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THE REDUCED GROUP C*-ALGEBRA OF A TRIANGLE BUILDING

A.M. MANTERO AND Z. ZAPPA

Let A be an affine building of type 43 and let T be a discrete group of type-rotating
automorphisms acting simply transitively on the vertices of A. We prove that the
reduced group C*-algebra C;(T') is simple. To prove this result we use the sufficient
condition for the simplicity of C;(T') given in a recent paper by M. Bekka, M. Cowling
and P. de la Harpe.

1. INTRODUCTION

Let T’ be a discrete group. The reduced C*-algebra C?(T') of T is the norm closure
in the C*-algebra of all bounded linear operators on £(T') of the linear span of Ap(T'),
where Ar is the left regular representation of I on £2(T).

Powers proved in [7] that when I is a non-abelian free group, C;(T') is simple (that
is, it has no non-trivial two-sided ideals) and the map 7 : C;(I') = C defined by 7(e) = 1
and 7(Ar(vy)) = 0 for all 4 in T'\ {e} is the unique normalised trace on the C*-algebra.
This result has been generalised by several authors. In [1] Bekka, Cowling and de la
Harpe proved that, when I is a discrete group acting on a compact space 2, then C;(T")
is simple and it has a unique normalised trace if the action of I' on €2 satisfies the following
geometric condition:

PROPERTY Fge,. Let I' be a discrete group acting on a compact space Q. Then (T, Q)
is said to have Property P, if, for any finite subset F of "\ {e}, there exist 49 in T, a
finite subset {w,,s € S} of §2, and open neighbourhoods V, of w, in § for each s in S,
such that
(i) {ws s € S} is the set of fixed points of the action of v, on Q and, for each
w in €, there exists s in S such that
lim 7{,@ = Ww,;
j—oo
(i) YVsNVy =9, for all 5,s"in S and all y in F;
(ili) for all sin S and j in Z*, if w in V; and Yw ¢ V,, then v{*'w ¢ V.
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In this paper we prove that this geometric condition is satisfied when T is a discrete
group of type-rotating automorphisms of an affine building A of type A,, acting simply
transitively on the vertices of A and the compact space € is the maximal boundary of
the building.

Recently Robertson and Steger have shown that, if I' is a linear group acting simply
transitively on the vertices of a triangle building, then the C*-algebra C(f2) %,.T" is simple
(and C}(T') is subnuclear). The minimality of the action of " on € ([9, Proposition 4.1.1]),
[1, Theorem 5] and our result imply that the C*- algebra C(f2) x, I is simple also for
non-linear buildings. Another proof of this more general result appears in [9, Theorem
5.1].

2. NOTATION

Following Tits, a triangle building A (of order ¢ > 2) is any thick affine building of
type A, and of order ¢. Thus A is a simplicial complex of rank 2, consisting of vertices,
edges and triangles (called chambers), such that each edge lies on (g + 1) chambers. We
refer the reader to [10] for more details on buildings.

We denote by V the set of vertices of A. There is a function 7 : V — Z/3Z, called
the type, such that each chamber contains exactly one vertex of each type.

Let d be the usual graph-theoretic distance on V. For each zo € V we denote by
S(zp) the subcomplex consisting of all vertices z satisfying d(z, zo) = 1, and of all edges
connecting them. The complex S(zo) has the structure of a finite projective plane (P, L)
of order g, where P and L are the sets of the vertices of S(zo) having type 7(zo) + 1
and 7(zo) — 1 respectively, and € P, y € L are incident if z,y and z; lie on a common
triangle. Hence S(zo) consists of (¢? + g+ 1) vertices of type 7(zo) + 1, (¢*+¢q+1)
vertices of type 7(zo) — 1 and (¢ + 1)(¢*> + ¢ + 1) edges, and each vertex lies on (g + 1)
edges.

An apartment A of A is any thin subcomplex of A isomorphic to the Coxeter complex
of type A,; it may be realised as an Euclidean plane tessellated by equilateral triangles.
For each vertex z € 4, the apartment .4 may be decomposed into six simplicial cones
emanating from z, called sectors based at z and denoted Q.

Given a sector (); and an apartment A containing it, each vertex y in .4 may be
identified by a pair of integer coordinates (with respect to @), as shown in [5] and [3].
If A’ is another apartment containing y and )., then the coordinates of y in .4’ are the
same as those in A. Moreover, if y € ¢, N @, then y has the same coordinates with
respect to both Q. and Q.

Two sectors Q; and @, are said to be equivalent, or parallel, if they contain a
common sector. The set § of equivalence classes of sectors of A is called the maximal
boundary of A. ) is in fact the set of chambers of the spherical building at infinity A
associated to A, as defined in [10]. For any fixed vertex z, there is a canonical bijection
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between the maximal boundary 2 and the collection of sectors based at z. For every
w € , we denote by Q.(w) the sector based at z associated with w. An element w is
a boundary point of an apartment A if it is represented by a sector lying on .A. Hence
each apartment has six boundary points.

Fix a vertex zo. For w € Q, and N > 1, we define

Qn(w) = {I € Qu,(w) : d(z, 7o) < N}

and
Ey(w) = {w' € Q: Qu(w) C Qu(w)}-
Then [5] the family of sets

E={Eny(w): N21, we}

generates a totally disconnected compact Hausdorff topology on §2.

A particular class of triangle buildings was introduced in [2]. Let (P,L) be the
projective plane of order ¢, where ¢ is any power of a prime number, and let us fix a
point-line correspondence A : P — L. A “triangle presentation” (compatible with ) is
defined to be a subset 7 of P® with the following properties:

(1) given £, € P there exists { € P such that (¢,7,{) € T if and only if

n € A(¢),

(2) (§m,¢) € T implies (¢,&,n), (m ¢, §) €T,

(3) given £,m € P there exists at most one ¢ € P such that (£,1,() € T.
Let A = {a¢ : £ € P} be a set of (¢°> + ¢ + 1) distinct letters and form the multiplicative
group

T =({og: £ € P}:acagac = e if (§,n,() €T),

where e denotes the identity of I'. Then [2, Theorem 3.4] T gives rise to a triangle building
A. The vertices and the edges of A form the Cayley graph of I' constructed via right
multiplication with respect to AU A}, and its chambers are the triples {, Yag, ya, 1,
where v € T, and &,7 € P, with ((,n,€) € T for some ( € P. The type is the
homomorphism 7 : I' = Z/3Z determined by 7(a¢) = 1, for each £ € P. The triangle
group I' acts simply transitively by left multiplication on the vertices of A, as a group of
“type-rotating” automorphisms [2]. It was also shown in [2] that any triangle building,
on whose vertices a group acts simply transitively and in type-rotating way, is isomorphic
to a building arising from a triangle presentation.

In the present paper we assume A is the triangle building arising from a triangle
presentation and " is its type-rotating simply transitive automorphisms group. It is
natural to take the identity element of I" as the special vertex z,, and each element v as
the vertex z of A if £ = « - zp; then, for every v € T,

v (v zo) = (V) - o
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For every vy € T, any minimal word for 7 in the generators and their inverses contains
the same number m of generators and the same number n of inverses; in particular we
may write v in both the following forms

— -1 -1 _ -1 -1
Y = ag - -G, G ...a,h —tlcl ...acnagl...ag

Moreover the positive integers m,n are the coordinates of the vertex x = «y - zy, with
respect to a sector @, containing z. By abuse of notation, we simply write (a,b,¢) € T
if a = ag,b = a, and ¢ = a¢, with (§,1,{) € T. Given 7,7 € T corresponding to an
edge of the building, there exists a generator a € A such that 4/ = ya or v = v'a. We
provide the edge with the orientation v — 4/, if ¥/ = ya. So we assign to each of the
edges of A a generator of I, and we represent the chamber C = {v,~va,vb~!} by the
triple (¢, b,a) € T, where c denotes the unique generator satisfying cba = e, according to
the following diagram.

va c 7b_1
a b
b
FIGURE 1

The action of I' on the vertices of A induces a natural action, by left multiplication,
of the group on the maximal boundary. We refer the reader to [3] for a proof that this
action is in fact well-defined.

3. PERIODIC APARTMENTS

Let A be an apartment of A, not necessarily containing the fundamental vertex z,.
Fix a sector Q; of the apartment and consider the coordinate system for the vertices of
A determined by Q,. For every (j, k) € Z?, let a;x be the element of I such that the
vertex aj - To of A has coordinates (j, k). Hence A may be represented via its vertices
as

A = {8j4};xez-

In particular agg is the element of I corresponding to the origin z of the coordinate
system. We note that if a;x and a;m correspond to an edge of A, then a;;m = a;a or
aim = a;xb~", for suitable a,b € A, according as the edge is oriented from a;x to a;m or
vice versa (see Figure 2).

i 41,k j,k+1

Gj41k-1

a5 k-1 -1,k

FIGURE 2
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DEFINITION 3.1: The label associated to the ordered pair (aj, aim) of elements
of A is defined as the element of "

im _ -1
Ejk = Gjx0Lm,

and the labeling of any region R of the apartment A is defined as the collection

im
{Ej,k y Gk, Qim € R}

REMARK 3.2. (i) If ajx, a1, are adjacent, then EJ ¥ =aor EJ = b‘ , according to
the orientation of the corresponding edge, and in this case we refer to eJ,k as the label of
the edge.

(ii) The labels of the edges determine the labeling of the apartment. In fact, if
{aj, kY7o is a minimal path from a; to a,,, then

jit1.kit1

m
k Jiki ’

:"

L,
€5,

0

i

where 5"“’ “+1 belongs to AU A~! for every i.
(111) The length of a minimal word for eg',',:‘ is the distance between a;x and ajm;
ik tm\~!
moreover €}, = (e]-,k) .
REMARK 3.3. Let
(1) Ri(3,k) = {@jk, @jt1,kr @jks1, i1 ,ke1}
be the parallelogram of base vertices a;j, Gj+1,k: @jk+1 and Gjeqp41 (see Figure 3). The

labels, say a and b7!, of two adjacent edges of R(j,k), connecting a;x and aj+1k41,
determine the labeling of the parallelogram. Indeed, there exist unique c¢,d such that

G+l k+K
Gjt1,k+1
di+1k Gkt Gtk G kv K
a4k
Ry(j, k) Ryk(j, k)

FiGURE 3
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ab™! = ¢~!d, and a unique f such that (f,¢,a), (f,d,b) € 7. More generally, let

(2) RJ,K (j, k) = {aj,ka Qi Jky Cjk+ K> aj+J,k+K}

be the parallelogram of base vertices a;x, a4k, @jk+x and ajyjxik, as in Figure 3.
The label eﬂJ’HK , consisting of the labels of the edges of a minimal path joining a;x to
Gj+7k+K, determines the labeling of the parallelogram.

REMARK 3.4. If A’ = A for some v € I, then the apartments .A and .A’ have the same
labeling with respect to corresponding sectors @, and ¥Q,. Indeed, for every (j,k) € Z2,
ajr = 7a;x and therefore

s'é',:‘ = a'j_,,ia’[,m = aj",:'y_lfya,,m = s;’}".
Conversely, if two apartments A and A’ have the same labeling with respect to sectors
Q. and Qg then A’ = vA for v = a(,’oag,(l,. In fact, for every (j,k) € Z2, s’{;’,ﬁ = e{;'f,, 50
a1 = Gf 005085k
DEFINITION 3.5: The pair (J,K) € Z? is a period for the apartment A (with
respect to Q) if, for every (5, k), (I, m) € Z2,

3) €5k = ek -

The periods of A (with respect to @.) form a subgroup of Z2, denoted by £. If
(J,K) € L, then a;y J,Hxa;,i does not depend on (3, k), and it has length greater than
one.

DEerFINITION 3.6: The apartment A4 is periodic (with respect to ;) if £ is non-
trivial; it is doubly periodic if £ is a cofinite subgroup of Z2. We denote
“) H= ioenioo) Jeseswenceii
REMARK 3.7. (i) The property of periodicity does not depend on the choice of the
sector (); on the apartment. Actually the apartment A is {J, K)-periodic if and only if
the condition (3) holds for (j, k) and (!,m) corresponding to adjacent vertices. Indeed,
if {aj; x }=o is a minimal path from a;x to a;m, then {aj.4s4,+k}%o is 2 minimal path
from a;4Jk+k tO Gi15m+k; SO Remark 3.2 enables us to conclude. So in geometric terms,
the (J, K)-periodicity of A means that corresponding edges of the sets S{a;x) N .A and
8(a;4+74+x)NA have the same labels, for every (j, k) € Z2. This characterisation allows us
to deduce that the property of periodicity does not depend on the choice of the coordinate
system on the apartment.

(ii) If A is doubly periodic, then L contains a subgroup of the form NZ?, for some
positive integer N; so it contains vectors of Z? in every rational direction.

We refer the reader to [6] for more details about periodicity.
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LEMMA 3.8. Let A be an apartment and let (J,K) € Z?, with J, K # 0 and
J + K # 0. The following facts are equivalent:

(i) (J,K) is a period;

.. +1}J,(r+1)K r+2)J,(r+2)K
(ii) ES":I,rI)( i = 52;1;.1,&:1;10 VreZ.

Moreover, if J = K, then (i) and (ii) are equivalent to
(111) E'_;::;l,j+l — ;i‘ll-);i,;]}+1+.l’ V] cZ.
PROOF: It is obvious that (i) implies (ii), and (iii) for J = K. We prove that (iii)
implies (i), assuming, without loss of generality, that J = K > 0. Consider

(5) Ci={R.(5+ i,j)}jez, Vi € Z.

As shown in Remark 3.3, the labels (&‘;31‘1+1)j€z determine the labeling of Cy. Then
condition (iii) implies that (J, J) is a period for this chain, that is (1) holds for every
pair of vertices of this region. Consider now the chain C, adjacent on the left to Cy (the
same argument applies to the chain C_; adjacent on the right). For every j, Ri(j + 1, j)
contains one edge of R, (j, j) and one edge of R, (j + 1, j + 1), connecting a;j41,; t0 @ji2j+1.
Therefore the labeling of C; is determined by that of Cy. Hence (1) holds for every pair
of vertices of C_; U Cy UC, (see Figure 4).

/ AY
A(r4+1)J(r+1)K
A(r+1)J,rK
GrJrK
cc h
1 Co ~
Co
FIGURE 4
FIGURE 5

M
Iterating this procedure we argue that (J, J) is a period for U C;, for every M > 0.
i=—M M
Since, given (j, k), (I,m) € Z?, there exists M such that a;x and a;m belong to U C;,
we conclude that (J, J) is a period for the whole apartment. =M
We consider now (J, K), with J, K # 0 and J + K # 0, and we prove that (ii) implies
(1). We assume J, K > 0; the other cases are analogous. For every r € Z we consider the
parallelogram R, x(rJ,7K). The argument used to prove that (iii) implies (i) for J = K,
applied to the chain
(6) C = {Rux((r +9)J,rK)}
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instead of C;, enables us to show that (J, K) is a period for the apartment, provided (ii)
is true (see Figure 5).

REMARK 3.9. The equivalence of (ii) and (iii) for J = K, in Lemma 3.8 is a straightfor-
ward consequence of the fact that, for every r, the labeling of R, ;(rJ,rJ) is determined

by that of the finite chain {Rl (4, ]')}(’-M)J_l herein contained (see Figure 6).

j=rJ

G(r41)J,(r+1)J

G(r41)J,rJ

Qrl,rd

FIGURE 6
Conditions (ii) and (iii) in Lemma 3.8 may be replaced by the following slightly different

conditions:
ceNg (r+ro+1)J(r+1)K _ _(r+ro+2)J,(r+2)K .
(ii)’ for some ro € Z, €¢, 1,0y K = €riroiyirink> VT € Z;
: +iot1g+l _ _j+iotl+Ji+1+J :
(i)’ for some jo € Z, e4705 7T =iy, V€L

ProrposiTION 3.10. Let (J,K) € Z2%, with J,K # 0 and J + K # 0. If the
apartment A is (J, K)-periodic, then it is doubly periodic.

PROOF: Consider for every i € Z the chain C; defined by (5). The (J, K)-periodicity
of A implies that any two parallelograms of C; have the same labeling. Since the set of
generators is finite, there are only finitely many possible choices for the labeling of the
infinite collection of chains {&}ieZ- Thus there must exist M and N, with M # N, such
that E;; has the same labeling as CTV On the other hand, Lemma 3.8 and Remark 3.9
imply that the labeling of A is determined by the labeling of each parallelogram either
Ryk((r + M)J,rK) or Ry x((r + N)J,7K). Hence, for every (j, k) € Z*, corresponding
edges of S(aj+msx)NA and of S(a;;nsk)NA have the same labels, and ((N — M)J,0) is
a period for the apartment. Since (J, J) and ((N — M)J, 0) generate a cofinite subgroup
of Z?2, the apartment is doubly periodic. 1]
REMARK 3.11. () IfJ=0o0r K =0o0r J+ K =0, Lemma 3.8 and Proposition 3.10
are false. In fact, in these cases each parallelogram Rk (rJ,7K) collapses to a segment
and therefore the labeling of this region does not determine the labeling of the apartment.

(ii) A contains apartments which are non-periodic. In fact, the cardinality of the
set of all apartments containing a fixed vertex z is not countable, while the set of (J, K)-
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periodic apartments containing z is finite.

In order to prove the existence of periodic apartments with arbitrarily large p, we
state the following lemmata.

LEMMA 3.12. There exists an element vy € T such that, for every N € N, the
vertex y) = v} - zy has coordinates (2N, 2N) with respect to any sector based at z, and
containing y'.

Proov¥: For every (c,b,a) € T, let C be a chamber associated to this triple, and let
z be its vertex opposite to the edge labeled a. We define X 44) to be the set of triples
(9, f,d) € T associated to the chambers D opposite to C with respect to z, where d
denotes the label of the edge opposite to z in D (see Figure 7).

N7

d b\

A e

7 fof\Jo
T

e

a bN/eo

/:o\
FIGURE 7

Furthermore for every generator d we define

Xlpay=1{(9,£,0) € X(cpa): 6 =d}.

We have IX(cb o) = ¢®and 0 < IX(C,,G) (g+1). Actually in a projective plane of order
g, given a line Lo and a point Ty € Ly, there are ¢> ways of choosing a point = outside
Ly and g ways of choosing a line through z but not through zy. Fix a generator a and
denote by (b;,¢), ¢ = 0,...,q, all possible pairs such that (c;,b;,a) € T. For every i,
consider the set X; = X(c; 5.,0). We claim that, for some j # k, X; and X contain triples
(g4, fj»d;) and (gx, fk, dx) respectively, with d; = di and (fj, g;) # (fx,gx)- Otherwise,
for every d, either |X,“| = 1, for all non-empty X¢, or only one X¢ is non-empty. Hence

Z |X"| g+1, and
i=0

Xq:|X-'| =

=0 d i=0

<(g+1)(P+a+1).

On the other hand Z |X:| = ¢®(g + 1), so the previous inequality is absurd, because

Blg+1) > (g+ 1)(q + g + 1), for ¢ > 1. Without loss of generality we may assume that

the previous condition is satisfied for j = 0,k = 1. If we consider the pairs (by, o), (fo, 90)
N

and (b1, ¢1), (f1,91), it is obvious that, for every positive integer N, (b(,b‘1 ffo 1) and
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(cg leg™t go)N are minimal words consisting of 2V generators and 2N inverses. Therefore,
if

Yo = bob™' ff5 ! = 5l cg™ go,
the vertex y) = v}’ - zo has coordinates (2N, 2N), for every N > 1 (see Figure 7). [

LEMMA 3.13. For every positive integer M > 2, there exists an element vy € T,
such that
(i) for every N € N, the vertex y)' = v - zo has coordinates (M N, MN) with
respect to any sector based at o containing yY;
(ii) 7o is not a true power inT.
PRrROOF: Fix a non-periodic apartment A containing the fundamental vertex zg,
and write A = {a;x} with respect to a sector based at zo. Consider the vertex z; =
am-1,M-1 - To and the convex hull R of the set {zo,z:} (see Figure 8).

FIGURE 8

Let Cy and C; be the chambers of R containing z; and z, respectively. Suppose Cy =
(o, bo, ag) and Cy = (¢4, by, a1), where ag and a; denote the labels of the edges opposite to
1o and z; respectively. By altering the choice of the non-periodic apartment if necessary,
we may assume a; # ag, (b1,¢1) # (b,co). Following the notation of Lemma 3.12,
we consider the sets Xo = X p9,00) 30d X1 = X(¢; b1,0;)- We claim that X, and X,
contain triples (go, fo, do) and (g1, f1, d1) respectively, with dy = d; and (fo, g0) # (f1, 1)
Otherwise, if for some d the sets are both non-empty, then |Xgl = IX{" = 1. Hence, for
every d,
| x5+ |x¢| < g +1
and therefore
| Xol + 11| € (g+1)(¢* + g +1).
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Since |Xo| + | Xi1| = 2¢3, this inequality is absurd for ¢ > 3.

For ¢ = 2, we use a direct argument to prove the required property. For 7 = 0,1,
we consider, for every chamber based at z; and opposite to C;, the edge having the
orientation away from z;. We may think of these four edges as a system M; of lines on
the projective plane of order 2 and the three edges adjacent to each of them (but not
containing z;) as points of the corresponding line on this plane. Among these three points
we neglect the one lying on a chamber adjacent to C;. Since we suppose (b, ¢;) # (bo, ¢o),
exactly two lines belong to both My and M;. We can prove by a direct computation
that, in all possible configurations of My and M, there exist two lines, say Lo € M,
and Ly € M,, with Ly # L;, which intersect each other in one point different from
those discarded before. If f; is the label corresponding to L;, d is the label attached
to their intersection point, and g; is the unique generator such that g;f;d = e, then the
triples (go, fo,d) and (g1, f1,d) satisfy the required property. Thus ap— am-1f1f5" and
amM-1,M-191 !go are minimal words for an element of T', say -, consisting of M generators
and M inverses. Therefore y' = v{' - o has coordinates (M N, MN), for every N € Z.
Finally, we note that, by construction, 7, cannot be a power of the form ™, for vy € T
and m > 2. 0

PROPOSITION 3.14. For every integer M > 2, there exists a (M, M)-periodic
apartment, such that p > M.

PROOF: Let M = 2. Consider the sequence of vertices {y) }nez constructed in
Lemma 3.12. It is obvious that the convex hull of {yo,y5 '} also contains zo. More gener-
ally, for every N > 1, the convex hull of {yY, 3"} contains 3, for alln € {~N,...,N}.

N4+l
0

N-1
0

FIGURE 9
This implies that there exists an apartment Ay containing all vertices of the sequence.
We write Ay = {a;x} with respect to the sector containing the vertices ¢y, N > 0. In
particular for every integer N the vertex y) corresponds to azyan. The apartment is
uniquely determined by the chain consisting of the convex hulls of {azn2n, ao(v+1),2v4+1) 1
moreover, for all (j,k) € Z?,

Il _ G+3.5+43
ik = Ejt2j+2-
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Lemma 3.8 enables us to conclude that (2,2) is a period for the apartment (see Figure
9). For M > 2, we consider the sequence of vertices {y{}vez constructed in Lemma
3.13, and proceed as above to construct a (M, M)-periodic apartment. By altering the
choice of the non-periodic apartment containing zg, if necessary, we may assume that the
convex hull R is not contained in any doubly periodic apartment having u < M — 1. 0

We conclude this section stating some interesting results about the action of the
group I' on a doubly periodic apartment and on its boundary points.

We note that if A is any (J, K)-periodic apartment, then vA is, as follows from
Remark 3.4; hence the property of periodicity is [™-invariant.

PrOPOSITION 3.15. Let.Aand A’ be (J, K)-periodic apartments , with J # 0,
K #0and J+ K # 0. Let w,w' be boundary points of A and A’ respectively. If v’ = yw
for some v € ', then A" = v.A.

PROOF: Assume w' = yw. Then, for every sector Q(w) associated to w, Q. (w) is
the sector Q,.z(w’) representative of w'. Since Qy, (w) D Qy,(w) implies that YQ,, (w) D
YQy,(w), we may deduce that there exists a vertex z € A such that Q,(w) C A and
Qyz(w) C A" Set A = {a;} and A" = {a];} with respect to Q.(w) and Q,.;(w'). Thus,
for all 5,k > 0,
(7) Vo5 = G
We prove that actually (3) holds for every (j, k) € Z2. Assume J, K > 0 (the other cases
are similar), and note that, for every (j,k) € 22, there exist n, jo, ko € N, such that

j=j0—nJ, k=l€o—nK.

Since jo + nJ, ko + nK are positive, the (J, K)-periodicity of A and A’ implies
-1
%Gr = a.,‘io,ko (a.limko) a;'o—ﬂJ,ko—nK
_ ] ' -1,
= ok (ajo+n.l,ko+ﬂK ) Qo ko
-1
Vo kol Yo tnko+nk) ™ Vjo ko
Vo, kol ko Gio—nd ko—nK
= ’)’G,j’k.
0
Let A be a doubly periodic apartment containing zg, and represent 4 = {a;x}, with
respect to a sector Q,,- We denote by I the finite group of symmetries of .4 generated
by the reflections fixing ag .

PropPosiTION 3.16. Let v € T' be such that vA = A, and let T, be the
operator on Z* defined by T,(j, k) = (I,m), if ajm = yajx. Then
(i) there exist (p,r) € Z* and o € X such that T,(j,k) = o(j, k) + (p,7);
moreover (p,r) # (0,0), ify is non-trivial;
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(ii) if o is the identity of ¥ then (p,r) € L;
(iii) the length of v is at least 1/3u.

PROOF: (i) Since 7 - z, is a vertex of A, then v = a,, for some (p,7) € Z% Ifw
is the boundary point of A represented by the sector @,,, and if w' = ~yw, there exists
o € X such that 0Qz,(w) = Qg,(w'). Therefore (I,m) = o(j,k) + (p,7), if ai;m = Y054
Moreover (p,r) # (0,0) if -y is non-trivial, because v cannot act on A according to a
symmetry fixing ag .

(i1) If o is the identity of ¥, then v fixes w, and, for every (j, k) € Z2,

-1 _ R St SRS §
k07 ipiir = G k(V05E) T =7 .

This implies that (p, r) is a period for the apartment .A.

(iii) If T, is a translation, then o is trivial and, by (ii), |y| = |apraq, (1,| > u If
T, contains a non-trivial symmetry o which is a reflection, then T, = T,;" acts as a
translation, so 2 }y| > [y?| 2 . Finally if T, contains a non-trivial symmetry o which is
a rotation, then T, = T3 acts as a translation, so 3 |v| > 3| 2 p. 0

[8, Section 2] contains a parallel discussion of periodic apartments.

4. SIMPLICITY OF THE REDUCED GROUP C*-ALGEBRA

In this section we prove (I, 2) has property Pye,.

According to Lemma 3.13, for every M > 2, we fix an element 7, € I" of length
2M such that y)’' = 4 - zo has coordinates (M N, MN), for all N € Z, and consider
the doubly periodic apartment Ag determined by {y§'}nez. We denote by Q% and Q7%
the sectors of Ay containing {y, N > 0} and {yg™, N > 0} respectively; moreover
we denote by {wy,...,ws} the boundary points of the apartment, assuming the following
choice:
wy and wg are the points represented by the sectors Q3 and Q. respectively (see
Proposition 3.14);
wp and ws are the points represented by the sectors based at zo adjacent to Q5;;
w4 and ws are the points represented by the sectors based at z, adjacent to Q7.

PrROPOSITION 4.1. The following facts are true:
(i) the element <y fixes w,, for every s=1,...,6;
(ii) for every w € Q there exists s € {1,...,6} such that limp_, Yjw = w;;
(ii) if yow = w, then w = w,, for some s € {1,...,6}.
PRroOF: (i) The element 7 acts on Ay by translation. So for every s the sector

0@z, (ws) lies on Ag and is parallel to Q,(w,); this means that v, fixes all boundary
points of the apartment.
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(ii) The property is obvious if w = w,. For w # wy, consider the boundary point wg
of A and an apartment A4 containing w and ws. We sketch in Figure 10 one of the six
different situations that may occur; all the others are similar.

FiGure 10 FIGURE 11

We may choose a positive integer N so big that y; ¥ € A; thus Q —N(U)G) and Q -N( )
belong to A. On the translated apartment A’ = v~ A, consider the sector Yo Q N (ws)
o and the sector +{ Q —N( ), based at zo and corresponding to the boundary point

w' = vw. (see Figure 11)

= ‘70A'

FIGURE 12

For every n 2 1, consider, on the translated apartment A" = v3A’, the sectors (based
at yf) v8ve Q =N (w) and 3§ Q N(w6 = 15Qz.>°, corresponding to yjw' and wg re-
spectively. Slnce Yoz contalns the fundamental vertex zo as an interior element,
then zo € A” and there exists a sector Q! c A" para.llel to 157 Q ~(w). This sector

intersects 75Q;° in a set Q, (vgw'), for some K, 2 1. (See Figure 12 )
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Since Qk, (Ygw') C Ao, there exists s such that Qg, (jw') = Qk,(ws). We claim that
lim,, ,o Y§w = w;. In fact, for every m 2 n, K,, > K,, and for every K > 1 there exists
v 2 1 such that K, > K, if n > v. It follows that

: n.._ 1 n—N 1 _
w20 = lizg 767w = .
(iii) Assume yw = w; then Yfw =w, Vn > 1, and (ii) implies w = wy, for some
s€{1,...,6}. g

PROPOSITION 4.2. Let V,x = Eg(w,), for K 2 1. If w € V, x and Yjw ¢
Vs, for some positive integer n, then also Y§+*'w ¢ V, k.

PROOF - CASE 1: s = 1: We prove that if w € V) g, then 7jw € V), for all
n 2 1. Let Rk be the convex hull of the set {yg'} U@k (w:1), and let A be an apartment
containing w and y;!. Thus R lies on both A and Ay (see Figure 13).

w Yow

)
Y Qx(wi) [/

YoA

FIGURE 13

The translated apartment -y.A intersects Ay in the region vyR gk containing Qg (w;). This
implies yow € Vi, k. By induction we can prove that 7fw € V) k, for all n > 1.
CASE 2: s = 2,3. Denote by Rk and R the convex hull of {y;"} U Qx(w;) and of
{vo} U @k (w;) respectively.

For every w € V, g, the sector Q,,(w) contains a wall, say Sk, of @k (w,). Therefore
the region 73Rk intersects Qx(w;) at least in Sk. So Q,(Yjw) contains Sk (see Figure
14 for s=2and n=1).

Yo A

FIGURE 14
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We check that if w € V, ¢ and v’ = e e V,.x, then also 75w’ € Vs, k. Let A be an
apartment containing y, and w'; then R% C A. Thus the translated region 5 'R/ lies on
75 *A and on 75 Ag = Ap. On the other hand the apartment 75 1A contains the set Sk,
since it contains the sector Q, ('yo“ lw’) = Qz,(Yjw). We conclude that the apartments
Ao and 75 ' A share the convex hull of the set Sk U~y R, which contains Qg (w,). This
proves that 75w’ € V; x (see Figure 15 for s =2 and n = 1).

A 75 A

(n=1) S/

YAV .
AEN
ANk (@2)
zo

Rk

FIGURE 15

CASE 3: s = 4,5. We prove that, if w € V,x and o' = §*'w € V,, then also
v5'w' = Ypw € V, k. Let Ri be the convex hull of the set {yg ™"} U Qx(w,) and let
A be an apartment containing Rx and w. Then the apartment A’ = v§*'A contains
the region 7§*'R . Moreover the hypothesis 7§ *'w € V; g implies that A’ contains also
Qx (ws). Then it contains the convex hull Rx of the set 73 'Rx U Q k (ws). The region
Yo 1Rk lies in the translated apartment A" = 75 ' A" = 78 A and contains Qx(w,). This
proves that

Yo w' = Yw € Vok

(see Figure 16 for s = 4 and n = 1).

NN/
LRINN/N/N
VAVAVAV#V

FIGURE 16
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CASE 4: s = 6. If we change yo with y;' we may use the same argument as in case 1,
to prove that w € Vg x implies 75'w € Vs k. So if w € Vs x and o’ = 1fw ¢ Vi, then
also ’)’ow’ ¢ ‘/5,1(. []

PROPOSITION 4.3. Let F CT\ {e} be a finite set and denote
m(F) = max{|y|,y € F}.

Suppose M > 3m(F). Then for each s € {1,...,6} there exists an open neighbourhood
Ve, x of w,, such that

7V9,K N Vi',K = ®7 V’Y € F) vs,sl‘

PRroOOF: It suffices to prove that yw, # wy, for every v € F and each pair s,s". In
fact, if yw; = wy for some element -y, Proposition 3.16 implies |y] 2 u/3 > M/3. Because
of the choice of M, « can not be an element of F. 0

THEOREM 4.4. LetT be adiscrete group acting simply transitively on a triangle
building. Then the reduced C*-algebra C}(T') is simple.

PROOF: Propositions 4.2, 4.3 and 4.4 prove that (T',2) has property Fpe,. Then
Lemmata 2.1, 2.3 and 2.4 of [1] imply that the reduced C*-algebra of T is simple. 0
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