THEOREM 5. The length of every pair {A, B} of 6× 6 complex matrices is at most 10,
that is, the words in A, B of length at most 10, including the empty word, span the
unital algebra generated by A, B.

PROOF. Let W be the set of all words, including the empty word, in A and B. If
U, V ∈W and U and V are the same word we write U ≡ V . (So U ≡ V is strictly
stronger than U = V where the latter means equality as matrices.)

For each integer k ≥ 1, totally order the words in A and B of length k using
dictionary order. (So, if W1 and W2 are words of equal nonzero length, we say that
W1 �W2 if W1 ≡ X AV1 and W2 ≡ X BV2, where each of X, V1, V2 is a word in A, B,

https://doi.org/10.1017/S0004972709000112 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972709000112


180 M. S. Lambrou and W. E. Longstaff [4]

possibly empty.) Extend these orders to a total order on W by additionally defining
W1 �W2 if the length of W1 is strictly less than the length of W2. In the totally ordered
set W , define B to be the set of elements which do not belong to the span of their strict
predecessors. Then B is a linearly independent set of matrices, hence finite. Clearly
I ∈ B. Note that, if W is a word in B of length at least 2, then every proper subword
of W belongs to B. For if a word U belongs to the span of words strictly less than it
so do the words U V and V U , for any word V .

Now the length of the pair {A, B} is at most 10 if and only if V10 is the unital algebra
generated by A and B if and only if B does not contain a word of length 11. Suppose,
to the contrary, that B contains a word of length 11. We derive a contradiction. Let
W be the smallest word (in the sense of the total order �) of length 11 in B. Then
W has length 11, has no factors of the form A6 or B6, and has 36 or fewer subwords
(including the empty subword). Corollary 2 then shows that W must be one of

(ab)5a; (ba)5b;

(a2b)3a2
; (b2a)3b2

; a(ab)5; b(ba)5; (aba)3ab;

(bab)3ba; (ab)5b; (ba)5a; (ab2)3ab; (ba2)3ba;

(a3b)2a3
; (b3a)2b3

; a(a2b)3a; b(b2a)3b; a3(ba)4; b3(ab)4;

a2b(a3b)2; b2a(b3a)2; (a2b)3ab; (b2a)3ba; a2(ba)4a; b2(ab)4b;

(aba2)2aba; (bab2)2bab; (aba)3a2
; (bab)3b2

; (ab)4a3
; (ba)4b3

; (ab)4a2b;

(ba)4b2a; a(bab)3b; b(aba)3a; ab2(ab)4; ba2(ba)4; (ab3)2ab2
; (ba3)2ba2,

taking a = A and b = B. By Proposition 3 it cannot be either of the first two words.
As we shall see, it is not too hard to prove that it cannot be either of the last 26. It is
harder to prove that it cannot be either of the remaining 10.

Let us look at the last 26 first. Suppose W is one of the last 26 words (taking a = A
and b = B). Each of these words has 36 subwords, so B consists precisely of these
subwords. There are 26 cases to consider: W is one of

(1) (A3 B)2 A3 (2) (B3 A)2 B3 (3) A(A2 B)3 A
(4) B(B2 A)3 B (5) A3(B A)4 (6) B3(AB)4

(7) A2 B(A3 B)2 (8) B2 A(B3 A)2 (9) (A2 B)3 AB
(10) (B2 A)3 B A (11) A2(B A)4 A (12) B2(AB)4 B
(13) (AB A2)2 AB A (14) (B AB2)2 B AB (15) (AB A)3 A2

(16) (B AB)3 B2 (17) (AB)4 A3 (18) (B A)4 B3

(19) (AB)4 A2 B (20) (B A)4 B2 A (21) A(B AB)3 B
(22) B(AB A)3 A (23) AB2(AB)4 (24) B A2(B A)4

(25) (AB3)2 AB2 (26) (B A3)2 B A2.

By the Cayley–Hamilton theorem, (A + λB)6 ∈ V5, for every λ ∈ C. By
Proposition 4 it follows that:
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(a) the sum X of the words of length 6 in A, B, with precisely three B factors, belongs
to V5, that is,

X = A3 B3
+ A2 B AB2

+ A2 B2 AB + A2 B3 A + AB A2 B2
+ AB AB AB

+ AB AB2 A + AB2 A2 B + AB2 AB A + AB3 A2
+ B A3 B2

+ B A2 B AB

+ B A2 B2 A + B AB A2 B + B AB AB A + B AB2 A2
+ B2 A3 B + B2 A2 B A

+ B2 AB A2
+ B3 A3

∈ V5;

(b) the sum Y of the words of length 6 in A, B, with precisely two B factors, belongs
to V5, that is,

Y = A4 B2
+ A3 B AB + A3 B2 A + A2 B A2 B + A2 B AB A + A2 B2 A2

+ AB A3 B

+ AB A2 B A + AB AB A2
+ AB2 A3

+ B A4 B + B A3 B A + B A2 B A2

+ B AB A3
+ B2 A4

∈ V5;

(c) the sum Z of the words of length 6 in A, B, with precisely two A factors, belongs
to V5, that is,

Z = A2 B4
+ AB AB3

+ AB2 AB2
+ AB3 AB + AB4 A + B A2 B3

+ B AB AB2

+ B AB2 AB + B AB3 A + B2 A2 B2
+ B2 AB AB + B2 AB2 A + B3 A2 B

+ B3 AB A + B4 A2
∈ V5.

The following cases involve X : (5), (11), (18), (20), (23).
(5) W is A3(B A)4

B AB AB A is a subword of W . In fact, W ≡ A3(B AB AB A)B A. Thus

B2 AB2 A(X) = V +W + A3(B AB2 A2
+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A3 B AB2 A2 B A + A3 B2 A3 B2 A + A3 B2 A2 B AB A + A3 B2 AB A2 B A

+ A3 B3 A3 B A ∈ V10. (∗)

Since each of A2, AB, B A is a subword of W , each belongs to B. Since B2 does
not belong to B we have B2

= αA2
+ βAB + γ B A +U for some scalars α, β, γ and

some element U ∈ V1. Thus

A3 B AB2 A2 B A = A3 B A(B2)A2 B A = A3 B A(αA2
+ βAB + γ B A +U )A2 B A

= (A3 B A2)(αA3 B A + βB A2 B A)+ A3 B A(U )A2 B A

+ γ A3 B(AB A2)AB A. (1)

Now the first five words in A, B of length four are A4, A3 B, A2 B A, A2 B2, AB A2.
Of these, only A3 B and A2 B A belong to B (since they are subwords of W ). Thus
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A4
∈ V3 and AB A2

= λA3 B + µA2 B A + S, for some scalars λ, µ and some element
S ∈ V3. Thus

A3 B A2
= A2(AB A2)= A2(λA3 B + µA2 B A + S)

= A4(λAB + µB A)+ A2S ∈ V5.

It follows that

A3 B(AB A2)AB A = A3 B(λA3 B + µA2 B A + S)AB A

= A3 B A2(λAB + µB A)AB A + A3 B(S)AB A ∈ V10.

Using the facts that A3 B A2
∈ V5, A3 B(AB A2)AB A, A3 B A(U )A2 B A ∈ V10 in (1)

gives that A3 B AB2 A2 B A ∈ V10. We have

A3 B2 A3 B2 A = A3(B2)A3 B2 A = A3(αA2
+ βAB + γ B A +U )A3 B2 A

= A4(αA + βB)A3 B2 A + γ A3 B(A4)B2 A + A3(U )A3 B2 A ∈ V10

since A4
∈ V3 and U ∈ V1.

Also,

A3 B2 A2 B AB A = A3(B2)A2 B AB A = A3(αA2
+ βAB + γ B A +U )A2 B AB A

= A4(αA + βB)A2 B AB A + γ A3 B A2(AB AB A)+ A3(U )A2 B AB A ∈ V10

since A4
∈ V3, A3 B A2

∈ V5 and U ∈ V1.
Continuing,

A3 B2 AB A2 B A = A3(B2)AB A2 B A = A3(αA2
+ βAB + γ B A +U )AB A2 B A

= A4(αA + βB)AB A2 B A + γ A3 B A2(B A2 B A)+ A3(U )AB A2 B A ∈ V10

since A4
∈ V3, A3 B A2

∈ V5 and U ∈ V1.
Finally,

A3 B3 A3 B A = A3(B2)B A3 B A = A3(αA2
+ βAB + γ B A +U )B A3 B A

= A4(αA + βB)B A3 B A + γ A3 B AB A3 B A + A3(U )B A3 B A ∈ V10

since A4
∈ V3, A3 B AB A3 B A ∈ V10 and U ∈ V1.

It now follows from (∗) that W ∈ V10. This is a contradiction.
(11) W is A2(B A)4 A
B AB AB A is a subword of W . In fact, W ≡ A2(B AB AB A)B A2. Thus

A2(X)B A2
= V +W + A2(B AB2 A2

+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B A2
∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B AB2 A2 B A2
+ A2 B2 A3 B2 A2

+ A2 B2 A2 B AB A2
+ A2 B2 AB A2 B A2

+ A2 B3 A3 B A2
∈ V10. (∗)
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Now A3 is not a subword of W so does not belong to B. Hence A3
∈ V2. Also, none

of A5, A4 B, A3 B A, A3 B2, A2 B A2 is a subword of W , so each, in particular A2 B A2,
belongs to V4. Of the words A3, A2 B, AB A, AB2 only A2 B, AB A belong to B. Thus
AB2
= αA2 B + βAB A +U for some scalars α, β and some element U ∈ V2. Thus

AB2 A2
= αA2 B A2

+ βAB A3
+U A2

∈ V4 since A2 B A2
∈ V4, A3

∈ V2 and U ∈ V2.
Using the facts that A3

∈ V2, A2 B A2
∈ V4, AB2 A2

∈ V4 in (∗) gives that W ∈ V10.
This is a contradiction.
(18) W is (B A)4 B3

B AB AB A is a subword of W . In fact, W ≡ (B AB AB A)B AB3. Thus

(X)B AB A3
= V +W + (B AB2 A2

+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B AB A3
∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB2 A2 B AB A3
+ B2 A3 B2 AB A3

+ B2 A2 B AB AB A3
+ B2 AB A2 B AB A3

+ B3 A3 B AB A3
∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. It follows

from (∗) that W ∈ V10. This is a contradiction.
(20) W is (B A)4 B2 A
B AB AB A is a subword of W . In fact, W ≡ (B AB AB A)B AB2 A. Thus

B2 AB2 A(X) = V +W + (B AB2 A2
+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B AB2 A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB2 A2 B AB2 A + B2 A3 B2 AB2 A + B2 A2 B AB AB2 A + B2 AB A2 B AB2 A

+ B3 A3 B AB2 A ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. It now

follows from (∗) that W ∈ V10. This is a contradiction.
(23) W is AB2(AB)4

B AB AB A is a subword of W . In fact, W ≡ AB2 A(B AB AB A)B. Thus

B2 AB2 A(X) = V +W + AB2 A(B AB2 A2
+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB2 AB AB2 A2 B + AB2 AB2 A3 B2
+ AB2 AB2 A2 B AB + AB2 AB2 AB A2 B

+ AB2 AB3 A3 B ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. It now

follows from (∗) that W ∈ V10. This is a contradiction.
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The following cases involve Y : (1), (3), (7), (9), (13), (15), (17), (19), (22), (24),
(26).
(1) W is (A3 B)2 A3

B A3 B A is a subword of W . In fact, W ≡ A3(B A3 B A)A2. Thus

A3(Y )A2
= V +W + A3(B A2 B A2

+ B AB A3
+ B2 A4)A2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A3 B A2 B A4
+ A3 B AB A5

+ A3 B2 A6
∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(3) W is A(A2 B)3 A
B A2 B A2 is a subword of W . In fact, W ≡ A3(B A2 B A2)B A. Thus

A3(Y )B A = V +W + A3(B AB A3
+ B2 A4)B A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A3 B AB A3 B A + A3 B2 A4 B A ∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3

and it follows that A3 B2 A4 B A ∈ V10. Also A3 B AB A3 B A = A2(AB AB)A3 B A ∈
V10, for the following reason. The first six words of length 4 in A, B are, in
increasing order, A4, A3 B, A2 B A, A2 B2, AB A2, AB AB. Of these, the elements
of B (that is, the subwords of W ), are A3 B, A2 B A, AB A2. By the definition
of B this means that there exist scalars α, β, γ such that AB AB − αA3 B −
βA2 B A − γ AB A2

∈ V3. Then A2(AB AB − αA3 B − βA2 B A − γ AB A2)A3 B A =
A3 B AB A3 B A − αA5 B A3 B A − βA4 B A4 B A − γ A3 B A5 B A ∈ V10. However, A4

∈

V3, and so we have A3 B AB A3 B A ∈ V10. From (∗) it now follows that W ∈ V10. This
is a contradiction.
(7) W is A2 B(A3 B)2

B A3 B A is a subword of W . In fact, W ≡ A2(B A3 B A)A2 B. Thus

A2(Y )A2 B = V +W + A2(B A2 B A2
+ B AB A3

+ B2 A4)A2 B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B A2 B A4 B + A2 B AB A5 B + A2 B2 A6 B ∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(9) W is (A2 B)3 AB
B A2 B A2 is a subword of W . In fact, W ≡ A2(B A2 B A2)B AB. Thus

A2(Y )B AB = V +W + A2(B AB A3
+ B2 A4)B AB ∈ V10
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where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B AB A3 B AB + A2 B2 A4 B AB ∈ V10. (∗)

Now A3 is not a subword of W so does not belong to B. Hence A3
∈ V2 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(13) W is (AB A2)2 AB A
B A3 B A is a subword of W . In fact, W ≡ A(B A3 B A)A2 B A. Thus

A2(Y )A2 B = V +W + A(B A2 B A2
+ B AB A3

+ B2 A4)A2 B A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB A2 B A4 B A + AB AB A5 B A + AB2 A6 B A ∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(15) W is (AB A)3 A2

B A2 B A2 is a subword of W . In fact, W ≡ AB A2(B A2 B A2)A. Thus

AB A2(Y )A = V +W + AB A2(B AB A3
+ B2 A4)A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB A2 B AB A4
+ AB A2 B2 A5

∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(17) W is (AB)4 A3

B AB A3 is a subword of W . In fact, W ≡ AB AB A(B AB A3). Thus

AB AB A(Y )= V +W + AB AB A(B2 A4) ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB AB AB2 A4
∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(19) W is (AB)4 A2 B
AB AB A2 is a subword of W . In fact, W ≡ AB AB(AB AB A2)B. Thus

AB AB(Y )B = V +W + AB AB(AB2 A3
+ B A4 B + B A3 B A + B A2 B A2

+ B AB A3
+ B2 A4)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB AB AB2 A3 B + AB AB2 A4 B2
+ AB AB2 A3 B AB + AB AB2 A2 B A2 B

+ AB AB2 AB A3 B + AB AB3 A4 B ∈ V10. (∗)
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Now A4, A3 B, A2 B A belong to V3 since neither is a subword of W . It follows from
(∗) that W ∈ V10. This is a contradiction.
(22) W is B(AB A)3 A
B A2 B A2 is a subword of W . In fact, W ≡ B AB A2(B A2 B A2). Thus

B AB A2(Y )= V +W + B AB A2(B AB A3
+ B2 A4) ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB A2 B AB A3
+ B AB A2 B2 A4

∈ V10. (∗)

Now A3 is not a subword of W so does not belong to B. Hence A3
∈ V2 and it follows

from (∗) that W ∈ V10. This is a contradiction.
(24) W is B A2(B A)4

A2 B AB A is a subword of W . In fact, W ≡ B(A2 B AB A)B AB A. Thus

B(Y )B AB A = V +W + B(A2 B2 A2
+ AB A3 B + AB A2 B A

+ AB AB A2
+ AB2 A3

+ B A4 B + B A3 B A + B A2 B A2

+ B AB A3
+ B2 A4)B AB A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B A2 B2 A2 B AB A + B AB A3 B2 AB A + B AB A2 B AB AB A

+ B AB AB A2 B AB A + B AB2 A3 B AB A + B2 A4 B2 AB A + B2 A3 B AB AB A

+ B2 A2 B A2 B AB A + B2 AB A3 B AB A + B3 A4 B AB A ∈ V10. (∗)

Now none of A4, A3 B, A2 B2, AB A2, AB2 A, AB3, B A3, B AB A is a subword of W ,
so none belongs to B. On the other hand, A2 B A, AB AB, B A2 B are subwords of W
so each belongs to B. It follows that AB A2

− αA2 B A ∈ V3 and B AB A − βA2 B A −
γ AB AB − δB A2 B ∈ V3 for some scalars α, β, γ, δ. Using this, and the fact that
A3
∈ V2 since it is not a subword of W and so does not belong to B, in (∗) we obtain

W ∈ V10. This is a contradiction.
(26) W is (B A3)2 B A2

B A3 B A is a subword of W . In fact, W ≡ (B A3 B A)A2 B A2. Thus

(Y )A2 B A2
= V +W + (B A2 B A2

+ B AB A3
+ B2 A4)A2 B A2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B A2 B A4 B A2
+ B AB A5 B A2

+ B2 A6 B A2
∈ V10. (∗)

Now A4 is not a subword of W so does not belong to B. Hence A4
∈ V3 and it follows

from (∗) that W ∈ V10. This is a contradiction.
The following cases involve Z : (2), (4), (6), (8), (10), (12), (14), (16), (21), (25).
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(2) W is (B3 A)2 B3

B AB3 A is a subword of W . In fact, W ≡ B2(B AB3 A)B3. Thus

B2(Z)B3
= V +W + B2(B2 A2 B2

+ B2 AB AB + B2 AB2 A + B3 A2 B

+ B3 AB A + B4 A2)B3
∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B4 A2 B5
+ B4 AB AB4

+ B4 AB2 AB3
+ B5 A2 B4

+ B5 AB AB3

+ B6 A2 B3
∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none of

A3, A2 B, AB A is a subword of W so each, in particular AB A, belongs to V2. Also,
none of A4, A3 B, A2 B A, A2 B2, AB A2, AB AB, AB2 A is a subword of W so each,
in particular AB2 A, belongs to V3. It now follows from (∗) that W ∈ V10. This is a
contradiction.
(4) W is B(B2 A)3 B
B2 AB2 A is a subword of W . In fact, W ≡ B3 A(B2 AB2 A)B. Thus

B3 A(Z)B = V +W + B3 A(B3 A2 B + B3 AB A + B4 A2)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B3 AB3 A2 B2
+ B3 AB3 AB AB + B3 AB4 A2 B ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none

of A3, A2 B, AB A is a subword of W so each, in particular AB A, belongs to V2. It
now follows from (∗) that W ∈ V10. This is a contradiction.
(6) W is B3(AB)4

B3 AB A is a subword of W . In fact, W ≡ (B3 AB A)B AB AB. Thus

(Z)B AB AB = V +W + (B4 A2)B AB AB ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B4 A2 B AB AB ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. It now

follows from (∗) that W ∈ V10. This is a contradiction.
(8) W is B2 A(B3 A)2

B AB3 A is a subword of W . In fact, W ≡ B2 AB2(B AB3 A). Thus

B2 AB2(Z) = V +W + B2 AB2(B2 A2 B2
+ B2 AB AB + B2 AB2 A + B3 A2 B

+ B3 AB A + B4 A2) ∈ V10
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where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B2 AB4 A2 B2
+ B2 AB4 AB AB + B2 AB4 AB2 A

+ B2 AB5 A2 B + B2 AB5 AB A + B2 AB6 A2
∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. None of

A3, A2 B, AB A is a subword of W so each, in particular AB A, belongs to ν2. Also,
none of A4, A3 B, A2 B A, A2 B2, AB A2, AB AB, AB2 A is a subword of W so each,
in particular AB2 A, belongs to V3. It now follows from (∗) that W ∈ V10. This is a
contradiction.
(10) W is (B2 A)3 B A
B2 AB2 A is a subword of W . In fact, W ≡ (B2 AB2 A)B2 AB A. Thus

(Z)B2 AB A = V +W + (B3 A2 B + B3 AB A + B4 A2)B2 AB A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B3 A2 B3 AB A + B3 AB AB2 AB A + B4 A2 B2 AB A ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none

of A4, A3 B, A2 B A, A2 B2, AB A2, AB AB is a subword of W so each, in particular
AB AB, belongs to V3. It now follows from (∗) that W ∈ V10. This is a contradiction.
(12) W is B2(AB)4 B

B2 AB AB is a subword of W . In fact, W ≡ (B2 AB AB)AB AB2. Thus

(Z)AB AB2
= V +W + (B2 AB2 A + B3 A2 B + B3 AB A + B4 A2)AB AB2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B2 AB2 A2 B AB2
+ B3 A2 B AB AB2

+ B3 AB A2 B AB2
+ B4 A3 B AB2

∈ V10.

(∗)
Now A2 is not a subword of W so does not belong to B. Hence A2

∈ V1. It now
follows from (∗) that W ∈ V10. This is a contradiction.
(14) W is (B AB2)2 B AB
B AB3 A is a subword of W . In fact, W ≡ B AB2(B AB3 A)B. Thus

B AB2(Z)B = V +W + B AB2(B2 A2 B2
+ B2 AB AB + B2 AB2 A + B3 A2 B

+ B3 AB A + B4 A2)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB4 A2 B3
+ B AB4 AB AB2

+ B AB4 AB2 AB + B AB5 A2 B2

+ B AB5 AB AB + B AB6 A2 B ∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none of

A3, A2 B, AB A is a subword of W so each, in particular AB A, belongs to V2. Also,
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none of A4, A3 B, A2 B A, A2 B2, AB A2, AB AB, AB2 A is a subword of W so each,
in particular AB2 A, belongs to V3. It now follows from (∗) that W ∈ V10. This is a
contradiction.
(16) W is (B AB)3 B2

B2 AB2 A is a subword of W . In fact, W ≡ B A(B2 AB2 A)B3. Thus

B A(Z)B3
= V +W + B A(B3 A2 B + B3 AB A + B4 A2)B3

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB3 A2 B4
+ B AB3 AB AB3

+ B AB4 A2 B3
∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none

of A3, A2 B, AB A is a subword of W so each, in particular AB A, belongs to V2. It
now follows from (∗) that W ∈ V10. This is a contradiction.
(21) W is A(B AB)3 B
B2 AB2 A is a subword of W . In fact, W ≡ AB A(B2 AB2 A)B2. Thus

AB A(Z)B2
= V +W + AB A(B3 A2 B + B3 AB A + B4 A2)B2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB AB3 A2 B3
+ AB AB3 AB AB2

+ AB AB4 A2 B2
∈ V10. (∗)

There is only one subword of W of length 6 strictly preceding AB AB3 in the
lexicographic ordering, namely AB AB2 A. Thus, AB AB3

= αAB AB2 A +U , for
some scalar α and some U ∈ V5. Then (AB AB3)AB AB2

= αAB AB2 A2 B AB2
+

U AB AB2. Now A2 is not a subword of W so does not belong to B. Hence
A2
∈ V1. It follows that AB AB3 AB AB2

∈ V10, and, from (∗), that W ∈ V10. This
is a contradiction.
(25) W is (AB3)2 AB2

B AB3 A is a subword of W . In fact, W ≡ AB2(B AB3 A)B2. Thus

AB2(Z)B2
= V +W + AB2(B2 A2 B2

+ B2 AB AB + B2 AB2 A + B3 A2 B

+ B3 AB A + B4 A2)B2
∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB4 A2 B4
+ AB4 AB AB3

+ AB4 AB2 AB2
+ AB5 A2 B3

+ AB5 AB AB2

+ AB6 A2 B2
∈ V10. (∗)

Now A2 is not a subword of W so does not belong to B. Hence A2
∈ V1. Also, none of

A3, A2 B, AB A is a subword of W , so each, in particular AB A, belongs to V2. None
of the words A4, A3 B, A2 B A, A2 B2, AB A2, AB AB, AB2 A is a subword of W so
each one, in particular AB2 A belongs to V3. Using the facts that A2

∈ V1, AB A ∈
V2, AB2 A ∈ V3 in (∗) gives that W ∈ V10. This is a contradiction.
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This completes the consideration of the cases when W is one of the last 26 words.
Finally, we have to consider the cases where W is one of

(A2 B)3 A2, (B2 A)3 B2, A(AB)5, B(B A)5, (AB A)3 AB,

(B AB)3 B A, (AB)5 B, (B A)5 A, (AB2)3 AB, (B A2)3 B A.

(I) W is (B A)5 A
Since (A + λB A)6 ∈ V10 by the Cayley–Hamilton theorem, it follows from

Proposition 4 that

A(B A)5 + B A2(B A)4 + (B A)2 A(B A)3 + (B A)3 A(B A)2 + (B A)4 AB A

+ (B A)5 A ∈ V10.

In the above (B A)5 A is the largest word, so if it was W then each of the other five
words would belong to V10, since W is the smallest word of length 11 in B. Then W
would belong to V10, and this is a contradiction.
(II) W is B(B A)5

Since (B + λB A)6 ∈ V10 by the Cayley–Hamilton theorem, it follows from
Proposition 4 that

(B A)5 B + (B A)4 B2 A + (B A)3 B(B A)2 + (B A)2 B(B A)3 + B AB(B A)4

+ B(B A)5 ∈ V10.

In the above B(B A)5 is the largest word, so if it was W then each of the other five
words would belong to V10, since W is the smallest word of length 11 in B. Then W
would belong to V10, and this is a contradiction.

For the remaining 8 words,

(A2 B)3 A2, (B2 A)3 B2, A(AB)5, (AB A)3 AB,

(B AB)3 B A, (AB)5 B, (AB2)3 AB, (B A2)3 B A,

we first consider the case where {A, B} is not an irreducible pair of matrices (that is,
they have a common nontrivial invariant subspace). Then the unital algebra generated
by the pair has dimension at most 31. Since each of these words has 30 subwords,
including the empty word, the dimension of the unital algebra generated by A and B,
that is, the number of elements in B, is at least 30. Hence there is at most one other
element of B apart from the subwords of W .
(IIIr) W is (A2 B)3 A2

B A2 B A2 is a subword of W . In fact, W ≡ A2 B A2(B A2 B A2). Thus

A2 B A2(Y )= V +W + A2 B A2(B AB A3
+ B2 A4) ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B A2 B AB A3
+ A2 B A2 B2 A4

∈ V10. (∗)
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Now A4 cannot belong to B, otherwise both A3 and A4 would belong to B and B
would have at least 32 elements. Thus A4

∈ V3 and A2 B A2 B2(A4) ∈ V10.
If A3

6∈ B then A3
∈ V2 and A2 B A2 B AB A3

= A2 B A2 B AB(A3) belongs to V10. It
would then follow from (∗) that W ∈ V10. This is a contradiction.

If A3
∈ B then B AB = αA2

+ βA2 B + γ AB A + δB A2
+U for some scalars

α, β, γ, δ and some U ∈ V2. Then

A2 B A2(B AB)A3
= αA2 B A7

+ βA2 B A4 B A3
+ γ A2 B A3 B A4

+ δA2 B A2 B A5

+ A2 B A2U A3
∈ V10

since A4
∈ V3 and U ∈ V2. It follows from (∗) that W ∈ V10. This is a contradiction.

(IVr) W is (B2 A)3 B2

B2 AB2 A is a subword of W . In fact, W ≡ B2 A(B2 AB2 A)B2. Thus

B2 A(Z)B2
= V +W + B2 A(B3 A2 B + B3 AB A + B4 A2)B2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B2 AB3 A2 B3
+ B2 AB3 AB AB2

+ B2 AB4 A2 B2
∈ V10. (∗)

If A2
6∈ B then A2

∈ V1 and B2 AB3 A2 B3, B2 AB4 A2 B2 belong to V10. Also, the first
six words of length 4 are A4, A3 B, A2 B A, A2 B2, AB A2, AB AB. The first five of
them contain a factor of A2 so none of them belongs to B. Hence each belongs to
V3. Now AB AB cannot belong to B since AB A would too, making B have at least
32 elements. Thus AB AB ∈ V3 and so B2 AB3 AB AB2

= B2 AB3(AB AB)B ∈ V10.
It would then follow from (∗) that W ∈ V10. This is a contradiction.

If A2
∈ B then none of A3, A2 B, AB A belongs to B so each belongs to V2. Then

B2 AB3 A2 B3
+ B2 AB3 AB AB2

+ B2 AB4 A2 B2
= B2 AB3(A2 B)B2

+ B2 AB3(AB A)B2
+ B2 AB4(A2 B)B ∈ V10.

It follows from (∗) that W ∈ V10. This is a contradiction.
(Vr) W is A(AB)5

B AB AB A is a subword of W . In fact, W ≡ A2(B AB AB A)B AB. Thus

A2(X)B AB = V +W + A2(B AB2 A2
+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B AB ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B AB2 A2 B AB + A2 B2 A3 B2 AB + A2 B2 A2 B AB AB

+ A2 B2 AB A2 B AB + A2 B3 A3 B AB ∈ V10. (∗)

Neither of A4, A3 B can belong to B since otherwise A3 would too, making B
have more than 31 elements. Thus A3 B ∈ V3 and A2 B2 A3 B2 AB + A2 B3 A3 B AB ∈

https://doi.org/10.1017/S0004972709000112 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972709000112


192 M. S. Lambrou and W. E. Longstaff [16]

V10. Also, A2 B2 cannot belong to B since otherwise B2 would too. Thus
A2 B2

= αA2 B A +U for some scalar α and some U ∈ V3. Then A2 B2 A2 B AB AB =
(A2 B2)A2 B AB AB = αA2 B A3 B AB AB +U A2 B AB AB ∈ V10 since A3 B ∈ V3 and
U ∈ V3. All of the words of length 7 preceding A2 B A2 B A contain a factor of A3

and so belong to V6, since none can belong to B. Since A2 B A2 B A cannot belong
to B, since its subword B A2 is not a subword of W , it follows that A2 B A2 B A ∈ V6.
Thus

A2 B2 AB A2 B AB = (A2 B2)AB A2 B AB

= α(A2 B A2 B A)AB AB +U AB A2 B AB ∈ V10.

Finally,
B AB2

= βA2 B A + γ AB AB + δB AB A + T

for some scalars β, γ, δ and some element T ∈ V3. This is because every word of
length 4 which precedes B AB2, and B AB2 itself, contains a proper subword which is
not a subword of W , unless it is A2 B A, AB AB or B AB A. Hence

A2 B AB2 A2 B AB = A2(B AB2)A2 B AB = βA4 B A3 B AB + γ A3 B AB A2 B AB

+ δA2 B AB A3 B AB + A2T A2 B AB ∈ V10,

since A3 B ∈ V3 and T ∈ V3. It follows from (∗) that W ∈ V10. This is a contradiction.
(VIr) W is (AB A)3 AB
B A2 B A2 is a subword of W . In fact, W ≡ AB A2(B A2 B A2)B. Thus

AB A2(Y )B = V +W + AB A2(B AB A3
+ B2 A4)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB A2 B AB A3 B + AB A2 B2 A4 B ∈ V10. (∗)

Neither of A4, A3 B can belong to B since otherwise A3 would too, making B have
more than 31 elements. Thus A3 B ∈ V3 and AB A2 B AB A3 B + AB A2 B2 A4 B ∈ V10.
It follows from (∗) that W ∈ V10. This is a contradiction.
(VIIr) W is (B AB)3 B A
B2 AB2 A is a subword of W . In fact, W ≡ B A(B2 AB2 A)B2 A. Thus

B A(Z)B2 A = V +W + B A(B3 A2 B + B3 AB A + B4 A2)B2 A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB3 A2 B3 A + B AB3 AB AB2 A + B AB4 A2 B2 A ∈ V10. (∗)

Neither of A3, A2 B can belong to B since otherwise A2 would too, making B have
more than 31 elements. Thus A2 B ∈ V2 and B AB3 A2 B3 A + B AB4 A2 B2 A ∈ V10.
The first six words of length 4 are A4, A3 B, A2 B A, A2 B2, AB A2, AB AB. Each
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of these has a proper subword which is not a subword of W . It follows that each,
in particular AB AB, belongs to V3. Hence B AB3 AB AB2 A = B AB3(AB AB)B A ∈
V10. It follows from (∗) that W ∈ V10. This is a contradiction.
(VIIIr) W is (AB)5 B
B AB AB A is a subword of W . In fact, W ≡ AB A(B AB AB A)B2. Thus

AB A(X)B2
= V +W + AB A(B AB2 A2

+ B2 A3 B + B2 A2 B A + B2 AB A2

+ B3 A3)B2
∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB AB AB2 A2 B2
+ AB AB2 A3 B3

+ AB AB2 A2 B AB2

+ AB AB2 AB A2 B2
+ AB AB3 A3 B2

∈ V10. (∗)

Neither of A3, A2 B can belong to B since otherwise A2 would too, making B have
more than 31 elements. Thus A2 B ∈ V2. It follows that

AB AB AB2 A2 B2
+ AB AB2 A3 B3

+ AB AB2 A2 B AB2
+ AB AB2 AB A2 B2

+ AB AB3 A3 B2
∈ V10

and hence, from (∗), that W ∈ V10. This is a contradiction.
(IXr) W is (AB2)3 AB
B2 AB2 A is a subword of W . In fact, W ≡ A(B2 AB2 A)B2 AB. Thus

A(Z)B2 AB = V +W + A(B3 A2 B + B3 AB A + B4 A2)B2 AB ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB3 A2 B3 AB + AB3 AB AB2 AB + AB4 A2 B2 AB ∈ V10. (∗)

Neither of A3, A2 B can belong to B since otherwise A2 would too, making B
have more than 31 elements. Thus A2 B ∈ V2. It follows that AB3 A2 B3 AB +
AB4 A2 B2 AB ∈ V10. The first six words of length 4 are A4, A3 B, A2 B A, A2 B2,

AB A2, AB AB. Each of these has a proper subword which is not a subword of W .
It follows that each, in particular AB AB, belongs to V3. Hence, AB3 AB AB2 AB =
AB3(AB AB)B AB ∈ V10. It follows from (∗), that W ∈ V10. This is a contradiction.
(Xr) W is (B A2)3 B A
B A2 B A2 is a subword of W . In fact, W ≡ B A2(B A2 B A2)B A. Thus

B A2(Y )B A = V +W + B A2(B AB A3
+ B2 A4)B A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B A2 B AB A3 B A + B A2 B2 A4 B A ∈ V10. (∗)
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Neither of A4, A3 B can belong to B since otherwise A3 would too, making B
have more than 31 elements. Thus A3 B ∈ V3. It follows that B A2 B AB A3 B A +
B A2 B2 A4 B A ∈ V10, and then from (∗), that W ∈ V10. This is a contradiction.

It only remains to consider the cases where W is one of

(A2 B)3 A2, (B2 A)3 B2, A(AB)5, (AB A)3 AB, (B AB)3 B A, (AB)5 B, (AB2)3 AB,

(B A2)3 B A

and {A, B} is an irreducible pair of matrices. Then of course, by Burnside’s theorem,
B has 36 elements, 30 of which are the subwords of W .
(IIIi) W is (A2 B)3 A2

B A2 B A2 is a subword of W . In fact, W ≡ A2 B A2(B A2 B A2). Thus

A2 B A2(Y )= V +W + A2 B A2(B AB A3
+ B2 A4) ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + A2 B A2 B AB A3
+ A2 B A2 B2 A4

∈ V10. (∗)

Now the word A2 B A2 B AB has precisely six subwords which are not subwords of
W . So if A2 B A2 B AB ∈ B then B consists of the 30 subwords of W together with
the six aforementioned subwords of A2 B A2 B AB. In particular, since A3 is neither a
subword of W nor of A2 B A2 B AB it follows that A3

∈ V2. Then A2 B A2 B AB A3
+

A2 B A2 B2 A4
∈ V10 and so, from (∗), W ∈ V10. This is a contradiction. Thus

A2 B A2 B AB 6∈ B. Hence

A2 B A2 B AB = αA2 B A2 B A2
+ S

for some scalar α and some matrix S which is a linear combination those words which
strictly precede A2 B A2 B A2. Then

(A2 B A2 B AB)A3
= αA2 B A2 B A5

+ S A3.

Now, A2 B A2 B A5 strictly precedes W and has length 11, so A2 B A2 B A5
∈ V10. Also,

S A3
∈ V10 since, if K is any word strictly preceding A2 B A2 B A2, then K A3 strictly

precedes A2 B A2 B A5 and so strictly precedes W . Thus A2 B A2 B AB A3
∈ V10. Now

the word A2 B A2 B2 A cannot belong to B since it has more than six subwords which
are not subwords of W . Thus

A2 B A2 B2 A = βA2 B A2 B A2
+ T

for some scalar α and some matrix T which is a linear combination of those words
which strictly precede A2 B A2 B A2. Then

(A2 B A2 B2 A)A3
= A2 B A2 B2 A4

= βA2 B A2 B A5
+ T A3.
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As above, this implies that A2 B A2 B2 A4
∈ V10. It follows from (∗) that W ∈ V10. This

is a contradiction.
(IVi) W is (B2 A)3 B2

B2 AB2 A is a subword of W . In fact, W ≡ B2 A(B2 AB2 A)B2. Thus

B2 A(Z)B2
= V +W + B2 A(B3 A2 B + B3 AB A + B4 A2)B2

∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B2 AB3 A2 B3
+ B2 AB3 AB AB2

+ B2 AB4 A2 B2
∈ V10. (∗)

The word B2 AB3 A has eight subwords which are not subwords of W so it cannot
belong to B. Then

B2 AB3 A = αB2 AB2 AB + S

for some scalar α and some matrix S which is a linear combination of those words
which strictly precede B2 AB2 AB. Thus

B2 AB3 A2 B3
= (B2 AB3 A)AB3

= αB2 AB2 AB AB3
+ S AB3

where B2 AB2 AB AB3 strictly precedes W so belongs to V10 and where S AB3
∈ V10

since it is a linear combination of words strictly preceding B2 AB2 AB AB3 and so W .
It follows that B2 AB3 A2 B3

∈ V10.
Suppose that B2 AB3

6∈ B. Then B2 AB3
= βB2 AB2 A + T for some scalar β and

some matrix T which is a linear combination of those words which strictly precede
B2 AB2 A. Thus

B2 AB3 AB AB2
= (B2 AB3)AB AB2

= βB2 AB2 A2 B AB2
+ T AB AB2

where B2 AB2 A2 B AB2 strictly precedes W so belongs to V10 and where T AB AB2
∈

V10 since it is a linear combination of words strictly preceding B2 AB2 A2 B AB2 and
so W . It follows that B2 AB3 AB AB2

∈ V10. Also,

B2 AB4 A2 B2
= (B2 AB3)B A2 B2

= βB2 AB2 AB A2 B2
+ T B A2 B2

where B2 AB2 AB A2 B2 strictly precedes W so belongs to V10 and where T B A2 B2
∈

V10 since it is a linear combination of words strictly preceding B2 AB2 AB A2 B2 and
so W . It follows that B2 AB4 A2 B2

∈ V10. It now follows from (∗) that W ∈ V10,
and this is a contradiction. Hence B2 AB3

∈ B, and so therefore are B AB3, AB3, B3.
There remain two words in B which are neither subwords of W nor belong to the set
{B2 AB3, B AB3, AB3, B3

}.
The word AB AB2

∈ V4 since every word with five letters which is less than or
equal to it has at least three subwords not belonging to {B2 AB3, B AB3, AB3, B3

}

and not a subword of W . It follows that B2 AB3 AB AB2
= B2 AB3(AB AB2) ∈ V10.

The word A2 B2
∈ V3 since every word with four letters which is less than or equal to

it has at least three subwords not belonging to {B2 AB3, B AB3, AB3, B3
} and not a
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subword of W . It follows that B2 AB4 A2 B2
= B2 AB4(A2 B2) ∈ V10. It follows from

(∗) that W ∈ V10. This is a contradiction.
(Vi) W is A(AB)5

For any pair of matrices P, Q, and any pair λ, µ of scalars, the pair {P, Q} has the
same length as the pair {P − λI, Q − µI }. For this reason we may suppose that both
A and B are invertible matrices.

By the Cayley–Hamilton theorem, (AB)6 = α I + V1(AB), for some scalar α and
some matrix V1 ∈ V8, and also A−1

= βA5
+ V2, B−1

= γ B5
+ V3, for some scalars

β, γ and matrices V2, V3 ∈ V4. Then B−1 A−1
= βγ B5 A5

+ V4 where V4 ∈ V9. Thus

W ≡ A(AB)5 = A(AB)6(AB)−1
= A{α I + V1(AB)}(AB)−1

= αA(AB)−1
+ AV1

= αAB−1 A−1
+ AV1 = αA{γ B5

+ V3}{βA5
+ V2} + AV1

= αβγ AB5 A5
+ V5 + AV1

where V5 + AV1 ∈ V10. Since W does not belong to V10, neither does AB5 A5. In
particular, A5

6∈ V4 and since A5 is the smallest word of length 5 this means that
A5
∈ B. Then A5, A4, A3

∈ B.
As in the first part of the argument in case (Vr),

W + A2 B AB2 A2 B AB + A2 B2 A3 B2 AB + A2 B2 A2 B AB AB + A2 B2 AB A2 B AB

+ A2 B3 A3 B AB (∗)

belongs to V10. Now A2 B AB2
6∈ B, since otherwise A2 B AB2, AB AB2, B AB2, AB2,

B2
∈ B and B would have at least 38 elements (B already contains the 30 subwords of

W and A5, A4, A3). Thus A2 B AB2
=

∑11
k=1 λkUk + V6 where V6 ∈ V5 and Uk is a

word in A, B of length 6 less than or equal to A2 B AB A. It follows that

(A2 B AB2)A2 B AB =
11∑

k=1

λk(Uk A2 B AB)+ V6 A2 B AB.

But the word Uk A2 B AB has length 11 and is strictly less than W so belongs to V10.
This shows that A2 B AB2 A2 B AB ∈ V10.

Suppose that A2 B2
6∈ B. Then A2 B2

= ρA4
+ εA3 B + τ A2 B A + V7 for some

scalars ρ, ε, τ and some V7 ∈ V3. Then the equations

(A2 B2)A3 B2 AB = ρA7 B2 AB + εA3 B A3 B2 AB + τ A2 B A4 B2 AB + V7 A3 B2 AB,

(A2 B2)A2 B AB AB = ρA6 B AB AB + εA3 B A2 B AB AB + τ A2 B A3 B AB AB

+ V7 A2 B AB AB,

(A2 B2)AB A2 B AB = ρA5 B A2 B AB + εA3 B AB A2 B AB + τ A2 B A2 B A2 B AB

+ V7 AB A2 B AB,
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A2 B3 A3 B AB = (A2 B2)B A3 B AB

= ρA4 B A3 B AB + εA3 B2 A3 B AB + τ A2 B AB A3 B AB

+ V7 B A3 B AB

show that the matrices A2 B2 A3 B2 AB, A2 B2 A2 B AB AB, A2 B2 AB A2 B AB, A2 B3

A3 B AB all belong to V10 since each word of length 11 appearing in the right-
hand side of the above four equations is strictly less than W , and V7 ∈ V3. Since
A2 B AB2 A2 B AB also belongs to V10 it follows from (∗) that W ∈ V10. This
contradiction means that we must have A2 B2

∈ B and the elements of B are precisely
all the subwords of W together with A5, A4, A3, A2 B2, AB2, B2.

Now that all the elements of B are known, we must have

B5 A4
= ηA2 B AB AB AB + σ AB AB AB AB A + δB AB AB AB AB + V8

for some scalars η, σ, δ and some V8 ∈ V8. Then

AB5 A5
= A(B5 A4)A = A(ηA2 B AB AB AB + σ AB AB AB AB A

+ δB AB AB AB AB + V8)A

= ηA3 B AB AB AB A + σ A2 B AB AB AB A2

+ δAB AB AB AB AB A + AV8 A.

Each of A3 B AB AB AB A and A2 B AB AB AB A2 has length 11 and is strictly less than
W , so each belongs to V10. Also AB AB AB AB AB A belongs to V9 by Proposition 3,
and AV8 A belongs to V10. This shows that AB5 A5 belongs to V10, contradicting what
we deduced earlier. Hence W cannot be A(AB)5.
(VIi) W is (AB A)3 AB.
B A2 B A2 is a subword of W . In fact, W ≡ AB A2(B A2 B A2)B. Thus

AB A2(Y )B = V +W + AB A2(B AB A3
+ B2 A4)B ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB A2 B AB A3 B + AB A2 B2 A4 B ∈ V10. (∗)

If A3
6∈ B then A3

∈ V2. Then both AB A2 B AB A3 B, AB A2 B2 A4 B belong to V10 so
W ∈ V10 by (∗). Thus A3

∈ B.
Suppose that AB A2 B AB ∈ B. Then all of the subwords of AB A2 B AB

belong to B so B consists of all the subwords of W together with
AB A2 B AB, B A2 B AB, A2 B AB, AB AB, B AB, A3. Thus A4, A3 B ∈ V3 so
AB A2 B AB A3 B, AB A2 B2 A4 B belong to V10 which leads to the contradiction that
W ∈ V10. Thus AB A2 B AB 6∈ B.

Since AB A2 B AB 6∈ B, there is a scalar α such that AB A2 B AB = αAB A2 B A2
+

S, for some matrix S which is a linear combination of words strictly less than
AB A2 B A2. Then

AB A2 B AB A3 B = (AB A2 B AB)A3 B = αAB A2 B A5 B + S A3 B.
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Since AB A2 B A5 B ≺W and has length 11, then AB A2 B A5 B ∈ V10. Also, since
S A3 B is a linear combination of words strictly less than AB A2 B A5 B, and so strictly
less than W , then S A3 B ∈ V10. Thus AB A2 B AB A3 B ∈ V10.

Suppose that AB A2 B2
∈ B. Then B consists of the subwords of W together with

AB A2 B2, B A2 B2, A2 B2, AB2, B2, A3. Then A4
∈ V3 so AB A2 B2 A4 B ∈ V10 and

it follows that W ∈ V10. Hence AB A2 B2
6∈ B. Then there exists a scalar β such

that AB A2 B2
= βAB A2 B A + T , for some matrix T which is a linear combination

of words strictly less than AB A2 B A. Since AB A2 B A5 B ≺W and has length 11,
we have AB A2 B A5 B ∈ V10. Also, since T A4 B is a linear combination of words
strictly less than AB A2 B A5 B, and so strictly less than W , we have T A4 B ∈ V10.
Thus AB A2 B2 A4 B ∈ V10. This leads to the contradiction that W ∈ V10.
(VIIi) W is (B AB)3 B A
B2 AB2 A is a subword of W . In fact, W ≡ B A(B2 AB2 A)B2 A. Thus

B A(Z)B2 A = V +W + B A(B3 A2 B + B3 AB A + B4 A2)B2 A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B AB3 A2 B3 A + B AB3 AB AB2 A + B AB4 A2 B2 A ∈ V10. (∗)

Suppose that B AB3
6∈ B. Then B AB3

= αB AB2 A + S for some scalar α and some
matrix S which is a linear combination of words strictly less than B AB2 A. Thus

B AB3 A2 B3 A = (B AB3)A2 B3 A = αB AB2 A3 B3 A + S A2 B3 A

where B AB2 A3 B3 A strictly precedes W so belongs to V10 and where S A2 B3 A ∈ V10
since it is a linear combination of words strictly preceding B AB2 A3 B3 A and so W . It
follows that B AB3 A2 B3 A ∈ V10. Similarly,

B AB3 AB AB2 A = (B AB3)AB AB2 A = αB AB2 A2 B AB2 A + S AB AB2 A

and

B AB4 A2 B2 A = (B AB3)B A2 B2 A = αB AB2 AB A2 B2 A + SB A2 B2 A

show that B AB3 AB AB2 A, B AB4 A2 B2 A ∈ V10. It then follows from (∗) that W ∈
V10, and this contradiction shows that B AB3

∈ B. Hence B AB3, AB3, B3
∈ B.

This accounts for 33 elements of B. Every word with five letters strictly less than
AB AB2 has more than three subwords which neither belong to {B AB3, AB3, B3

}

nor are subwords of W . Hence all such words belong to V4. In particular,
A2 B3 and A2 B2 A belong to V4 so B AB3 A2 B3 A = B AB3(A2 B3 A) ∈ V10 and
B AB4 A2 B2 A = B AB4(A2 B2)A ∈ V10. If AB AB2

6∈ B then AB AB2
∈ V4 and

so B AB3 AB AB2 A = B AB3(AB AB2)A ∈ V10. Then W ∈ V10 from (∗). Thus
AB AB2

∈ B and so B consists of all the subwords of W together with the words
AB AB2, AB AB, AB A, B AB3, AB3, B3. Then every word of length 6 less than
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or equal to AB AB2 A cannot belong to B and so AB AB2 A ∈ V5. It follows that
B AB3 AB AB2 A = B AB3(AB AB2 A) ∈ V10, and hence, from (∗), that W ∈ V10. This
is a contradiction.
(VIIIi) W is (AB)5 B
As in case (Vi) we may suppose that both A and B are invertible matrices.
By the Cayley–Hamilton theorem, (AB)6 = α I + (AB)S, for some scalar α and

some matrix S ∈ V8, and also A−1
= βA5

+ T, B−1
= γ B5

+U , for some scalars
β, γ and matrices T,U ∈ V4. Then B−1 A−1

= βγ B5 A5
+ V where V ∈ V9. Thus

W ≡ (AB)5 B = (AB)−1(AB)6 B = (AB)−1
{α I + (AB)S}B = α(AB)−1 B + SB

= αB−1 A−1 B + SB = α{γ B5
+U }{βA5

+ T }B + SB

= αβγ B5 A5 B + Y + SB

where Y + SB ∈ V10. Now A5 B cannot belong to B, since otherwise
A5 B, A5, A4 B, A4, A3 B, A3, A2 B, A2

∈ B and B would have at least 38 elements
which is impossible. Since A5 B 6∈ B and A6

∈ V5 it follows that A5 B ∈ V5. But
this means that W ∈ V10 since, from the above, W − αβγ B5 A5 B ∈ V10, and this is
a contradiction.
(IXi) W is (AB2)3 AB
B2 AB2 A is a subword of W . In fact, W ≡ A(B2 AB2 A)B2 AB. Thus

A(Z)B2 AB = V +W + A(B3 A2 B + B3 AB A + B4 A2)B2 AB ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + AB3 A2 B3 AB + AB3 AB AB2 AB + AB4 A2 B2 AB ∈ V10. (∗)

Suppose that AB3
6∈ B. Then

AB3
= αA4

+ βA3 B + γ A2 B A + δA2 B2
+ ρAB A2

+ λAB AB + µAB2 A + S

for some scalars α, β, γ, δ, ρ, λ, µ and some matrix S ∈ V3. Then

AB3 A2 B3 AB

= (AB3)A2 B3 AB = αA6 B3 AB + βA3 B A2 B3 AB + γ A2 B A3 B3 AB

+ δA2 B2 A2 B3 AB + ρAB A4 B3 AB + λAB AB A2 B3 AB

+ µAB2 A3 B3 AB + S A2 B3 AB.

Each of the words A6 B3 AB, A3 B A2 B3 AB, A2 B A3 B3 AB, A2 B2 A2 B3 AB, AB A4 B3

AB, AB AB A2 B3 AB, AB2 A3 B3 AB is strictly less than W so belongs to V10. The
matrix S A2 B3 AB also belongs to V10. Hence AB3 A2 B3 AB ∈ V10. In a similar
way it can be shown that AB3 AB AB2 AB = (AB3)AB AB2 AB and AB4 A2 B2 AB =
(AB3)B A2 B2 AB belong to V10. Then W ∈ V10 from (∗), and this is a contradiction.
Thus AB3

∈ B and so B3
∈ B.
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Suppose that AB AB2 A ∈ B. Then B consists of all the subwords of W
together with AB AB2 A, AB AB2, AB AB, AB A, AB3, B3. Thus A2 B ∈ V2 and
AB AB2 AB ∈ V6, so each of AB3 A2 B3 A, AB3 AB AB2 AB, AB4 A2 B2 AB belongs
to V10. Then W ∈ V10 from (∗), and this is a contradiction. Hence AB AB2 A 6∈ B.

It is not too difficult to check that every word with 6 letters which is strictly less than
AB AB2 A has more than four subwords and so cannot belong to B. Thus, by the defini-
tion of B, every word with 6 letters which is less than or equal to AB AB2 A belongs to
V5. Since AB3 A2 B3 AB = AB3(A2 B3 A)B, AB3 AB AB2 AB = AB3(AB AB2 A)B
and AB4 A2 B2 AB = AB4(A2 B2 AB) it follows that each of AB3 A2 B3 AB, AB3

AB AB2 AB, AB4 A2 B2 AB belongs to V10 and so W ∈ V10. This is a contradiction.
(Xi) W is (B A2)3 B A
B A2 B A2 is a subword of W . In fact, W ≡ B A2(B A2 B A2)B A. Thus

B A2(Y )B A = V +W + B A2(B AB A3
+ B2 A4)B A ∈ V10

where V ∈ V10 (since W is the smallest word of length 11 in B). Thus

W + B A2 B AB A3 B A + B A2 B2 A4 B A ∈ V10. (∗)

Clearly we can suppose that A3
∈ B. Suppose that A4 B A ∈ B. Then B consists

of the 30 subwords of W together with A4 B A, A4 B, A3 B A, A4, A3 B, A3. Then
B2
= αA2

+ βAB + γ B A + S for some scalars α, β, γ and some matrix S which
a linear combination of I, A, B. Then

B A2 B2 A4 B A = B A2(B2)A4 B A

= αB A8 B A + βB A3 B A4 B A + γ B A2 B A5 B A + B A2S A4 B A.

Now, each of the words B A8 B A, B A3 B A4 B A, B A2 B A5 B A is strictly less than W in
the ordering, so each belongs to V10. The matrix B A2S A4 B A also belongs to V10, so
B A2 B2 A4 B A ∈ V10. Also, B AB = δA3

+ λA2 B + µAB A + ρB A2
+ T for some

scalars δ, λ, µ, ρ and some matrix T ∈ V2. Then

B A2 B AB A3 B A = B A2(B AB)A3 B A = δB A8 B A + λB A4 B A3 B A

+ µB A2 B A4 B A + ρB A2 B A5 B A + B A2T A3 B A

where each of the matrices B A8 B A, B A4 B A3 B A, B A2 B A4 B A, B A2 B A5 B A,
B A2T A3 B A ∈ V10 since the first three are strictly less than W . It follows from (∗)

that W ∈ V10, and this is a contradiction. Thus A4 B A 6∈ B.
Suppose that A5 B ∈ B. Then B consists of the 30 subwords of W together

with A5 B, A5, A4 B, A4, A3 B, A3. Again B2
= αA2

+ βAB + γ B A + S for some
scalars α, β, γ and some matrix S ∈ V1, and B AB = δA3

+ λA2 B + µAB A +
ρB A2

+ T for some scalars δ, λ, µ, ρ and some matrix T ∈ V2. By the same
arguments as above, we get B A2 B AB A3 B A, B A2 B2 A4 B A ∈ V10 and so W ∈ V10.
The latter contradiction shows that A5 B 6∈ B. Hence A4 B A ∈ V5 so B A2 B2 A4 B A ∈
V10.
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Consider B A2 B AB A3 B A. If B A2 B AB 6∈ B then B A2 B AB = B A2 B A2
+ R

where R is a linear combination of words strictly less than B A2 B A2.
Thus B A2 B AB A3 B A = (B A2 B AB)A3 B A = B A2 B A5 B A + R A3 B A. The word
B A2 B A5 B A strictly precedes W (and has length 11) so belongs to V10. The
matrix R A3 B A is a linear combination of words strictly less than B A2 B A5 B A so
belongs to V10. Hence B A2 B AB ∈ B. It follows from (∗) that W ∈ V10. This is a
contradiction. Hence B A2 B AB ∈ B and so B contains, apart from the subwords of
W , B A2 B AB, A2 B AB, AB AB, B AB, A3. This amounts to 35 words. It follows
that none of A5, A4 B, A3 B A can belong to B. In particular, A3 B A ∈ V4. Hence
B A2 B AB A3 B A = B A2 B AB(A3 B A) ∈ V10. Hence, from (∗), W ∈ V10. This is a
contradiction.

This completes the proof of the theorem. 2
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