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ORLICZ SPACES WITHOUT STRONGLY EXTREME POINTS
AND WITHOUT H-POINTS

HENRYK HUDZIK

ABSTRACT.  W. Kurc [5] has proved that in the unit sphere of Orlicz space L®(y)
generated by an Orlicz function @ satisfying the suitable A,-condition and equipped
with the Luxemburg norm every extreme point is strongly extreme. In this paper it
is proved in the case of a nonatomic measure p that the unit sphere of the Orlicz
space L®(u) generated by an Orlicz function ® which does not satisfy the suitable A,-
condition and equipped with the Luxemburg norm has no strongly extreme point and
no H-point.

0. Introduction. Inthe sequel R denotes the reals, R, denotes the nonnegative reals
and @ denotes an arbitrary Orlicz function, i.e. ®: R — R,, ®(0) = 0, and ® is even and
convex. (T, Z, 1) denotes a positive nonatomic (finite or infinite) measure space. L%(y)
stands for the space of (equivalence classes of) all Z-measurable real functions defined
onT.

Given an Orlicz function ® we define on L%(u1) a convex functional Ip by

lo(x) = [ ®(x(0) dp (Vx € L'(w)).

This functional is a convex modular on LO(,u) (see [7]), i.e. I(0) = 0, I is convex and
even and x = 0 whenever Ip(Ax) = 0 for any A > 0. The Orlicz space L®(p) generated
by an Orlicz function @ is defined to be the set of all x € Lo(u) such that Ip(\x) < 00
for some A > 0 depending on x. This space can be endowed with the norm

Ixllo = inf{A <0:Io(/}) <1} (Vx € L?(w),

called the Luxemburg norm. The couple (L‘I’(u), I ||¢) is a Banach space (see [4], [6]
and [7]).

Recall that an Orlicz function @ satisfies the A;-condition for all u € R (at infinity) if
there are positive constants K and ¢ such that 0 < ®(c) < +oo and ®(2u) < KP(u) for
any u € R (for u € R satisfying |u| > c).

We say that an Orlicz function @ satisfies the suitable A;-condition if ® satisfies the
A;-condition for all u € R whenever p is infinite and @ satisfies the A;-condition at
infinity whenever u is finite.

For an arbitrary Banach space X, S(X) denotes its unit sphere.
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A point x € S(X) is said to be strongly extreme (see [3] and [8]) if for any sequence
(x,) in X the conditions ||x + x,|| — 1 and ||x — x,|| — 1 imply that ||x,|| — O.

A point x € S(X) is said to be an H-point if for any sequence (x,) in X such that
||x2|l — ||x|| and x, tends weakly to x, we have ||x — x,|| — O.

1. Results. We start with the following:

THEOREM 1. Let ® be an Orlicz function which does not satisfy the suitable ;-
condition. Let us assume additionally in the case when p is infinite that ® vanishes only
at zero. Then S(L®) has no strongly extreme point.

PROOE. It is known that every strongly extreme point is extreme and that under the
assumptions concerning ®, if x € S(L?) is extreme then it must be Ip(x) = 1 (see [2]).
Therefore, it suffices to consider only these points of S(L®) for which Ip(x) = 1.

Assume that Ip(x) = 1, p is finite (for infinite u the proof is analogous) and @ does
not satisfy the Ay-condition at infinity. Then there exists a sequence (u,) of positive reals
with u, — 00 as n — 00 and such that

<D<(1 + %)u) > 27" D(u).

Let b > 0 be large enough, so that the set B = {t € T : b~' < |[x(r)| < b} has positive
measure. Let A, C B,A, € Z(n = 1,2,...) be such that ®(u,)u(A,) = 27" (if necessary
we can pass to a subsequence). Of course, u(A4,) — 0 as n — 00. Define

1
Xy = EunXAn sgnx (n=1,2,...).

We have
Io(x+x,) = Ip(xxa,) + lo(xxa, + Xn)

1
< lolxxna,) + 5 {D2b)u(A,) + P(un)(An) }
— Ip(x) = 1.

Moreover, Ip(x + x,) > Iq,(xXT\A") — 1. Thus, Ip(x + x,) — 1, whence it follows that
|lx + x2|le — 1. We have also

Io(x — xp) < To(|x| + [x,) — 1

and
lo(x — x) 2 lo(xxna,) — 1,

whence it follows that Ip(x — x,) — 1, i.e. ||x — x,||@ — 1. On the other hand

1(,)(2(1 + %)x) - q>((1 + %)un)u(An) > 2"®(u)u(Ay) = 1.

Therefore, ||x,||¢ > 3(1+ 1)~" > L. This means that x is not a strongly extreme point.
The proof is finished.
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THEOREM 2. Let ®@ be an Orlicz function which does not satisfy the suitable A;-
condition. Let us assume additionally in the case when (i is infinite that ® vanishes only
at zero. Then S(L®) has no H-point.

PROOF. 'We will restrict ourselves only to finite measure. In the case of an infinite
measure the proof is analogous. Take d > 0 large enough, so that definingA = {r € T :
d~! < |x(t)| < d} we have Ip(xxa) > %Iq,(x). Next, take C, C A, C, € X such that

Ip(xxc,) =27"lp(x) (n=1,2,...).

Since @ has only finite values by the definition and y is finite, the condition ||x||e = 1
yields Ip(x) > 0 (note that for infinite y it can be Igp(x) = O even if ||x||e = 1 whenever
® vanishes outside zero). In fact, defining @ = sup{u > 0 : ®(u) = 0} the condition
Ip(x) = 0 yields |x()] < o for p- ae. t € T. Next by the finiteness of u we have
Ip(Ax) < oo for any A > 0. This is a contradiction, because in the case when Ip(x) = 0
the quality ||x||¢ = 1 implies that Ip(\x) = oo for any A > 1 (see [2]).

In view of the assumption that ® does not satisfy the Ap-condition at infinity, there
exists a sequence (u,) of positive reals such that u, — 0o as n — 0o and

<D((1 + %)u) > 22w, (n=1,2,...).

Passing to subsequences of (u,) and (C,) if necessary, we can find a sequence (D,) of
measurable subsets of C,, such that

D) (Dy) = lo(xxc,) (n=1,2,...).

Define
Xn = XX7\c, — Un(SENX)XD,.

We have
lo(xn) = lo(xxp\c,) + Pun)(Dy).

If Ip(x) = 1 then Ip(x,) = 1 for any n € N, whence ||x,]le = 1. If Ip(x) < 1, then
the equality ||x||¢ = 1 yields Ip(Ax) = oo for any A > 1. Since x is uniformly bounded
on the sets C,, we get Ip(Ax,) = oo for any A > 1 and n € N. Hence it follows that
|xn]le = 1 for any n € N. We have

X — Xy = XXC, + UnXD, SENX.

The sequence (xxc,) is norm convergent to zero, because the function x is uniformly
bounded on C,, n = 1,2,..., and u(C,) — 0 as n — oo. Therefore, in order to prove
that the sequence (x,) is weakly convergent to x it suffices to prove that the sequence
(yn), Where y, = unXp, sgnx, is weakly convergent to zero. We have y, € E®(u) for any
n € N, where E®(u) = {x € L%(u) : Ip(\x) < oo for any A > 0}. Hence it follows
that any linear continuous singular functional over Lq’(u) vanishes at y,, n = 1,2,...
(for the description of the dual space of L®(y) see [1]). Thus, in order to prove that y, —
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0 weakly, it suffices to consider only regular (i.e. order continuous) linear continuous
functionals over L®(u). Take an arbitrary linear continuous regular functional &, over
L®(u1) generated by a function f € L® (), where ®* is the function complementary to
@ in the sense of Young. Let A > 0 be such that Ip-(\f) < co. We have

1
&l = | [ fOma® dn| = 5| [ MO0 di
1
< X{ch* M xp,) +lo(n)}
1
< X{ch*()\fXDn) +2"p(x)} — 0

as n — oo because u(D,) — 0 as n — oo. Moreover,

o {1+ ) 59) 2 10(1+ ) =1+ 2o

> 22" (u,)u(D,) = 2"Ip(x) > 1

for n € N large enough. Therefore

1
||x—x,,t|q>21/(l+;>21/2

for sufficiently large n € N, which means that the sequence (x,) is not norm convergent
to x, i.e. x is not an H-point. Since x € S(L®) was arbitrary, the proof is finished.

Recall that a point x € S(X) is said to be strongly exposed if there exists a functional
x* € S(X*) such that x*(x) = 1, and for any sequence (x,) in X the condition x*(x —x,,) —
0 implies that ||x — x,|| — O.

Since any strongly exposed point is strongly extreme, we obtain from Theorem 1 the
following:

COROLLARY. If @ is an Orlicz function which does not satisfy the suitable
Ay-condition and if additionally in the case when p is infinite @ vanishes only at zero,
then S(L®) has no strongly exposed point.
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