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ON CERTAIN MEAN VALUES OF THE DOUBLE
ZETA-FUNCTION

SOICHI IKEDA, KANEAKI MATSUOKA,
AND YOSHIKAZU NAGATA

Abstract. In this article we discuss three types of mean values of the Euler
double zeta-function. To get the results, we introduce three approximate for-
mulas for this function.

81. Introduction

Let s1 =01 +it1, and let so = 09 + ito, with 01,09,%1,t2 € R. The Euler
double zeta-function is defined by

(1.1) Ca(s1,82) = Z M1 Z (m 4+ n)s
m=1

This series is absolutely convergent for oy > 1 and o7 + g9 > 2 (see [8,
p. 419]). We can continue ((s1,52) meromorphically to C2, which is holo-
morphic in

{(s1,82) €C? | s # 1,81+ 52 ¢{2,1,0,—2,—4,—6,... } },

as was proved in [1]. (The first study of the analytic continuation of (2(s1, s2)
is Atkinson’s work [2]. Akiyama, Egami, and Tanigawa in [1] studied the
analytic continuation of not only (2(s1,s2) but also more general multiple
zeta-functions. Zhao in [15] also obtained the continuation independently.)
The special values of (2(s1,s2) have been studied by various authors (see,
e.g., [4], [14]).

The analytic properties of (2(s1, s2) were studied by various authors (e.g.,
[71-19]). Recently, Matsumoto and Tsumura [10] studied the mean values

T
(1.2) /2 }Cz(Sl,Sz)‘zdtz,
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where s; is a fixed complex number. Theirs was the first study of the mean
values of (2(s1,s2). In our article we study (1.2) in the regions which are
not covered in the work of Matsumoto and Tsumura and we introduce new
types of mean values of (2(s1,52).

In the following we prove the next three theorems.

THEOREM 1.1. Let s1 =01 +itq, let so =09+ it €C, let T > 2, and let

T
I[”(T) :/2 ‘CQ(SI,SQ)‘ZdtI.

Assume that when t; moves from 2 to T, the point (s1,s2) € C? does not
encounter the singularities of (2(s1,52). In the case o1 + o9 > 2, we have

(1) = M (201, 55)T + 0(1),

where, here and below, the implied constants depend on o1, o3, and ts,
and C2[1](201,32) is a series which converges on o1+ o9 > 3/2. (We define
42[1] (01,82) in the next section.) In the case 3/2 < o1+ o9 <2, we have

O T4720’1720'2 3 2 2
(1) = ¢ (201, 52)T + ( ) ) B2<oitor<2),
O((logT)?) (o1 +02=2).
In the case o1+ 09 =3/2, we have

T0N(T) = |5y — 1| 2T log T + O(T).

THEOREM 1.2. Let s1 =01+ itq, let so =09+ ito €C, let T > 2, and let

T
1[2](T) :/2 ‘CQ(Sl,SQ)’zdtQ.

Assume that when ty moves from 2 to T, the point (s1,s2) € C? does not
encounter the singularities of (2(s1,52). In the case o9 > 1 and o1 4+ 09 > 2,
we have

12(T) = P (s1,200)T + O(1),

where, here and below, the implied constants depend on o1, o9, and t1, and
C2[21(31,202) is a series which converges on o1+ o2 > 3/2 and o9 > 1/2.
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(C2[2](31,02) is used in [10], and we show the definition of Céz}(sl,@) in the
next section.) In the case o1 >1 and 1/2 < 09 <1, we have

o127 1
1817y = P sy 2074 { O (227D

O((logT)?) (o2=1).
In the case 01 <1, 3/2 <01+ 02 <2, and s1 # 1, we have

O(T472017202) (0_1 + 0y 7& 2)’

2y = cBPs, 20
IE(T) =67 (51,2 2)TJF{O((IogT)Q) (01 +02=2).

In the case s1=1 and 1/2 < 09 <1, we have

O(T?*7%2(logT)?) (o2 #1),
O((log T)%) (o2 =1).

12(7) = ¢ (s1,209)T + {
In the case 01 > 1 and 09 =1/2, we have
12(T) = |¢(s1)"Tlog T + O(T).
In the case o1+ 09 =3/2 and o9 > 1/2, we have
12(T) = |5y — 1| 2T log T + O(T).
In the case 09 =1/2, 01 =1, and s1 # 1, we have
12(T) = (Is1 — 1|72 + [¢(s1)[)) Tlog T + O(T).
In the case 0o =1/2 and s1 =1, we have

121y = T(lngT)g +O0(T(logT)?).

THEOREM 1.3. Let s1 =01+ 1it, let so=00+ it €C, let T > 2, and let

T
2
ID(T) :/ }C2(81,82)‘ dt.
2
In the case 09 > 1 and o1 4+ 09 > 2, we have

I7(T) = (5 (o1,02)T + O(1),
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where, here and below, the implied constants depend on o1 and o2, and
(5 (01,02) is a series which converges if and only if 0o > 1/2 and o1 +09 > 1.
(We define 5 (01, 02) in the next section.) In the case o1 > 1 and 1/2 < g9 <
1, we have

I9(T) = (F(01,09)T + O(T*22F¢) + O(T/?)

for sufficiently small € > 0. In the case 01 <1 and 3/2 < o1 + 09 < 2, we
have

I9(T) = (§(o1,0)T + O(T- 217272+ 4 O(T'V?)

for sufficiently small € > 0. In the case o1 > 1 and oo =1/2, we have

((201)¢(o1 +1/2)?

O
)~ ((201+1)

TlogT.

Note that we can obtain I2(T) ~ [¢(s1)*TlogT (o1 > 1, 02 =1/2) by

(1.3) Ca(51,82) + Ca(s2,51) = ((51)((52) — ((51 + 82)

and Theorem 1.1.
Matsumoto and Tsumura [10] introduced I'?/(T) and studied the cases

(1) 01 >1 and o2 > 1 in [10, Theorem 1.1],

(2) 01+ 02>2and 1/2< 092 <1 1in [10, Theorem 1.2],

(3) 1/2<01<3/2,1/2<03<1land3/2<o0;+02 <2in [10, Theorem 1.3].
They conjectured that when o1 4 09 = 3/2, the form of the main term of the
mean square formula would not be CT' (with a constant C; most probably,
some log-factor would appear) (see [10, conjecture (ii), p. 385]). Our results
include the regions which Matsumoto and Tsumura did not study and give
an improvement on the error estimate. Moreover, by Theorem 1.2 we see
that their conjecture (ii) is true.

Outlines of the proof of our theorems are as follows. We can obtain Theo-
rems 1.1 and 1.2 by using the mean value theorems for Dirichlet polynomials
and suitable approximate formulas in each theorem (see [10, Theorems 3.1
and 6.3]). The approximate formulas used in the proofs of Theorems 1.1
and 1.2 are derived from the Euler—-Maclaurin formula and the simplest
approximate formula to ((s) due to Hardy and Littlewood (see [13, p. 77]).
On the other hand, we need a more elaborate method to get the proof of The-
orem 1.3. To obtain the suitable approximate formula for {2(oy +it, oo + it)
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we need the technique of Kiuchi and Tanigawa [6], which enables us to get
good estimates of the error terms in the Euler—-Maclaurin formula.

In Theorem 1.1 (resp., Theorem 1.2) we regard sy (resp., s1) as a constant
term. On the other hand, from the study of Kiuchi, Tanigawa, and Zhai [7],
we know that the behavior of |(2(s1, s2)| depends on both s; and sg strongly.
Therefore, it is also important to consider a mean value which depends on
both s1 and s9.

From Theorems 1.1 and 1.2 we may expect that the behavior of {2(s1, s2)
in the region o7 + o9 = 3/2 is special. (Matsumoto and Tsumura in [10,
Remark 1.6] conjectured that o1 + o9 = 3/2 might be the double analogue
of the critical line of the Riemann zeta-function. The error terms in Theo-
rem 1.3 support their conjecture.) However, we can take a different point of
view. For the Riemann zeta-function (o + it), we know that

T
/2 C(o +it)|* dt ~ ¢ (20)T

(for 0 >1/2) and
T
/ C(1/2 + it)|*dt ~ Tlog T
2

hold (see, e.g., [13, Theorems 7.2 and 7.3]). The line 0 = 1/2 is the critical
line for ((o +it), and the series

o0

o)=Y

n=1

diverges on o =1/2. On the other hand, Cg(al,ag) converges if and only
if oy >1/2 and oy + 09 > 1. Moreover, if o1 = g9 > 1/2, then I(T) ~
(5 (o1,02)T holds by

T
/2 C(o +it)[*dt = O(T)

for o > 1/2 (see [13, Theorem 7.5]) and Carlson’s mean value theorem (see
[12, p. 304]). Hence, we can expect that I9(T') ~ (5 (o1,02)T holds for g >
1/2 and o1 4+ 02 > 1 and that the boundary of the region o9 > 1/2 and
o1+ 092 > 1 is an analogue of the critical line for (o(oy + it, 09 + it).
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82. Lemmas for the proof of theorems

In this section, we collect some auxiliary results and definitions.
First, we give the definition of 42[1] (01,82), C;](sl,ag), and (5(01,09).

We define
(01,52) Z—) )=
m=1 n=1
for sg # 1. Since we have
2 201—202 (0.2 > 1)7
(2.1) M@0y, 50) < Z 201 (logm)? (09 =1),
m=1 2 201—209 <J2 < 1)7

the series Cg} (201, s2) converges in the region o1 + o9 > 3/2.

We define
oo n—1 1
&'(s1,02) Z‘Z o 72-
n=2 m=1
(This definition is the same as [10, (1.2)].) Since we have
n—2o2 (01> 1),
(2.2) C 517202 <<Z —292(logn)? (o1 =1),
2 201—202 (0,1<1)’

the series C£2}(51,202) converges in the region o9 >1/2 and o1 + 03 > 3/2.

We define o
2
CQD(UlaUQ) :Z< Z mcrllna'Q) ’

k=2 mn=k
m<n

We note that #{(m,n) | mn==~k,m <n} < k¢ for any € > 0. Since

(2(201,202) < (5 (01, 02)

(S )’

(2.3) k=2 mlk
m<\/E
k. 209+¢€ o1 >0 ,
SO
—0o1—02+¢€ (01 < 0.2)
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for any e > 0, the series (5'(01,02) converges if and only if oy > 1/2 and
o1+ 09> 1.

LEMMA 2.1 ([5, Theorem 5.2]). Let ay,...,an be arbitrary complex num-
bers. Then

(2.4) /0 T( ;va"nit

which also remains valid if N = oo, provided that the series on the right-
hand side of (2./) converges.

At =TY fanf? +0( 3 nlaf?).
n<N

n<N

The following lemmas are well-known results for (s) (see [3, p. 114] and
[13, Theorem 4.11]).

LEMMA 2.2. Let s=0+it € C, let m e NU{0}, let N €N, and let M =
2m+ 1. For o > —2m we have

1 Nl—s N—s
)= 2 =513
n<N

2m

Bt —(s+k
> N—(s+h)

where (s)p=s(s+1)---(s+k—1) and

o0

Ryn(s)=— (j\)j:/[ . By (z - [2])a~* M da.

COROLLARY 2.1. Let s=1+41it. For fized t > 0 we have

1-s
()= Y o= S O =0(1),

n<N

where the implied constants do not depend on N.

LEMMA 2.3. Let s=0 +it € C. We have
1 xl—s
¢(s) = Z s 1—

1<n<zx

S +0(z77)

uniformly for o > o9 >0, x> 1, and |t| <2mx/C, where C is a given con-
stant greater than 1.
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We use the following evaluations in this paper.

REMARK 2.1. Let T'> 1, and let M > 1, with M < logT. For fixed o, 5 >
0 we have

83. Proof of Theorem 1.1

In this section, we regard o1, so as constants. We divide the proof into
two cases.

Proof of Theorem 1.1 for o1 4+ 02 > 2. We set

o= e (G- X )

n=1

for m € N. If we assume that o9 > 1, then we have

[e.9] o0

1 1
o0
= amm_itl.
m=1

The last series converges absolutely in o1 + g9 > 2. Since

oo

= 1 12
> mlan> =" P )C(Sz) - vy
m=1 m=1 n=1
converges by (2.1), we have
1y —
IY(T) = G5 (201, 52)T + O(1)
by Lemma 2.1. 0

In the case 3/2 <o + 09 < 2, we use the following lemma.
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LEMMA 3.1. Let s1 =01 + ity with t1 > 1, let so = 09 + ity € C, and let
N €N. Let C > 1 be a given constant. Assume that the point (s1,ss) € C?
does not encounter the singularities of (2(s1,s2). If 1 < |t1 +to| < 27N/C,
then we have

Glsisa)= D ! (g(SQ)_Zi)+0(t;1N2—‘”“’2)

ms1 ns2
m<N n=1

for o1+ 09 >1 and any fized o1, ss.

Proof. Let | € N with g9 > —2[. To obtain the analytic continuation of
Ca(s1,82), we regard s; and sy as complex variables, and we assume that
01,09 > 1 temporarily. For any N € N, we have, say,

N o) 1 00 1 0o 1
Ca(s1,82) = Z e T > " > m =tV
m:l n:erl m=N-+1 n=m+1
Since

(¢ =Y ),

n=1

Ny
i=) —
m=1

V} is continued meromorphically to C2. By setting M = 2[4 1 in Lemma 2.2,
we have, say,

1 /ml=s2  m—= Byt
Vh = ( - —k R )
2 Z mst \sy — 1 2 * (k+1)! (s2)xm + Batm(s2)
m=N-+1 k=1
& 1 1 1
B S9 — Z ms1ts2—1 - 2 Z ms1ts2
M-1 00 [e's)
B 1 1
+ (sk Y, ——t D, (s2)
1 Te2tk ;
k=1 (k+1)! m=N+1 meTe m=N+1 met
N 00
1 1 1 1
- S9—1 <C(Sl 82 1) N Z m51+52—1) 9 Z msS1+s2
m=1 m=N-+1
M-1 B 00
k+1
+ (k+1)! (52)s Z m51+52+k + Z )
=1 m=N+1 m= N+1
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Since I4 converges absolutely for o9 > —M 4+ 1= —-2] and 01 + 09 > —1, V%
is continued meromorphically to o3 > —2[ and o7 + o2 > 1. Now, we regard
o1, So as constants. By Lemma 2.3, we have [} < tlez_"l_"?. Also, we
can easily obtain I, I3, [4 < tl_lNQ_"l_"?. This implies the lemma. [l

Proof of Theorem 1.1 for 3/2 <01+ 09 <2. Let

m

A =m ! (((52) — Zn*”),

n=1
and let T
mgzmax{mEN‘ o > |t2] —i—l}.
Note that
o0
1
3 faml? = (201, 52)

m=1
(in the case o1 + o2 > 3/2) and that
logT —log(|ta] + 1)
log 2

<mg+1

hold. We take T'>2 and N € N with |ta| +1 < T and 3T < 27N/C, where
C > 1, and we assume that T' < t; < 2T. Then we have

2T N
1<ty —|to| <|t1+ta] <|t1]+ |t2] <3T < ok
Therefore, we can use Lemma 3.1, and we have, say,
N
Ca(s1,82) = Z amm 4+ O(tl_lNQ_”l_U?) =11+ I.
m=1
Since a,, < m~?1~?2*! by Corollary 2.1, we obtain
N N
o log N o1+ 09 =2),
S mad < Yot g N A
m—1 =1 N 1 2 (01 +o09 < 2)
and
N N
log N o1+ 02 =2),
heY an< Y minn g 18N (orea=2)
— = N==1792 (01 + 092 <2).

https://doi.org/10.1215/00277630-2888210 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2888210

ON CERTAIN MEAN VALUES OF THE DOUBLE ZETA-FUNCTION 171

Therefore, we have

2T = O(log N oo
/ 11> dty :TZ lam|* + <O§_2) B (o1 +02=2),
! O(N*727172%2) (g 405 < 2)

m=1

by Lemma 2.1 and

2T
/ |11[2’dt1 < N2_Ul_02 max |11’
T T<t1<2T

IOgN (Ul + 02 :2)a
N4=201=202 () 4 09 < 2).

On the other hand, we have

2T 2T g,
/ ‘1'2’2 dtl < N4—20'1—20'2/ — < T_1N4_201_2U2.
T T
Therefore, we have

2T ,
/ |Ca(s1,82)|” dty

T

N
1 O(N4_201_202) (01 + 092 <2).

By setting N = [T'] 4+ 1, we obtain

or )
/ |CGa(s1,82)|" dt1
T

(3.1)
O(log T p—"

:TZ|am|2+{ logT) (o=

P O(T4201-272) (g1 + 9 < 2).

Therefore, in the case o1 + 09 > 3/2, we have

o )
/ |Ca(s1,82)|" dt

T
O(logT) (01+0'2:2),

(1] +
- 201,89)T +
5 (201, 52) {O(T4—201—202) (3/2< 01+ 02<2).
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By this relation and Remark 2.1, we obtain

r 2
/I |Ga(s1,82)|" dt
t

2|41

T
_/ ‘CQ(SI,SQ)‘2dt1+O(1)

T/2m0

T/2k—1
= 2 / \ [Gals1,2)|*dt1 + O(1)

1<k<mq” /2

1
= Cgl](zo'l,SQ)T Z 2_]{:
1<k<mo
I O3 1 <k<my log sz) (01 +02=2),
O(Z1§kgm0(2%)4_201_202) (3/2<01+02<2)

O((log T)?) (01 +092=2),

(1]
— 20 , S T+
Cz ( 1 2) {O(T4201202) (3/2<0’1+02<2)

This implies the theorem for 3/2 < o1 + 09 < 2.
In the case o1 + 09 = 3/2, since

m m1—01—52
— 01 _ —s2) _ O(m 01792
A =m <((32) nz:ln ) p— +O0(m )
by Lemma 2.2, we have
m—1
|am | = +0(m™?)

Therefore, we have

= TlogT
/ ‘42(81,82)‘2dt1:7g2+0(T)
T s — 1]

by (3.1). By Remark 2.1 and this relation, we obtain the theorem. U

84. Proof of Theorem 1.2

In this section, we regard s, s1 as constants. We divide the proof into
three cases.
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Proof of Theorem 1.2 for oo >1 and 01+ g2 > 2. We set

for n € N. We have

[asy

o

2(51,52) Z(

n=2 m=1

3

—itg
) no‘2+lt2 Z ann :

Since
00 n—1
9 1
z :n’a”’ z: ms1 n202 1
n=2 n=2 m=1

converges by (2.2), we have

12Ty = P (s1,200)T + O(1)
by Lemma 2.1. 0

We use the following lemma in the cases 01 > 1, 1/2 <09 <1 and 07 <1,
3/2§01+0'2§2.

LEMMA 4.1. Let sy = o1 + itq, let so = 09 + ity € C with t9 > 1, and let
N €N with N > €. Let C > 1 be a given constant. Assume that the point
(51,82) € C? does not encounter the singularities of (a(s1,s2). If 1 <ty <
2rN/C and 1 < |t; +t2| <27 N/C, then we have

n—1

Gl = Y (X =)=

2<n<N m=1

O(ty 'N17o2 4 ;I N27o1=02) (59 #£1),
O(ty; ' N'=72log N) (s1=1)
for o9 >1/2, 01+ 09> 1 and any fized o2, 1.

Proof. Let | € N with o1 > —2[. To obtain the analytic continuation of
Ca(s1,52), we regard s1 and sg as complex variables and assume that 01,09 >
1 temporarily. For any N € N, we have, say,

n—1 n—1

@) Gens)= Y (X ml)ni +> (> ml) — Uy +Us.

2<n<N m=1 n>N m=1
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The term U; is obviously holomorphic in C?. By setting M = 2]+ 1 in
Lemma 2.2, we have, say,

1
0= Y (% )—
n>N m= 1ms1 -t/
> (ot 5
n>N 2
M-1
Bk_l’_l _ —k ]_
Z g —RM:n(Sﬁ)ﬁ
k=1
1 1 1
Z 1 5 Z nsits2—1 9 Z ns1tse
n>N n>N
M-1
B 1 1
- (0 D mrars® — 2 o Btn(s1)
(4.2) — (k+1)! = ns1ts2 = ns2

N o
= ((s1) (C(Sz) - nsz)

n=1
N
1 1
L (4(31“2_1)_2@)
n=1
M-1
1 1 Bjin 1
- § Z ns1ts2 - Z (k+ 1)!(81>k Z ns1+sz+k
n>N k=1 n>N
n>N

=Lh+L+I3+ 14+ I5.

Since I5 converges absolutely for 01 > —M 4+ 1= —-2] and 01 + 09 > —1, Us
is continued meromorphically to o9 > 0, o1 > —2I, and o1 4+ 02 > 1. Now,
we regard g9, S as constants.

In the case s; # 1, by Lemma 2.3 we have [} < |s1 — 1\*1t2_1N1*”2
and I < [s1 — 1\_1152_1N2_01_02. Also, we can easily obtain I3, 4,5 <
t;lNZ_Ul_UZ. This implies the lemma for s; # 1. In the case s; =1, we
obtain the lemma by using the maximum modulus principle. 0
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We prove Theorem 1.2 for o1 > 1, 1/2<o093<1 or 07 <1, 3/2<
01+ 09 < 2. We divide the proof into the case s; # 1 and the case s1 = 1.

Proof of Theorem 1.2 for s; # 1. We prove the theorem by the same argu-
ment as in the proof of Theorem 1.1.

Let
n—1
anp=n"°2 Z m~ 1,
m=1
Note that

3 anl? = ¢ (51,202)
n=2

in the case 01 + 09 > 3/2 and o9 > 1/2. We take T'>2 and N € N with
N > €2 |t1|+1<T, and 3T < 27N/C, where C > 1, and we assume that
T <ty <2T. Then we can use Lemma 4.1, and we have, say,

N
C2(81,82) = Z:(Ln’rl_il52 + O(t;lNl_UQ + t51N2_01_02) =L+ I.
n=2

Since

n= 72 o1 >1),
an<<{ (01> 1)
n

by Corollary 2.1, we obtain

log N (02=1,0121),
i ) N2—20'2 (0-2 < 1 ,01 = > 1)
na, <K
~ IOgN (01—|—02—2 O'1<1)
N472017202 (0—1 + 09 < 2 ,01 < 1)
and
10g]\7 (0'2:1,0'121)7
N
Nl—a’2 o <170' >17
11 <<Zan<< (02 1>1)
n=2 log N (01+ 09 =2,01 <1),
N2791792 (g + 09 < 2,01 < 1).
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Therefore, we have

O(lOgN) (0-2_1 0.121)’
= N 2—20
N7z 1,00 >1
T O(log N) (01 4+ 09 =2,01<1),
( (

n=2
0] 01+02<201<1)

)

N47201 —209 )

by Lemma 2.1 and

(N1-02 4 N2-01702)]og N (02 =1,01 > 1),
o Nl-02 4 N2-01—02)N1-02 <1 >1
/ L Lldts < " : e b =)
T (N1=o2 4 N2-01702)]og N (01 +02=2,01<1),
(N]_fo'g + N27O’170’2)N2*0’1*0’2 (0-1 + 09 < 2’0‘1 < 1)
(IOgN (0-2:170-121)7
N2—20’2 o9 < 1’ >1 ,
< (02 o1 >1)
log N (01 +02=2,01<1),
N4—201—202 (0-1 409 < 2,01 < 1)-

On the other hand, we have
2T
/ ‘1'2’2 dtQ < T—l(NQ—QO'Q + N4_201_20.2).
T

Therefore, we have

O(log N) (o2 =1,01 > 1),

O(N?272 oy < 1,00 > 1),

/ |Ga(s1,9)] dtQ—TZ\an‘Q ( ) (o2 1>1)
n=2 O(log NV) (01 +09=2,01 < 1),
O(N4—2a1—202) (01 +02<2,01 < 1)

By setting N = [T] 4 1, we obtain

o ,
/ |Ca(s1, 82)|” dta
T

O(logT) (o =1,01>1),
727202 o2<1,012>1),
I e
n<T O(logT) (01+092=2,01<1),
O( (01402 < 2,01 < 1).

o)

T4—201 —209 )
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Therefore, in the case o1 + 02 > 3/2 and o9 > 1/2, we have

o )
/ |Ca(s1,82)|" dts

T

(4.4) O(logT) (o2 =1,01>1),
. 9] T2720'2 < 1, >1 ,
— §£21(31,202)T—|— ( ) (0 o121)

O(logT) (01 +02=2,01<1),

O(T4_2‘71_202) (01 +09<2,01< 1).

In the case o1 > 1,09 =1/2, since

n—1
an=n"2 Z m~l =n" 2 (C(sl) + O(n*m*l))
m=1

by Lemma 2.2, we have
’an|2 = n_l‘C(Sﬂ + O(n_aﬁ'l)‘Q = n_l‘((sl)‘z +O0(n™%).

Therefore, we obtain

27

(4.5) / \g2(51,52)|2czt2: \g(sl)\QTlogTJrO(T)
T

by (4.3). In the case 01 < 1 and o1 + 09 = 3/2, since

_/m
an="n "2(
81—1

—s1+1

+O(n) + 0(1))

by Lemma 2.2, we have

2 95, n=Sth2 —201+41 —o1+41
o2 =022 (| 4 02 4 o)
=
n-1
Rl +0(n?) 4+ O(n~21),
=

Therefore, we obtain

2T TlogT
(4_6) / ‘62(81,82)‘2dt2 = 7g2 + O(T)
T |s1 —1]
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by (4.3). In the case 01 =1 and o9 = 1/2, since

—s1+1

—0 n —o
an =0~ (((s1) = T + 00~ )
by Lemma 2.2, we have
—s1+1 9
an? =3 (7! |¢Cs) = | + O
7%; 7%;( ‘ S1 — 1 )
by Corollary 2.1. Since we have
1 n781+1 2
nSZTn ‘C(Sl) B S1 — 1 ‘
2 _ —— n
— ([ + 151 — 1 2)logT—2nz<;§R(C(51)81 —)+o)

- (}C(sl)‘Z +|s1 — 1\_2) logT 4+ O(1)
by Corollary 2.1, we have

S anl? = (|Cs0)|* + 51— 1172) log T+ O(1).

n<T

Therefore, we obtain

2T

(4.7) / |Cas1, 52)|* dta = (|¢(51)|* + [s1 — 1| 72) Tlog T + O(T)
T

by (4.3). By (4.4), (4.5), (4.6), and (4.7), we can obtain the theorem by the

same argument as in the proof of Theorem 1.1. []

Proof of Theorem 1.2 for s =1. We prove the theorem by the same argu-
ment as in the proof of Theorem 1.1.

Hereafter we use the same notation as in the preceding proof. Note that,
in this case, we have I, = O(t;lNl_("2 log N) by using Lemma 4.1. Since
an K n~%2logn, we obtain

N

v O((10g N (02=1),
2 1—209 oo n 2
E njan|” < E :n (logn)” < {O(NQ—Q(’?(logN)Q) (o2 <1)

n=2 n=2
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and

N
log N)? =1),
< Jan| < (E ) (02=1)
N "%2log N (092 <1).

n=2

Therefore, we have

o7 N O((log N)?) (o2 =1),
2 g, _ a2
/T 11| dt, =T E |an|” + {O(NQQUQ(IOgN>2) (02 < 1)

n=2

by Lemma 2.1 and
2T O((log N)? =1),
/ L] dts < ((02g_2 )°) 2 (02=1)
T O(N*=2(log N)*) (o2<1).

On the other hand, we have
2T
/ |Io|% dty < T~ N?7292(log N)2.
T

Therefore, by setting N = [T] + 1, we obtain

{omogT)S) (02 =1),

w [ YAty =T 2
(48) /T [Glor s dtz =T 3 Janf” + O(T?>292(10g T)?) (03 < 1).

n<T

In the case o9 > 1/2, we have

o )
/ |Ca(s1,52)|" dtz
T

4.
9 O((log T)?) (02— 1),

2]
_ ,209)T +
2 (51 02) {O(T220'2 (log | )2) (UQ < 1)

In the case o9 =1/2, since

n—1

2 1 “1\? (logn)? logn
o (5 o - o
and
- (logn)? [V (log N)?
Z - —/ afl(logw)de—i-O(l):T—i-O(l)
n=2 1
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hold, we have

2T
[

(4.10) i ;

+O(T(logT)?)

by (4.8). By (4.9) and (4.10), we can obtain the theorem by the same argu-
ment as in the proof of Theorem 1.1. []

85. Proof of Theorem 1.3
We divide the proof into four cases.
Proof of Theorem 1.3 for o9 >1 and o1 + o2 > 2. We set

1 1
w=(2 o)

mlk
m<vk

for £k € N. We have

Glsts2)= ) .

moin®2(mn)i
1<m<n

Y )

k>2 mn=k
m<n

(Y )

k>2 mlk
m<\Vk

= Zakk:_it.

k>2

Since
o0

1 2 1
Zk|ak|222< Z m01—02> k202—1

k>2 k>2 " mlk
m<vk

converges by (2.3), we have
I'(T) = ¢5'(01,02)T + O(1)

by Lemma 2.1. 0
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We use the following lemma in the cases 01 > 1, 1/2 <03 <1 and 07 <1,
3/2<0’1+02§2.

LEMMA 5.1. Let 01 +09 > 1, let 09 > 0, let s1 =01 + it, and let sy =

o9 +1t. Then
O(t™72) (o1 >1),
2(s1,52) Zn SZZm L4 O(to2e) (01 =1),
n<t O(tl 1= 02) (0’1 < 1)

holds for t > 2, where the implied constants depend on o1, 02.
To prove Lemma 5.1, we use the following lemma and corollary.

LEMMA 5.2 ([6, Lemma 2.2]). Let s =0 +it, |t| > 1. For N > (1/4)|t|,
m>1, and 0 > —2m — 1, we have

1 N N 2% By i
s)= 3 — CD S DR (), N
=n s—1 2 — (k+1)!

+ O(|t|2m+1N7072m71)’

where the implied constant does not depend on t.

COROLLARY 5.1 ([6, Corollary 2.3]). Let s =0 +it, |t| > 1. For N >
(1/4)|t| and o > —3, we have

1 N'= N s
=) = - =N 4 O(tPN—
¢(s) i I T +0(1 )
n<N

where the implied constant does not depend on t.

The following proof is similar to that in [6, Section 4.1].
Proof of Lemma 5.1. Let | € N with o1 > —21. We use (4.1) and (4.2).

Hence, we obtain the analytic continuation of (2(s1, s2) for o9 > 0, o1 > —2l,
and o1+ 09 > 1. Now, we set s1 = o1 +it, so = o9+ it with ¢t > 1 and N = [t].
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Then we have

Nl=s2 N7z g
I = . _Nfsgfl t 3N70273
! C(81)<52—1 2 12 +o( )
< |¢(s1) [t
t—o2 (0'1 > 1),
L tTte (o1 =1),

tlfo'l —02

(01 < 1)

for o9 > —3 by Corollary 5.1. Similarly, we have

1 N2—s1—s2 s1+89—1
I = < _ _N1*51*32 71\7781782
2Tl s \s; +89-2 2 T
+O(|t‘3N1—O'1—0'2—3))
< t17(7170'2

for o1 + o9 > —2. Since o1 + 03 > 1, we have
I <t 771772 (=3 4).

On the other hand, Rys(s1) = O(tMn=21=M) for 01 > —M by Lemma 5.2.
Hence, we have

1
I <t ) o <
n>N "

This implies the lemma.

0
We prove Theorem 1.3 for 01 > 1, 1/2<o0y<1or o1 <1, 3/2<0; +

o9 < 2. First we consider the case o1 > go. In particular, this condition is
satisfied when o1 > 1 and 1/2 < o9 < 1.
Proof of Theorem 1.3 for o1 > o9. If we set

n—1
A(s1,82) = Zn*‘” Z m—t,
m=1

n<t
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then we have, say,

T 2
/ |A(81,82)| dt
2

nyp—1 no—1
—89 —S1 —S2 —S1
/(g ny g m1 E Ny E m., )dt
n1<t no <t mo=1

ni—l1 ng—1

T it
=3 Y Y e m ey /M(W(gjzj) dt

2<n KT m1=12<ns<T ma=1

= > > ST army % ng 2 my " (T — M(ni,ns))

mini=manz2 1<mi<ni;—11<ma<nas—1
2<m <T 2<no<T

—0g _—01, —02,  _ —O0]
+ E E E Ny imy T Ny “My

miniF#maong 1<mi<ni—11<mo<ns—1
2<m <T 2<no<T

exp(iT log(™222)) — exp(iM (n1,ng) log(£252))
X

mini mini
mang
zlog(mlnl)

= 51T — Sy + 83,

where M (nq,n2) = max(nq,ng). First, we rewrite

si= X (X mewe)s B (5w

2<k<T mn= T<k<T? mn=
m<n<T m nST
° 2 2
S (S ) ()
k=2 mn=k k>T mn=k
m<n m<n

2
CELE )
T<k<T? mn=
m<n§T
Since

Z ( Z m*‘”n*‘”>2 = Z (Z m*"lm‘”k:*‘”)2

E>T mn=k k>T mlk

< Z k*20’2+6 < T1720'2+67
k>T
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we have
S1 = (5 (01,09) + O(T'272F¢).

Next, we rewrite, say,

Sp < Z Z Z ny 72my 7'ny 72my 7t O(ng + ng)

mini=maon2 1<mi;<ni;—11<mas<ns—1
2<n1<T 2<no<T

< Z ( Z m_‘”nl_”)( Z m_(’ln_”)

1< m<n<T 1<m<n<T

< Z( Z m~7tnl UQ)( Z m~tn" 2)

2<k<L<T mn=
1§m<n§T 1<m<n<T

P (S ) (D e

T<k<T? mn=
17m<n§T 1<m<n<T

= A+ As.

Since we have

A = Z k1—202< Z ma2—a1—1)( Z m@_gl)

2<k<T mlk mlk
m<vk m<vk
< Z k1—202+e<<T2—202+e
2<k<T

and

A < Z k201 (Z n1+01_02) <Z n"l_”2)

T<k<T? nlk nlk
n<T n<T
< Tl+20’1—20’2+6 § : k—?al < T2—2¢72-|—E7
T<k<T?

we have Sy < T?292+€ Next, we have, say,

Sz = g E E ny 72my 7 ny 72my 7!
mini#maonz 1<m1<ni—11<mo<ns—1

<n1 <T 2<no<T
exp(iT log(2222)) — exp(iM (n1,ng) log(H212))
X

mini mini

man2

zlog(mml)
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1
S SN SED SR TR ——

mini<manz 1<mi;<ni—11<mo<ngs—1
2<m <T 2<no<T

= Z Z Z ny%my % ny 2 my 7 1og(@)

mini<mana2<2mini 1<mi<ni—11<ma<ns—1
2<n1 <T 2<no<T

_ o _ 1
+ Z Z Z ny 7my 7ty 2my 7! log (272

manz2>2ming 1<mi<ni—11<mgo<ng—1
2<n1<T 2<no<T

= B + Bs.
We have By < 7?7292 in the case o1 > 1. In the case o1 < 1 we have

(5.1) By <« Z Z n1—02m1—01n2—02m2—01 < T4—201—202+€

1<mi1<ni;—11<ma<ngo—1
2<n1 <T 2<no<T

Hence, we have
T2 202+ (o1>1),

B2 < T4720’1720’2+6 (0.1 S 1)

Next we evaluate Bj. In the case o1 > 1 we have

_ - — —gp M1
B < E E g g ny 72my “'ny 72my 7!
T

r<T2mang—r=mini 1<mi<ni1<T 1<mao<no<T
- r<monsg

<Y Y Y Y e

r<T22<n; <T 1<mo<na<T ny|(manz—r)
r<msong

1
< T1—02+6n7¢72m701_<<T2—202+e.
>y ¥ )

r<T22<n1<T 1<mo<no<T

If 01 <1 we have

B« Z Z Z Z ny 72my “tngy Pmy 7t

r<T21<mi1<n1 <T 1<mag<no<T mong=mini—+r
- r<mon2

ming

r
(5.2) < Z Z Z Z nl—azml—m n2—02m2—01

r<T21<m1<n1<T 1<mo<na<T mang=mini+r
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mini manz

T ming

T2—a1 —o2+e€
< § E nl—O'le—Ul < 1’!4720’1720’24»67
T

r<T21<m1<n1<T

since we are in the case o9 < o1 < 1. Hence, we have

3202t 01> 1),
B, < (01>1)
T472017202+e (Ul S 1)

This implies that

o [T s,
3 T4—20‘1—20’2+6 (0.1 S 1)

Therefore, we have

O(T2—202+e) (0_1 > 1)’
O(T4—20’1—20’2+6) (0.1 S 1)

T
/2 ‘A(Sl,SQ)‘th:CQD(Ul,UQ)T+ {

Now, if we set

A=1Q —0oy+e¢ (01=1),
1—01—09 (Ul<1),

then we have

T 2 r 2
/ C(s1,52)| dt:/ |As1,82) + O(E)) [ dt
2 2

= /QT‘A(SI,SQ)‘ZdtJrO(/2T\A(sl,82)t’\|dt> +0(1).

By the Cauchy—Schwarz inequality, we have

T T T
/ |A(51,52)t)"dt < (/ ‘A(81’32)‘2dt>1/2 (/ t2)\dt>1/2
2 2 2

< TY?,

This implies the theorems.
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Next, we consider the case o1 < 9.

Proof of Theorem 1.3 for o1 < 09. Hereafter we use the same notation as
in the preceding proof. First we evaluate S7. Since

S (X memen)

k>T mn=k
m<n

= Z( Z 77”5_‘71771"2143_02>2

k>T  mlk
m<vk

< Z ]{7720’2 (k%(0'270'1)+6)2
k>T

< Z kftnfonge < T170‘170‘2+67
k>T

we have

S1 = C2D(O'1,O'2) + O(T1_01_02+6).

Next we evaluate Sy. Since

E m-In"7? =

Z Mmoo =02 & k—%(aﬁ-az)-ﬁ-e’

mn=k mlk
m<n m<\/%
(53) Z m—dlnl—ag —_ Z k,l—O'QmO'Q—O'l—l
mn=k mlk
m<n m<vk
fl-oate oo —01—1<0
. ( <0)

k%(1701702)+6 (02 —01—1> 0)

hold, we have

S gcpeq kT3 OTIR T 0vte (09 —01 —1<0),
k

(
2
—z(otoa)tepz(l-oi-oa)te (5) 5 —1>0),

do<k<T fl-3o1-goute (o2 —01—1<0),

Z2gkng%_al_02+e (09 —o1 —1>0).

https://doi.org/10.1215/00277630-2888210 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2888210

188 S. IKEDA, K. MATSUOKA, AND Y. NAGATA

We note that 1 — (1/2)o1 — (3/2)o2 < —1 is equivalent to oo > —(1/3)0; +
(4/3). Hence, we have

A< {T2—%a1—%og+6 (09 —01—1<0and o9 < —%01 4 %)7

(otherwise)

because o1 + 02 > 3/2. Similarly, we have

A < ZT<I<:<T2 k13013024 (09 —01—1<0),
2

> T<k<T? fzmon—oute (02 —01—1>0),
{T401302+6 (02—01—130 and JgS—%Ul—‘r%),

< .
(otherwise).

Therefore, we have

G, < T4-01—302+¢ (Jg —01—1<0and o9 < —%01 + %),
2
(otherwise).

Next we evaluate S3. Since estimation (5.1) remains also valid in this case,
we have By <« T47201—202%¢_ Gince we have

_ _ miny +r\l-o2
D P O e B

1<mao<n2<T mang=mini+r

<< T27O‘17(J‘2+6

for o1 <1, 09 > 1, 0# ming +r < T?, estimation (5.2) also remains valid
in this case. Therefore, we have Ss < T*~201-202%¢_ Since 4 — 201 — 209 —
(4 — 01 —302) =02 — 01 >0, we have

T
/ ‘A(SbSQ)‘th:C2D<g170-2)T+O<T4720172o—2+6).
2

By the same argument as in the case o1 > 09, we obtain the theorem. U

Proof of Theorem 1.3 for o1 > 1 and 0o =1/2. By [11, Theorem 2.2] we
have

20’1)C(0’1 + 1/2)2
C(20’1 + 1)

T NP 2 ¢(
/ |C(1/2+”)‘ ‘C(Ul —Ht)‘ dt ~ TlogT.
2
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By (1.3) and the Cauchy—Schwarz inequality, we have

T
19(T) ~/ C(1/2 +it)|*[ (o1 + it)| dt.
2
This completes the proof. U
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