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Abstract

For n independent, identically distributed uniform points in [0, l]d, d > 2,let L, be the
total distance from the origin to all the minimal points under the coordinatewise partial
order (this is also the total length of the rooted edges of a minimal directed spanning tree
on the given random points). For d > 3, we establish the asymptotics of the mean and
the variance of L,, and show that L,, satisfies a central limit theorem, unlike in the case
d=2.
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1. Introduction and statement of results

For d > 2, let ‘<’ denote the coordinatewise partial order on R?: x < y if and only if all
coordinates of y — x are nonnegative and x # y. For § ¢ R? and x € S, we say that x is a
minimal element of S if no y € § satisfies y < x, and that x is a maximal element of S if no
y € S satisfies x < y. Let M(S) denote the set of minimal elements of S. In this paper, our
major interest is in M (S), where S is a random set X, consisting of n independent, identically
distributed uniform points in [0, 1], d > 3. More precisely, we study the asymptotics of the
random variables L, given by

L, = Z x|, )

xeM(X,)

where | - | denotes the Euclidean norm.

The quantity L, arises in the context of a certain spanning tree problem, which we now
describe. Suppose that S is a finite subset of [0, 1]¢ and let 0 denote the origin of R?. Then 0
is the only minimal element of S U {0}. A directed spanning tree on S U {0} is a directed graph
G with vertex set S U {0}, such that (i) all directed edges are of the form (x, y) with y < x,
and (ii) for every x € S there is a unique directed path in G from x to 0. The length of G,
denoted L(G), is the sum of the Euclidean lengths of its edges. A minimal directed spanning
tree on S U {0} is a directed spanning tree G with the property that L(G) < L(G') for every
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other directed spanning tree G’ on S U {0}. It can be shown that the minimal directed spanning
tree on X, U {0} is almost surely unique.

The study of minimal directed spanning trees on random points was initiated by Bhatt and
Roy [6], motivated by applications to communications and drainage networks. The construction
of the minimal directed spanning tree resembles that of other graphs in which edges are drawn
between nearby points in Euclidean space, such as the ‘ordinary’ minimal spanning tree, the
nearest-neighbor graph, and the geometric graph. The probability theory of graphs of this type
on random points is well developed; see, for example, [12], [13], [15], [16], [17], and [18].
However, the minimal directed spanning tree has some distinctive features, notably that there
is no uniform bound on vertex degrees, and the presence of significant boundary effects. In
view of these features, it is a reasonable first step to consider the rooted edges of the minimal
directed spanning tree, i.e. those edges that are incident at the origin.

For x € M(S), the edge (x, 0) is in any directed spanning tree on S U {0}. Conversely, if
x € S with (x, 0) an edge of a minimal directed spanning tree G on S U {0}, then x must be
in M(S) (since otherwise we could find a y € M(S) with y < x and improve on the length of
G by replacing the edge (x, 0) by the edge (x, y)). Consequently, the set of rooted edges of a
minimal directed spanning tree on S U {0} is precisely the set of edges (x, 0), x € M(S).

The number of rooted edges is hence precisely the number of minimal elements of S, which
we denote |M(S)|. This quantity is of interest in multivariate extreme-value theory, and the
probability theory of |M(X,)| has received a degree of recent attention (see [1], [3], and
references therein). In particular, Bai et al. [2] recently established that | M (X, )| satisfies a
central limit theorem for d > 2. (Actually, they considered the number of maxima in X,
which obviously has the same distribution as the number of minima.)

In the present work, we are instead concerned with the quantity L,, defined in (1), which is
the total length of the rooted edges of the minimal directed spanning tree on X,,. In the case
d = 2, Bhatt and Roy [6] showed that the distribution of L, converges weakly to a certain
limiting distribution, with corresponding convergence of all moments; subsequently, Penrose
and Wade [14] identified the limiting distribution as a type of Dickman distribution. It is clear
that this limiting distribution is nonnormal since it is supported on the half-line [0, co) (no
rescaling or centering of L, is required in Bhatt and Roy’s result).

Thus, for d = 2 there is a distinction between the limiting distribution of L,, which is
not normal, and that of a renormalized version of |.M,,|, which is normal. This distinction is
essentially due to the effect of long edges. It is natural to ask whether this distinction persists in
higher dimensions, and in this paper we answer this question in the negative by showing that,
for d > 3, the limiting distribution of L, (suitably scaled and centered) is indeed normal, using
a method related to that of [2]. Moreover, we give precise asymptotic expressions for the mean
and variance of L,,.

As a final introductory remark, we note that there is a resemblance between the study of
minimal elements of a random sample, as in the present paper, and the study of convex hulls
of random samples. In the latter subject, quite a lot is known [7], [8], [10] for d = 2, but much
less is known in higher dimensions, as far as the authors are aware.

In this paper, we write A, < B, to express the fact that A, = B,(1 + O((log n)~ ).

Here are the precise asymptotic expressions for the mean and variance of L,,.

Theorem 1. Ford > 3, asn — o0,

d
E(L,) < m(log n)d=2. ()
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Theorem 2. Ford > 3, as n — 00,

ar(Ly) I_d + 2% d kh (logn)?—2 (3)
v = (= — n ,

n 2d—2) £ K k—Vd g

where h, | <k <d — 1, and yg (ya < d/(2(d — 2)!)) are strictly positive finite constants:

fork =1,

1 1
hy = f dw; / dwa wi (w1 + wy — wiwp) "2 — (wy + wa)~2)
0 0

11 (—logwy)d—2
« = (—logws) ’ @
2(d-2)! (d-2)
for2 <k<d-1,
1 uj 1
hie = / diy / dw / dwa (w1 + w2 — wiwz) > — (w1 + w2) )
0 0 0
1 1 (—logw; +loguy)*=2 (—log wy)?*1 )
X 2 b
2(d-2)! (k —2)! d—k—1)!

and

d 1 1 1 1\42
yd:((d—2>!>2</o d'”fo ds(1+v1s>2(1°g5) ”‘)
d 1 1 1 d-2
= ((d—2>!>2</o d”‘/o ds(“’gE) ”‘)
1 d

2@ -2

Our final result, Theorem 3, is a central limit theorem for L,,. To state it, we introduce the
following notation: we write ¥;, € CLT(r,) if

(Yn —Ew) _ x) oW

P P
P Garr) 2 =

X

=0(r,) and r, — 0, 6)

where @ (x) is the cumulative distribution function for the standard normal distribution.
Theorem 3. Ford > 3, asn — o0,

Lo=B(Lw) 0o
varyi2 ~ NOD

in distribution. In fact, we have
L, € CLT((logn)~“=»/*(loglog n) /2.

In Sections 2 and 3 we prove Theorems 1 and 2, respectively. We write the mean and
the variance of L, exactly as integrals and, using two elementary but useful inequalities,
(9) and (10), approximate the exact integrals by more tractable ones. By evaluating the tractable
integrals we obtain the asymptotic expressions (2) and (3).
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In Section 4 we prove Theorem 3. With the help of a certain transformation, we approx-
imate L, by a space-truncated random variable conditioned on a highly probable event. We
then approximate this conditioned, space-truncated random variable by a random variable L]/
generated by a Poisson point process. By decomposing L as a sum of locally dependent
random variables, we can apply Stein’s method to L/ to obtain the central limit theorem for L.
Since our approximation errors turn out to be small, we can extract the central limit theorem
for L, (Theorem 3) from the central limit theorem for L. Throughout the paper many strictly
positive, finite constants whose specific values are irrelevant will appear; we generically denote
them by C.

Full details of our calculations can be found at http://math.yonsei.ac.fr/sungchul.

2. Expectation

Let X, be the collection {x1, ..., x,} of independent, identically distributed uniform points
on [0, 119, d > 3. Given X, denote the event that x; is minimal in X, by G;. Then we can
rewrite L, as

n
Ly =Y lIxillg,, %
i=1

where 14 is the indicator function for the set A.

In this section we prove Theorem 1. Using (7) we write E(L,) as an explicit integral, (8).
Using two elementary but useful inequalities, (9) and (10), we approximate the explicit integral
as a more tractable integral. By evaluating this integral we recover Theorem 1.

By (7) and the exchangeability of the x;, we have

E(L,) = nE(lxi]1g,).

For x1 := (x1, ..., x4) to be a minimal point (i.e. 15, = 1), all the other points x;,2 < j < n,
should avoid the region ‘south-west’ of x;. The probability of this occurring is

d n—1
(1 - nxi) .
i=1
Hence,
n
E(L,) = ) E(xillg,)
i=1

=nE(x|1g,)
=nE(x1)E(g, | x1)

1 1 d n—1
:n/ f (xf+--~+x§)l/2<1—1_[xi> dxq -+ dxg. (8)
0 0 Pl

To estimate the above integral, we use the following two elementary inequalities:

d vy d 1/2 d
<Zx,-><l — w> < (Zx?) < in, x; >0, ©)]

i=1 (Xim1xi)? i=1 i=1
(1 —nx?e™ < (1—x)" <e ™. (10)
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By applying the second inequality of (9) to (8), we have

d

1 1 n—1
E(L,) < n/ / x1+---+ xd)<1 — l_[xi) dx;--- dxg; (by symmetry)
0 0 ;

1 1 d n—1
=dn/ / x1<1—l_[x,-> dxq--- dxg
0 0 i=1

1 1 d
dnf / X1 exp(—(n— 1)1—[)65) dx;---dxg (by (10))
0 0 i=1

1 00 [e's]
0 0 0
d

x xexp<—(n — Dx exp<— Zy,-)) ew(—éw)

—dn/ dx/ xe~(mDxe oz
(d 2)'

ot (U + log(n — x)4=2
—log(n—1)x (d—2)!

—d—" /1 dx/(n_l)x o—v (Zlogv +log(n — Dx)"2
=d— (d —2)!

Here we have made the following changes of variable, in the order listed:

IA

dx du

dv. an

e xy=xandx; =:e Vi, i=2,...,d,
d _.
22 Yi =12,

z—log(n — )x =: u,

e c =1
Now we expand the term
(—logv +log(n — x)?2 = (—logv + log(n — 1) + logx)?—2

and integrate term by term. We can then easily see that integration of the (log(n — 1))?~2 term
gives the leading term and that the other terms are all smaller than the leading term at least by
a factor of (log n)’l. Hence, as n — o0,

1 (n—1)x _ d—2
n f dx/ e Vdv + 0((logn)_1)>M
n—1Jo 0

d-2)!

o, [ - i 1)) Qog(n — 1))4—2
_<dn—1/0 dx/(; e "dv+0(m ")+ O((logn) ))W

: * _ d-2
N (d/ dx/ e dv+0m )+ 0w + 0((1ogn)1))(10g(n—1))
0 0 d —2)!

E(L,) < (d

__ d d-2
= @ 2)!(logn) ) (12)
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Before we continue , we would like to point out that many integral calculations in Sections 2
and 3 follow a procedure very similar to that in (11) and (12); namely change (1 — a)? to
e b using (10), change the product ]_[?Izdx ; to the sum exp(— 27:2 ¥;) using a change of
variable, use the hyperplane parameter »_ =2 Yj =12 modify the hyperplane parameter to
simplify the exponent, expand the integrand, and find the leading term. Thus, we refer to
integral calculations similar to those in (11) and (12) as the usual argument and sometimes
denote the usual argument as ‘- - -” in equations.

Recall that, to obtain an asymptotic upper bound (12) of E(L,), we used two elementary
but useful inequalities: the second inequality of (9) and the second inequality of (10). The
difference between E(L,) and the asymptotic upper bound (12) thus consists of two parts: the
error caused by the use of the second inequality of (10) and the error caused by the use of the
second inequality of (9).

By the usual argument, we see that the error caused by the use of the second inequality of
(10) is bounded by

1 1 d d
dn(n — 1)/ / X1 l_[xizexp(—(n — 1)1_[xi) dxy--- dxg
0 0 o i=1
= 0 '(logn)??) (13)

(using the difference between the upper and lower bounds of (10)).
Again by the usual argument, we also see that the error caused by the use of the second
inequality of (9) is bounded by

d

Xix n—1
/ / Z;#x u< l_[xl') dry - diy
z lxl

i=1

! d
< n/ / Z”ﬁf s exp(—(n — l)nxi> dxy---dxg  (by (10)
i=1

d

=d(d — 1)n/ / exp(—(n -1 Hx,-) dxp---dxgs (by symmetry)
Zl 1Xi

i=1

1 1
§d(d—1)n/ / el exp(—(n—l)l_[xi) dxy--- dxg
0 0 X1+x2 el

d

1 1
Sd(d—l)n/ / ~/X1xzeXP<—(”—l)nxi)dx1-~-dxd
0 0 il

(by the AM-GM-HM inequality)

= 0((logn)?=3) (14)

(using the difference between the upper and lower bounds of (9)). Therefore, Theorem 1 follows
from (12)-(14).
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3. Variance

In this section we prove Theorem 2. The basic idea of the proof of Theorem 2 is the
same as that of Theorem 1. Using (15) we write var(L,) as exact integrals. Using inequalities
(9) and (10) we approximate the exact integrals by more tractable integrals. Then, by evaluating
these tractable integrals, we recover Theorem 2. Compared to the proof of Theorem 1, in the
proof of Theorem 2 there are more complicated integrals. However, the basic idea of the
evaluation of the integrals is the same: we use the usual argument.

We start with an obvious observation; by (7),

n
var(Ly) = Y _var(lx;|1g,) + Y _ cov(|xi|lg;. |x;l1g;)

i=1 i#]
= nvar(|xi|lg,) +n(n — 1) cov(xi|lg,, |x2|16,)
= nvar(xi|lg,) +n*(1 + 0™ 1) cov(lxi|1g,, [x2]16,). (15)

Since
nvar(|x1|16,) = n(E(|lx11*16,) — [E(lx1|16)1%),

we estimate n E(|x;|*1g ) first. By the usual argument, calculations similar to (11) and (12)
yield

1 1 n—1
nE(|x1|2101):nf / (X12+-~-+X5)<1—1_[X1) dxy--- dxy
0 0 .

i=1

1 1 5 n—1
=dn/ -~-fx<l— x‘> dxy--- dxg
0 0 ! -1_[1

i=1

_1

,\z(d__zﬂaognﬂ*2. (16)

Thus, by (16) and (2),

nvar(jx1|1g,) = nE(1x1*16,) — n[E(|lx1|16,)1?

2
=nE(lx11*1g,) — n(E(L"))
n
- l d—2
Azw_mﬂ%m ) (17)

Now let us look at the crossing term
n*(1+ 0™ ) cov(lxi|lg,. Ix2]1G,).
Let us say that x dominates y if y < x, and let

D = {(x,y) €0, l]d x [0, l]d: x does not dominate y and y does not dominate x}.
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Then by symmetry, with the notation x = (x1,...,xg) andy = (y1, ..., Y4),

2
n COV(|x1|1G1 P |x2|1G2)
n—2

d d d
= n2</ x| |y|<1 —[Tx =[] +]] Ayo) dxdy
D i=1 i=1 i=1

d n—1 d n—1
— 1-— i 1-— i dxd
/[o,l]dx[o,l]d | |y|< Ex’> ( .l_[yl> ¥ y)

=n2(fD x| |yl f(x, y)dxdy

- Z/Hy |x| Iyl<1 - li[Xi)nl(l - ﬁ%‘)nl dx dy)

i=1 i=1

=1 - I, (18)
where
d d d n—2 d n—1 d n—1
f(x»y)z(1—1_[xi—1_[)’i+1_[(xi/\)’i)> —(1—1"[xi) (1—1"[y,-> :
i=1 i=1 i=1 i=1 i=1
Since

d d

d d d
I—HXi —l_[yi +1_[(xi AYi) = <1 —HXi><1 —nyi),
i=1 i=1 i=1

=1 i=

we have f(x,y) > 0 and, hence, I; > 0. To obtain the asymptotics of I;, we decompose
D according to the number, k, of the components of x that are larger than the corresponding
components of y. Then, where in an obvious change of variable we write x; as a large component
of x or y and x;u; as a small component of x or y, we have

d—1 d

=nzz(z> /[01 <Zx + > x2u2>]/2( k x2u? + Xd: x?)l/z

k=1 i=k+1 i=1 i=k+1

(0l 1o T 1)

i=1 j=k+1 j=1

_Q4ﬁmanH@_nmnwy)fhmm.

i=1  j=k+1 i=1  j=1

X

We replace the product terms by exponential terms as we did in (11). With these replacements
there will be two errors of order n~'/?(logn)?~!. Using the difference between the upper and
lower bounds of (10), we see that the error caused by the replacement of

d d d k d d n—2
(=TT TT w0 =TT T+ TTx TTw)
i=1  j=k+1 i=1 j=1 i=1 j=1
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is bounded by
d 3 d k d 2
oy [ (1 10)
(0,119 x[0, 114 \; j=k+1 j=1 =1
d d
xexp(—(n—Z)ﬂx,(l_[ uj—i—l_[uj—l_[u]))dxdu
d 512, d k d 2
§Cn3/ (Hxl) (1_[ uj—i-l_[uj—l_[uj)
(0,13 x[0, 11 \; j=k+1 j=1 =1
d d k d
xexp(—(n—2)1_[xi(l_[ uj—i—l_[uj—l_[uj))dxdu
i=1  Nj=k+1 j=1 j=1

d k d -3/2
§Cn_1/2(logn)d_1f d( 1—[ uj~|—1_[uj—l_[uj) du
[0,1]

j=k+1 j=l
= 0m Y?0ogn)?1 (19)

(since 2 <x2for0<x < 1). Here, we have used the fact that

d k d -3/2
/01d(1_[uj+nuj_l_[uj) au
0.09N; k1 j=1 Jj=1
d 12 d -3/2
5[ (2(1_[14]) —l_[uj> du (sincex+y>2./xyforx,y > 0)
(0,11 i i
j=1 j=1

d —3/4
5/ (H”1> du < oo (sincex < +/xfor0<x <1).
[0,11¢ \ %

j=1
Because
d 2
/ (Tjkgr 1))
(0,134 (H?=k+1 uj+ Hﬁ':l uj)’’?
d —5/8 , k -7/8
e () ()
0.9 X 25y j=1
< 00 (20

(since (x 4+ y)* > 4xy3 for x, y > 0) and

( kou )2
/ 1_[]—1 J du < oo (by the argument of (20)),
[

d k
0.1 ([T wj + TTjmy u)/?
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by the argument of (19) we see also that the error caused by the replacement of

(o 1) o 1)

i=1  j=k+1 j=1

is of order n—1/2 (log n)d-1,

Z.D.BAI ETAL.

We further replace the factors (n — 2) and (n — 1) by n in the corresponding exponents; as

we see in (11) and (12), this does not alter the leading term. We then replace

d

(50 5 o) e (D 3 )

i=k+1 i=k+1

k d
<Zx,-+ Z x,-ui) and (Zx,u,—i— Z X;
i=1

i=k+1 i=k+1
respectively. With this replacement there will be an error a,,. Thus,

d— d

e ]I(Z) [ (le Zx,.ui)(zx,u,+ zx,)

i=k+1 i=k+1

k=

d d
X exp(—nl_[xl( l_[ uj+ Hu]))
i=1 Jj=k+1 j=1
d
X (exp(n l_[xi
i=1

d
uj) — 1) l_[xi dx du
1
+ O(n_1/2(logn)d_1) +ay,

i=1

j=

k=1

+(d—=k)(d -k — Dxqugxg—1 + (d — k)kxjuxquql

x,-( ]_[ u,+]_[u,))

+0n " 1ogm)®™ 1) + ay

=: H| + Hy + H3 + Hy + Hs + Hs + O(n~"2(logn)®™") + a,.
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We first look at the terms with k > 2 in H;. Starting with the obvious changes of variable

x;=:e Y and u; =:e7 YV, 2<i<d,
and
d
Y yi=a
i=2
k
Z vj = wi,
j=
d
Z v.,‘ = wp,
j=k+1

by the usual argument we obtain
d d

k
2 2
n x1u1exp(—n| |xi( uj—i—l |u])>
/lo,udx[o,l]d , 1

i=1 j=k+1 j=

d d
X (exp(n Hxi l_[u]> — 1) Hxi dx du
i=1  j=1

i=1

1 1 nxi up 1
f de/ du1/ dz/ dw1/ dwypx e W2 W (e2W1W2 _ 1)z
0 0 0 0 0

(—logz +lognx;)?=2 (—log w; + logu1)*~2 (— log wy)4=*~!
d—2)! (k —2)! d—k—1)

1 1 e} ui 1
_if dxl/ dul/ dz/ dw1f dwpx e T2 (eZWIW2 _ 1)z
0 0 0 0 0

(—logz + log nxl)”l_2 (—logwq + log u])k_2 (—log wz)d_k_1
(d—-2)! (k—2)! d—k—1)!

1 1 o] uj 1
X/ dxl/ dul/ dz/ dw1/ dwpxje T2 (eWIW2 _ 1)z
0 0 0 0 0

(logn)?=2 (= logwy + logu1)*=2 (—logwy)4=*~1
(d—2)! (k—2)! d—k—1)!

1 Ui 1
= /o duy /o dw; /o dwa (w1 + wy — wiw2) ™2 — (wy + wp) %)

1 (logn)d’2 (—logw; + log up)k—2 (—log wy)d k-1

+ by

+ by

b
2 (d-2)! (k —2)! d—k—1)! +0n
=: hx(logn)®~% + b,
= hr(logn)?=2  (since b, = O((logn)?~2n~1%%) by (25), below). (22)

Now, let us check that
by = O((logn)?2n~1%%).
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For 0 < w1, wy < 1 and very small but strictly positive ¢, we have

1— 1 —w)'™ <wi(1—w)F, (23)

w; < wp + wy — wiwy, wy < wp + wy — wiwy, 24)
—1 -1
(wy +w2)” < (wp +w2 —wiwz)™ .

Therefore,

|by| = dxq duq dw; dwypx e tW2T W (e2W1W2 _ 1)z

dz
0

(—logz + log nx)?2 (- log w; + logu1)*=2 (—log wy) k-1

d —2)! (k —2)! d—k—1)!

< C(logn)4~ 2/ de/ du1/ dz/ de/ dw,

x e W2 “‘”(ezwlwz—l)xm( )wl uyfw;y©
x1

1 uj 00 z 1—¢ 1
< C(logn)d—2/ du1/ dwlf (min(—, 1>> dzf dws
0 0

e Iw2— zwl(ezwlwg _ 1) 1+¢

w ul w2

< C(logn)~2n1* fdulf dwlf dz/ dws

_Zw2 Zw1( wijwy l)Z wl ul w2

=C(logn)d*2 / dul/ dw1/ dw;

1
<(w1 +wy—wiw)’  (w + w2)3>

1
= C(logn)d_zn_lﬂf dw; / dwa (1 — (1 —wp)'™9)
0 0

1 1 —&, —¢€
X 3~ 3 JwiTw,
(wy +wy —wiwz)’ (wy + wy)

1 1 2— 28 1—¢ 1— —
§C(10gn)d_2n_l+8/ dwlf duy 21w (= w) (by (23))
0 0

(wi + wy — wiwp)3(wy + wy)
1 1
< C(logn)d_zn_1+8/ de/ dwy
0 0

1
1
— C(log n)d—Zn—1+8 /

(1 — w))(wy + wy — wyw,) 1+ (by (24))
o (1—wpl+e

= O((logn)?~2n=1%%), (25)

(wf3g — 1) dw;

Now we consider the term with k = 1 in H;. From the above calculation, we see that in this
case there is no need to make the change of variable ZI;-:Z v; =: wi. With this in mind we
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just follow the above calculation, to obtain

d
2
n xlulexp< n x( +u1))
/[O,l]"X[O,I]“ l_[ l /l:[

i=1

x(exp(li[ li[ )—1>li[x,-dxdu

1 1
X/ dul/ dwouy (1 + wa — ugwr) ™% — (ug + w2)~2)
0 0

1 (logn)?=2 (= logwy)*~2
27 d=2  @d-2)
= h1(log n)dfz, (26)

and, hence, by (26) and (22),

d—1
d
Hy= <k>khk(log n)4=2, (27)
k=1

where the Ay are given by (4) and (5). By similar, but somewhat simpler, calculations, we
obtain
= O((logm)*™) (28)

and
= 0((logn)?73). (29)

By symmetry, we then have
Hy, = Hi, Hs = Hy, H¢ = Hj. (30)
Therefore, by (21) and (27)—(30),

d
I < 22 (k)khk(logn)d_2 + O(n_l/z(logn)d_l) + a,

d—1
d
x2§: khy (log n)?—2 . 31
kzl(k) k(logn)* = +ay (31)

Next we consider a,. Since we will see a very similar calculation for /; in great detail below,
here we just sketch how to estimate the error term a,. By the argument used in the proof of
(14), we see that

ap < Cn? Z ( ) / d((xlxz)l/z + (x1xgua) ' + (g 1ug-1xqua)'’?)
19x[0,1]

<Zx’”l +l;1x1) exp(—nﬁ (jljrl uj +jljuj>>

x <exp < [T

i=1  j=

uj) - 1>Hx,- dx du. (32)
1 i=1
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Now we just follow the argument for (22)—(31). Since each term in the expansion of

k d
((1x2)'? + (rixqua) '/ + (Xd—1ud—1Xdud)1/2)(Z xiui+ Y Xi>

i=1 i=k+1

has at least two different x;, by the argument for (22)—(31) we see that each integral in (32) is
of order (log n)473, and that
ap = O((logn)* ™). (33)

Let us now consider

d —1 d -1
L =2n? 1— Y 1— Y
2 =2n lx[ 1yl [ [ dxdy.
X<y

i=1 i=1

We make the following changes of variable: x; =: u;v; and y; =: u;, i = 1,...,d. We also
replace
d n—1 d n—1
Q-fb& and O—rho
i=1 i=1
by
d d

exp <—n l_[x,-> and exp(—n l_[ yi),

i=1 i=1

respectlvely As we saw in (11), this approximation is valid. Also, by using (10) we replace
L )2 uh) P oy (X4, u,-v,-)(Z‘;zl u ). Thus, we have

d d d
12x2n2/ ZZ v,u]exp<—n1_[u,<1+l_[v,>>1_[u,-dudv
(0,119 x[0,11 ;=7 5 i=1
= 2dn2/ uvy exp(—n u-(l + v)) u; du dv
[0,11¢ x [0, 1]¢ ! E l E l ’1] l

d

d d
+2d(d — 1)n2/ ulvluzexp<—nnui(l—}—Hvi))nui du dv
i=1

[0,114 x[0,11¢ i1

= Ji + ). (34)

We first consider J>, the simpler term:

d
Jr=2d(d — 1)n2/ ULVU exp(—n Hu,-(l + Hv,)) l_[u, du dv

d d
[0,119 x[0,1] i1 i1

d
y Uiuy exp(—n Hu,) l_[”i du dv

i=

_ )2 _ . .
=2d(d Dn/ ﬂmﬁ@(nﬂm)ﬂm&L

(0,11 i=1 7/ i=1

gmu—nﬁ/

[0,179 x[0, 1

,_a
I
<
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Now we make the change of variables u; =: e™,i = 3, ..., d. Then, by the usual argument,
we have
1 1
Jr <2d(d - 1)n2f duy / duzf utu
0 0 (R+)d—3
d d
X exp(—nuluz exp( — Z yi)) exp(—z Z yi) d

i=
d—3

=2d(d — Dn> / du1/ duzf utu3 exp(—nujure )e 2 —(d—3)'
= 0((logn)*™).

For J; we make the following changes of variable: u; =: e ™, v; =:e™, i =2,...

7= Zf‘l:z xi,and w := Z?:z v;. Then we have

d
Ji = 2dn? / u? V] exp( n u; ( )) u; du dv
(0,119 x[0,1]4 ' l_[ l 11 H l

i=1

= 2dn® / dul/ dvl//ulvl
x exp(—nul exp<—§x,~> [1 + v em(—i;yi)])

d
xexp( ZZx, Z -)dxdy
i=2
= 2dn? f dulf dm/ / ulvlexp( nuie (1 +vie ™))
x e HTw ——dzdw.
(d—2)!(d—2)'

Now, with the changes of variable 7 — lognu| =: a and w — logv; =: b, we have

1 1 o0 00
Ji :2d/ du1/ dv1/ da[ dbu,
0 0 —lognu; log vy

“by)e-2a- p (@ +lognup)?=2 (b +logvy)?~2
(d —2)! (d —2)!

1 1 nuy V]
=2df du1/ dv1/ da/ dwue @U+Wy
0 0 0 0

(—loga + log nuy)?=2 (— logw + log vl)d_2
d-2)! d—-2)! ’

x exp(—e “(1 +e

where e @ =: @ and e ™? =: w. We now expand the term

d=2 _ ( )d—2

(—loga + lognuy) —loga + logn + logu
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and integrate term by term. Then, we easily see that integration of the (logn)?~2 term gives
the leading term. Thus, as n — oo,

7 x2d/1 dulfl dv; /W] da/vl dwule_“(Hw)a(logn)d_z (~logw + logvi)*™
0 0 0 0

@2 @2
1 1 00 V] 1 d—2 . ! Jn
= 2d/ du / dv; / dO{/ dwule_a(l+w)a (logn) (—logw + logvy)
0 0 0 0 (d —2)! (d —2)!
! d-2 d—2
= d/ dvy /‘00 do /vl dwe—(+w),, (logn) (—logw + logvy)
0 0 0 (d—2)! (d—2)!
: vl 1 (log n)d*2 (— log w + ]Og Ul)d72
=d dv; dw 5
0 0 14+ w)> d-2)! (d—2)!
=Y (10g n)d*Z’ (36)

where, recall,

d 1 1 1 1\972
= — dv ds— | log — v with w =: vys.
= @—on? (/0 1/0 (1 +v1s>2< gs) 1) ‘

By (34)—(36) we have
L < ya(logn)?=2, (37)

and from (17), (18), (31), (33), and (37) we recover Theorem 2.

4. Central limit theorem

In this section we prove Theorem 3. With the help of transformation (38), which appeared
in [5], we approximate L, by a space-truncated random variable conditioned on a highly
probable event V,, that we define in (45). Then we approximate this conditioned, space-truncated
random variable by a random variable L/ generated by a Poisson point process. This Poisson
point process approximation idea has been successfully developed in [4]. By decomposing L)
as a sum of locally dependent random variables, we can apply Stein’s method to L] and obtain
the central limit theorem for L. Since our approximation errors turn out to be small, we can
extract the central limit theorem for L, (Theorem 3) from the central limit theorem for L},

Let x1, ..., x, be independent, identically distributed uniform points in [0, 119, We apply
the transformation g: x = (x1,...,x4) — ¥y = (¥1, ..., y4) such that
yi=—10gxi, l=],,d (38)

Then x is minimal if and only if y is maximal. Furthermore, the distribution of each component
of y is exponential with mean 1.
Define A; and B; as

d d
A;={(y1,-.-,yd)€Ri: > v <§}, Bg={(y1,-..,yd)€Ri: > i ZE}-

i=1 i=1

We would like to choose «;,, and B, o, < Bp, in such a way that there are not many maximal
points in A4, and not many points in Bg,. We let

o, = logn — log(aloglogn), B, =logn 4+ b(d — 1) loglogn, (39)
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where | d—3
a>d-1)+=d-2), b>1+3——. 40)
2 d—1
Then we see that

n

E(Z 1{y; maximal and y; € Aa,,}) = n/ e*(y1+~'+yd)(] _ e*(y1+~-.+yd))n71 dy
A

i=1 an
< n/A e—(y1+~-+yd) eXp(—(n _ 1)6—(y1+-~+yd))dy
a’:, d—1
= f e exp(—(n — 1)e™*) ——ds (41)
o (d—1)!
O[d_l oy
< n —S _ —S d
_n(d—l)!/o e exp(—ne ") ds
gl f‘ e dy
d =D Joan
d—1
o _
< (d”_ D1 exp(—ne™%")
= O((logn)~@=€=D)y  (by (39) and (40)) (42)
and
n
E(Z yi € Bﬂn}) = n/ e Ot gy
i=1 Bg,
ZH/OO s Sd71
’ (d—1)!
d—1
= ne P B
d—1)!
= 0((logn)~®~DE=Dy " (py (39) and (40)). (43)
Define

n
Ly =) Ixillg, I{yi € By, N Ap,}

i=1

and define ~L,’1 as a conditional distribution of L, given V,,. In other words, with density function
fa(x) for L,, let

Lo Z,, with density function f,(x)/P(V,) if V, occurs, 44)
e Zn with density function 0 if V;, does not occur,
where
n
Vi i=(")lxi € Ag,). (45)
i=1
With these definitions, we have
P(L, € A)=P(L, € A | V,). (46)
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By the estimates given in (42) and (43), and employing the §-method (see [9]), the convergence
rate of the distribution of L, should be the same as that of the distribution of L;l. Furthermore,
the distribution of L/, should be asymptotically equivalent to the distribution of

Ly =" |g~ (»I1{y is maximal in W,},
yeW,

where W, is a Poisson process on By, N Ag, with intensity ne=1++¥0) /P(V,). Therefore,
our plan is to first prove the central limit theorem for L/, using Stein’s method. From this central
limit theorem we shall obtain the central limit theorem for L/, and then L,,.
We rewrite L, as
Ly=Kn1+ Kn2=1Jn1+ Jn2+ Knp,

where

n n
Kui =) _Ixillg,{yi € By},  Kn2=Y_ Ixillg,1{yi € A},
i=1 i=1
Jn,l = Kn,ll(vn)7 Jn,2 - Kn,ll(vnc)~ (47)

Then, since by (42), (43), and (40) we have

n

P(K,2 #0) < E(Z 1, l{yi € Aa,l}> < O((logn)~ @@=,
i=1
n

i=1

by (46) we have the following upper bound for the total variation distance, drv(Ly, L)),
between L, and L):

drv(Ly, L)
=sup|P(L, € A) —P(L, € A)|
A

= sup |P(L, € A) —P(L, € A | V)|
A

= sup|P(Ly € A) = —p oo
P(Vi))P(L, € A) —
= sup
A P(Vn)
P(V)(P(L, € A, Vo) +P(Ln € A, Vi) — P(Vy) + PV P(Ly € A, Vp)
= sup
A P(Vy)
P(VS)
< sup|P(Ly € A, V) —P(L, € A, Vi)l +supP(Ly € 4, Ve )+P(V)
> P(V,)
P(L, € A, Vy) —P(Ly € A, V)| +P(V¢ 1
ssgpl (Ln € ) —P(L, € )+ P( )+P(V,,)
P(V,)
<P(Kr12 #O)—}_ZP(V)
< O((logn)~ @@= 4 (1og )= =D~y (48)
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Moreover, with the notation p, := P(V},), we have

1 — pn = P(V¥) < C(logn)~ DD,
1

— —1 < C(ogn)~¢=b@=b, (49)
Pn
1
— +1<24C(ogn)~¢=DE=-b < . (50)
Pn
Next, we claim that
E(Jy2) < C(logn)@=2=0=hd=1 (51)
E(K,2) < C(logn)~ @@=, (52)
E(J;,) < C(logn)~ P~ D@=D+2d=2) (53)
E(K?,) < C(logn)~@==1), (54)
Let
F; :=={yi € Bg,}.

Since L, 1 and F}, are independent and since, by (43),
P(F,) < Cn~'(logn)~ D@~

by Theorem 1 we have (51):

E(Jn2) < E(Ln (Z 1F,.)>
i=1

=nE(L,lE,)
< nE((Ly—1 +d")1,)
=nE(L,_1 +d'*)P(F,)

< C(log n)—(b—l)(d—l)-i-(d—Z)_

By the same argument, using Theorems 1 and 2 yields (53):

E(J},) < E<Lﬁ <Z 1&))
i=1

=nE(L’1f)

<nEB((Lyp—1+d"*?1,)

< nE((Ly—1 +d""™*) P(F,)

= n(B(L2_)) +2d"? E(Ly—1) + d) P(Fy)
< C(logn)_(h_l)(d_1)+2(d_2).
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Furthermore, (52) follows from (42). To prove (54), we start with a simple observa-
tion. Let Q) be the first orthant of y, thatis Q, = {z: z > y}. Then, with the notation
Iyl = y1 + - - - + ya, the probability that y; lies in Q is given by

d
P(yr€ Qy) =[]e ¥ =e .
j=1

Now, using the fact that P(A U B) > (P(A) 4+ P(B))/2 for any two events A and B, we find
that, given y; and y», the conditional probability that both y; and y, are maximal is bounded
by

(1- %(e—ll,VI I + e—l\yzll))”—2 <exp(—(n — 2)%(6_‘“" I + e—ll,VzH))'

Thus, by a computation similar to that of (41), we have (54):

n 2
E(K;,) = E((Z |x;|1{y; is maximal and | y; | < an}) )
i=1
<CE(K,2) + Cn” P(both y1 and y, are maximal and lie in Ag,)

1 2 Apn Un -~ —X + -y
< CE(Kn2) + Cn2<(d — 1)!> /O /0 (xy) 1exp<—(n - 2)%)

x e *Vdxdy

1 On e ¥ 2
— 2 d—1 (0 —x
=CE(Kp2)+Cn ((d T /0 by exp( n—-2) 5 )e dx)

< CE(Kp2) + Cn? ! ad_I/anex —(n—2)eix e “dx ’
= n.2 d—“ f, P 2

1 1 2
= CE(K,2) + an( ad! / e~ (n=2)1/2 dt)

" d=D'" Jeen
< C(logn)f(af(dfl)) + C(logn)fz([(n72)/n]a7(d71))

< C(logn)~ @@=,

Now, since by (44), (45), and (47) we have E(L,) = p; ' E(J,.1) and E(L,?) = p;! E(J7 ),
by (49), Theorem 1, (51), and (52) we have

1
|E(Ly) — E(L,)| < <— - 1> E(Jn,1) + E(Jp,2) + E(Kp,2)

n

1
=< (_ - 1) E(Ln) + E(Jn,2) + E(Kn,2)

pn

< C(logn)¥=2=C=DW=D 4 c(logp)~@=@=1), (55)

By (50) and Theorem 1 we have

E(L,) +E(L}) = E(L,) + L E(Jp1) < (1 + i) E(L,) < C(logm)“™?, (56
)2 P

n n
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by (49), Theorems 1 and 2, (53), and (54) we have

1
|E(L;) —EB(L))] < (p— - 1) E(J; ) +E(J; ) + E(Ky ) + 2B(Ky 1K 2)

n

- (pi - 1) E(J2)) + E(J25) + E(K2,) + 2(E(K2 )2 (E(K2 )2

< (pi - 1) E(L}) +E(J;,) + B(K7 ) + 2B(La) 2 EKE )2

< C(logn)Z(dfz)f(bfl)(dfl) + C(logn)(dfz)f(af(dfl))ﬂ’ (57)
and by (55)—(57) we have

|var(Ly) — var(L})| < |E(L2) — E(L?)| + |(E(Ly))? — (E(L)))?|
= |E(L2) —E(L})| + |E(Ly) — E(L,)| |E(L,) + E(L})|
< C(logn)Z(d72)7(b71)(d71) + C(log n)(d*Z)*(d*(dfl))ﬂ_ (58)
Now define }
Ny :=Hyi, 1 <i <n}N(By, NAg,)

and define N,; as a conditional distribution of ]\7,, given V;,. In other words, with mass function
e, (x) for N, let

n -

N Nn with mass function e, (x)/P(V,)) if V, occurs
N ]\7,, with mass function O if V,, does not occur.

Then, since P(L), € A | N, =m) =P(L) € A | N/ = m), we have

dry (L), L")
=sup|P(L, € A) —P(L, € A)
A

= sup

n o
> PN, =m)P(L, € A| N, =m)— > P(N, =m)P(L, € A| N =m)
A

n
< Y |P(N, =m) = P(N; = m)| + P(N, > n)
m=0

= 2dTV(an Y,),
where X, is the binomial distribution with » trials and success rate

JP =1 d = 1lje dx
P xd=1)(d — Dle dx

In = 0 '(dogn)?'loglogn) (59)

and Y,, is the Poisson distribution with mean A = ng,. Since drv(X,, ¥,) < (AV 1)_1nq3 and
since A = ngq, is large for large n, we have

drv(L}, L)) < 2drv(Xp, Yy) < 2g, = O(n~ ' (logn)?" loglogn). (60)
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Similarly, since E(L), | N, = m) = E(L)] | N}/ = m), E(L]] | NJ = m) < Cm and, for
large n,

n
> IP(N; =m) —P(N;, = m)| + P(N, > n) = 2drv(Xy, ¥a) < 2.

m=0

we find, for large n, that

|E(L,) —E(L| = |Y_ PN, =m)E(L}, | N =m) — Y _P(N, =m)E(L) | N} =m)

m=0 m=0
[2ngn]

< Y [PV, =m) — PN = m)E(L] | N} =m)
m=0

n

+ > PW,=mEWL, | N,=m)

m=|[2ng,|+1
o
+ Y. PN/ =mEWL] | N =m)
m=|[2ng,|+1
[2ng, |
<C Y |P(N, =m)—P(N, =m)|2nq,
m=0

n

+C Y PW,=mm

m=|2ng,|+1
o)
+C Y PW,=mm
m=|[2ng,|+1

0
< C Y |P(N, =m) —P(N; = m)|2nq,

m=0
n o0
+C Y PW,=mm+C Y PN, =mm
m=|[2ng,|+1 m=|2ng,]+1
n o0
<Cngy+C ) P(Ny=mm+C > PWN,=mm,
m=|2ng,|+1 m=|2ng, |+1

where | -] is the greatest-integer function. Since, by the tail estimate of the binomial distribution,

n
> PN, =mm =E(X,, X, > 2nq,)
m=|2nq,|+1
=EX, — E(Xy), Xn > 2ngy) + ngn P(X,, > 2nqy)

< (ngn(1 — g )'*(P(X,, > 2ng))"* + ng, P(X,, > 2ngy)
= O((ngy)/4e™/%),

A
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and since, by the tail estimate of the Poisson distribution (by Stirling’s formula),

[e.¢]

o0 )\‘m
Z P(N/ = m)m = A Z e—*—'
m=12ngn|+1 m=Longs]
21210
< Chre™
[2ngn ]!
= 0((ngy)'/*(e/4)™m),
by (59) we have
|E(L;,) — E(L))| < Cng;y < Cn™'(logn)*“~ P (loglogn)*. (61)

By a similar calculation, we also have
|E(Ly, (L, = 1)) = EB(L (L, — D) < Cn*q, < Cn~'(logn)*@~D(loglogn)®.  (62)

Next, we split R‘j_ into cubes, 7T;, of edge length = I(n), where we choose / to be sufficiently
small that the argument in (92), below, makes sense. At this point, simply think of / as a fixed
but small number, even though the choice of / depends on n. Let Z; be the contribution to L/,
of the Poisson point process lying in the cell 7;:

Zi = Z |g*1(y)|1{yismaxima1inWn}.
ye(W,NT;)

Then we can rewrite L]/ as

L = Z Zi.

TiN(Byy, NAp, ) £D

Since we have decomposed L/ into a sum of locally dependent random variables, we apply
Stein’s method to L), to obtain the central limit theorem for L//. Here is the simple version of
Stein’s method that we use (Theorem 6.31 of [11]).

Lemma 1. Let X; be a collection of locally dependent random variables with E(X iz) < 09,

and let
Ui ={j: X depends on X;}, ViZZXj,
J€eU;
U;,j = {k: X depends on X; or X ;} \ U;, Vij= Z Xk, Jj €U,
keU;, ;
S=ZX1~, Si=85-V; Si,j=8—Vij.
i
Suppose that
E(X;) =0 foralli, (63)
and
E(SH) =) B(X;V) =) Y EXX;) =1 (64)
i i jeU;
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Then, for any function h with sup,. |h(x)| 4 sup, |h'(x)| < 1, we have
|E(R(S) —ERN)I<CY >~ > (EB(IX:X; X)) +E(X: X;DE(Xk),
i jeU; kelU;UU;
where N is the standard normal random variable.

Proposition 1. The normalized random variable (L) — E(L!))/(var(L!)'/? converges in
distribution to the standard normal with rate
=

waryz: VO 1)) = 0((logn)~“"?"(loglogm)**h),

where
di(X, ¥) = sup||EG(X) = EGDI: suplh(o)] +sup W' )l <1}, (69)

Proof. Let X; = (Z; — E(Z;))/(var(L!))'/2. Then the X; satisfy (63) and (64). Thus, by
Lemma 1, for any function & with sup,. |i(x)| + sup, |A'(x)| < 1, we have

Ly —E(L;)
‘E<h(<var<L;;>>1/2>> R
< Coar(L) YY" Y (B(ZiZjZi) + E(Z) B(Z; Zi) + E(Z)) E(Zi Zy)
i jeU; keU;UU;

+E(ZE(ZiZj) + E(Z) E(Z;) E(Zy)).  (66)

Now define the constants

Eng =max(r;), &2 =max(r;) Y _ri =&y 1nq,
14 L X

1

where N; is the number of Poisson points lying in the region 7; and r; = E(&;).
We now consider the term E(Z; Z; Z;) in (66). If i, j, and k are distinct then

E(Z;Z;Zy) < CE(Z;) E(N;) E(Ng). (67)

It is obvious that E(Z; Z; | Ny = m) is a decreasing function of m. Thus, E(Z;Z; | Ny) and
Ny are negatively correlated and, since Z; < C N, we have

E(ZiZ;Zy) < CE(Z;ZjNy) = CE(E(Z;Zj | Nk)Nk) < CE(Z; Z;) E(Ng).
By the same reasoning, we have E(Z; Z;) < C E(Z;) E(N;). Hence, (67) indeed holds. If two

of the three indices i, j, and k are equal, then there are three cases to consider. In the first case,
E(Z; Z?) is bounded (according to (67)) by
E(Z;Z) < CE(Z;N})
< CE(Z)E(N}))
= CE(Z)(E(N)) +r?)
< CE(Z)(E(N;) + en17j), (68)
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where N; is the Poisson distribution with mean r;. In the second case, E(Z; Ziz) is bounded
(according to (67)) by

E(Z;Z}) < CE(N;Z?)
< CE(N)E(Z})
o0 rm
= CE(N)) ZIE(ZZ.2 | N; = m)e*’iﬁ
m=
o rm
< CE(N;) Z E(Z; | Ni = m)me i -

m!
m=1

o0 m
r.

< CE(Nj)<E(Zi | Ni=De i+ Y mle )
o m!

< CE(N)(E(Z) + 1)
< CEWNH)(E(Z;) + en,11i). (69)

We can handle the third case in the same way:
E(ZiZ}) < CE(NO(E(Z) +r}) < CE(N)(E(Z)) + en,179). (70)
If the three indices are equal then, according to (70), we have
E(Z}) < E(Z) + Cr} < E(Zi) + Cenri. (71)

Now consider the term E(Z;) E(Z;Z;). If i,j, and k are mutually distinct then, according
to (67),

E(Z)E(Z;Zy) < CE(Z)E(N;Zy) = CE(Z;) E(Nj) E(Zy) < CE(Z;) E(Nj) E(Np).
(72)
If two of the three indices are equal, then there are again three cases to consider: according
to (67), we have

E(Zi)E(Z3) < CE(Z)(E(Z)) + Cr}) < CE(Z)(E(N)) + Cr)), (73)
E(Z)E(Z;Zi) < CE(Z))B(N;Zi) < C(E(Z)*B(N)) < C(E(Z) + Cr))E(N)), (74)
E(Zi)B(Zi Zi) < C(B(Z;) + Cr}) B(N). (75)

If all three indices are equal then, according to (70), we have
E(Z)E(Z}) < E(Z)(E(Z) + Cr}) < CE(Z)(EW:) + Cr}). (76)

Now consider the term E(Z ;) E(Z; Zy). If the indices are mutually distinct then, according
to (67), we have

E(Z;)E(ZiZy) < CE(Z;) E(Z;Ni) < CE(Z) E(Z;) E(Ny) < CE(N;) E(Z;) E(Np).
(77)
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If two of the three indices are equal then there are three cases to consider: according to (67),
we have

E(Z))E(Z;Z)) < CE(Z;)E(Z;N;) < CE(Z))E(Z))E(N;) < CE(Z)(E(N)))*, (78)
E(Z))E(Z}) < B(Z)(E(Z) + Cr})) < CE(N)(E(Z) + Cr}), (79)
E(Z)E(ZiZy) < CE(Z)E(ZiNp) < C(E(Z;))*E(Ni) < CE(Z)E(N;) E(N).  (80)

If all three indices are equal then, according to (70), we have
E(Z)E(Z}) < E(Z)(E(Z) + Cr}) < CE(Z)(E(N;) + Cry). 81)

Now consider the term E(Z;) E(Z; Z ). If the indices are mutually distinct then, according
to (67), we have

E(Z)E(Z;Z;) < CE(ZK)E(Z;Nj) < CE(Zy) E(Z;) E(N;) < CE(Ni) E(Z;) E(N).
(82)
If two of the three indices are equal then there are three cases to consider: according to (67),
we have

E(Z))E(ZiZj) < CE(Z))E(ZiN)) < CE(Z;)E(Z)) E(N;) < CE(Z))(E(N;))*, (83)
E(Z)E(ZiZj) < CE(Z)E(ZiN)) < C(E(Z))*E(N;) < CE(Z)E(N)E(N)).  (84)
E(Zy) B(Z}) < E(Z)(E(Z;) + Cr})) < CE(N)(E(Z) + Cr)). (85)
If all three indices are equal then, according to (70), we have
E(Z;)E(Z?) < E(Zi)(E(Zi) 4+ Cr?) < CE(Z))(E(N;) + Cr}). (86)

Now consider the term E(Z;) E(Z;) E(Zy). If the indices are mutually distinct then, accord-
ing to (67), we have

E(Z))E(Z)E(Zy) < CE(Z;) E(N;) E(Np). (87)

If two of the indices are equal then there are three cases to consider: according to (67), we
have

E(Z;)E(Z;)E(Z;) < CE(Z;) E(N;)E(N;), (88)

E(Z))E(Z;)E(Z;) < CE(Z;) E(N;) E(N)), (89)

E(Z;) E(Z;) E(Zy) < CE(Z;) E(N;) E(Np). (90)

If all three indices are equal then, according to (70), we have
E(Z)) E(Z) E(Z;) = CE(Z;)) E(N;) E(N)). €2y

Thus, by (66)—(91) we have

L// _ E(L//)
‘E<h<<v';r<u;>>l72)> RO '
< CE(LZ)(Q% + Qn +1+ 83’1 + &n,1 + Qngn,l + 8n,2) + Q118n,2 + €n,2
- (var(L!))3/2 '
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Sp N xl> B

FIGURE I: For S, := {x: ay < ||x|| < Bu},and for T; and T; with T; N S, # Gand T; N S, # O,
Z; and Z; are independent if 7; and the dark region generated by 7; have no overlapping region.

By splitting Ri into very small cubes, T;, i.e. by choosing / to be very small, we can make ¢, |
and g, » arbitrarily small. Therefore, we have

Ly —E(L))
E|\ il ———75 | | — E(A(N))
(var(L/))1/2
Now we need only to estimate the quantities E(L])), Q,, and var(L)). First we estimate
E(L)): by (61) we have

E(LN(Q2+ 0, +1)+1

<C
- (var(L!))3/2

92)

E(L") <E(L,) 4+ Cn~'(logn)?“~Y (loglog n)?
< E(Ly) + Clogn)@=2=G=DU=D 4 c(logn)=@=€=D)  (py (55))
< C(logn)¥™? (by Theorem 1). (93)

Now consider Q. As we see in Figure 1, Z; is independent of Z; if T; and the dark region
generated by 7; have no overlapping region. Thus,

Qn < Cne™ (B, — o) < C(loglogn)®™. (94)
Finally, with the choice of b in (40), we have the following estimate for var(L/)):
var(Ly) = E(L,(L; — 1)) + E(L}) — (E(L,))?
=E(L/ (L, — 1)) +E(L,) — (E(L.))> + 0(n~'(logn)*“?~D (loglogn)*)
(by (62), (61), (55), and (2))

= var(L.) + O(n~'(logn)*“=D(loglogn)?)
= var(L,) + O((logn)*@=2=1/2G=DW=D) 1 5((logn)=?) (by (58) and (3))
= var(L,) + o((logn)*~%)  (by (40)). (95)

Note that from (95) we also have

|var(L!) — var(L.)| < Cn~'(logn)*?~D(loglog n)’. (96)
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Therefore, by (92), (93), (94), (95), and (3), we have
‘E(h(ﬁ)) - E(h(N))‘ = 0((logn)~“=272(log log n)¥*1).
This completes the proof of Proposition 1.
To prove Theorem 3, we need the following obvious lemma. We omit its proof.
Lemma 2. Let r,, r, — 0, be given. If
@) drv(Xn, Yn) = O(rn),
(i) |E(Xy) — E(Yp)| = O(ra(var(Xn))'/?), and
(i) |var(X,) — var(¥,)| = O (ry(var(X,))'/?),
then

X, € CLT(ry) ifandonlyif Y, € CLT(ry,).

Proposition 2. For any r, with r, — 0 but with r, > C(logn)~@=2/2 we have
L, € CLT(ry) ifandonlyif L € CLT(r,).
Proof. With the choice of a and b in (40), for any r,, with r, — 0 but with
ra > C(logn)~“=2/2,

the proposition follows from Lemma 2, (60), (61), (96), (48), (55), and (58).

Our final lemma relates the estimates of the rate of weak convergence using the d; metric
(defined in (65)) and weak convergence in the sense of CLT(r;,) (defined in (6)).

Lemma_3. Let (§,, n > 1) be a sequence gf random variables with finite second moments,
and let &, := (&, — E(&y))/~/var(&,). If di(&,, N) = O (ry), where N has a standard normal
distribution and where r, > O with r, — 0.asn — oo, then &, € CLT(/ry).

Proof. Seta, = ./r,. Given an x € R and an n, set y = x + a,. Define the bounded,
continuous, piecewise-linear function /# on R by

anp, r<x,
h(t)=1y—t, x<t<y,
0, t>y.

Then, for n sufficiently large that a,, < 1, we have |h(¢)| < 1 for all ¢ and |h/(¢)| < 1 for all ¢
exceptt = x and t = y. Thus, & can be approximated uniformly by continuously differentiable
functions g with |g(z)| < 1 and |g/(t)| < 1 for all z. Hence,

|E(h(X)) — E(h(V))| < 2| E(3h(X)) — E(zh(Y))| < 2d1(X,Y)
for any pair of random variables X and Y. By the choice of #, for all X we have

a, P(X < x) = E(h(X)) < a, P(X = y).
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Hence, if d; (é_'n, N) = O(ry,), there is a constant C such that
an P&, < x) <E(h(&y)
<EMR(N)) +Cry
<a,P(N <x+4a,)+Cr,
<a,P(N <x)+ Ca,% + Cry.

By the choice of a,,, we then have
P, <x) <P(N <x)+2C/r,. (97)

Here the choice of C can be made independently of n and x. For inequality in the other direction,
note that there is a constant C (independent of n and y) such that
anP(N <y) <a,P(N < x)+ Ca;
E(h(N)) + Ca?
E(h(,) + Cry + Cay
an P(E, < y) + Clry +ap).

IA

A

IA

Again by the choice of a, we have
P(N <) <P < y) +2C/r. 98)

Combining (97) with (98) yields & € CLT (/7).

Theorem 3 now follows from Propositions 1 and 2 and Lemma 3.
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