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Abstract

A weighted graph G is a pair (V, &) containing vertex set V and edge set &, where each
edge e € & is associated with a weight W,.. A subgraph of G is a forest if it has no cycles.
All forests on the graph G form a probability space, where the probability of each forest
is proportional to the product of the weights of its edges. This paper aims to simulate
forests exactly from the target distribution. Methods based on coupling from the past
(CFTP) and rejection sampling are presented. Comparisons of these methods are given
theoretically and via simulation.
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1. Introduction

A weighted graph G is a pair (V, &) containing vertex set V and edge set &, where each edge
e € & is associated with a weight W,. A subgraph of G is a forest, denoted by F, if it contains
all vertices and has no cycles. A forest is a tree, denoted by T, if all vertices are connected.
Figure 1 shows examples of a graph, a tree, and a forest.

Two probability spaces, the forest space and tree space, are particularly important. The
forest space is formed by all forests in the graph G, with forest probability distribution

P(F) o h(F) = [ | We. (1)

ecF

The tree space is defined similarly, with tree probability distribution

P(T) o h(T) = ]_[ w,. (2)

ecT

The forest space and tree space on graph G are denoted by ¥ (G) and 7 (G), respectively. We use
Wz G) =D rerG) [ lecr We and Wr Gy := 3 rc7(G) [ leer We to denote the normalising
constants for distributions (1) and (2), respectively.

We are interested in the characteristics of the forest or tree distribution. For example, in
graphical models, where vertices denote random variables and edges denote the conditional
correlation of two variables given all other variables, we are interested in the edge inclusion
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FIGURE 1: Top: a graph with seven vertices; bottom-left: a tree on the graph; bottom-right: a forest on
the graph.

probability, P(e € F), or the expected number of connected components in a forest. These
quantities are nontrivial to calculate explicitly. Markov chain Monte Carlo (MCMC) methods,
however, can be used to simulate forests or trees approximately from the above distributions
and then, based on the sampled realisations, estimates can be obtained. A potential weakness
of MCMC methods is that the simulated trajectory of a Markov chain will depend on its initial
state. A common practical recommendation is to ignore the early stages, the so-called burn-in
phase, before collecting realisations of the state of the chain. In practice, judgements about
convergence are often made by visual inspection of the realised chain or the application of
simple rules of thumb. Concerns about the quality of the sampled realisations of the simulated
Markov chains have motivated the search for Monte Carlo methods that can be guaranteed to
provide samples from the target distribution. This is usually referred to as perfect sampling.

Sampling a tree exactly from distribution (2) has been well studied in [1], [2], [4], [8], and
[14]. However, sampling forests from distribution (1) has received little attention. Although
distributions (1) and (2) are similar, perfect sampling for forests is much harder than perfect
sampling for trees. This is because rescaling the edge weights, W,, does not change the
probability of a tree, since each spanning tree has the same number of edges, but it does change
the probability of a forest. For example, the simple graph G = (V, §), where V = {1, 2, 3}
and & = {{l1,2}, {1, 3}, {2, 3}}, induces seven spanning forests. If each edge has weight
W, = 1 then each forest has probability P(F) = % But, if we rescale the weights by a constant
factor @ # 1, thatis, W, = «, then P(F) = az/(l + 30 + 3a2) if F has two edges, and
P(F) = a/(1 4+ 3a + 3a?) if F has one edge.

This paper aims to develop methods to draw samples exactly from distribution (1). We
propose new sampling methods based on coupling from the past and rejection sampling. The
paper is organised as follows. In Section 2 we introduce the notation and basic definitions. Then
in Section 3 we develop coupling-from-the-past methods for sampling forests. In Section 4 we
present rejection sampling methods. Comparisons of the two methods are provided in Section 5.
Discussions are given in Section 6.
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2. Preliminaries

An undirected graph G is a pair (V, &) consisting of a set of vertices V = {1, ..., p}and a
set of edges & that join pairs of vertices. The edge e € & that joins the vertices i and j is denoted
by e = {i, j}. Vertices i and j are neighbours if e = {i, j} € §&. A graph G| = (V1, &) is
called a subgraph of G, = (V,, &) if Vi € V, and & C &. The degree of a vertex is the
number of vertices to which it is joined. A leaf in a tree or forest is a vertex of degree O or 1.
The boundary bd(A) of a subset A is the subset of vertices in V \ A that are neighbours of
vertices in A.

Let A be a subset of V. Then A is said to induce a subgraph G4 = (A, &4), where &4 is
the subset of & consisting of edges that join vertices in A. The size of a subgraph G 4 is equal
to the number of vertices in A.

A simple path between two vertices i and j is a sequence i = oy, ..., o, = j of distinct
vertices such that {ax_1, )} € & forall k = 2,...,n. A closed path {«1, a2, ..., 0y, @1} 18
called a cycle. Vertices i and j are connected if there is a path between them. A graph is said
to be connected if all pairs of vertices are connected. A graph G = (V, &) is said to have
components G 4, ..., G, if each subgraph G 4, is connected, Ay, ..., Ay is a partition of V,
andbd(A;)) =2,i=1,...,k.

A subgraph of G is a forest if it contains all vertices and has no cycles. A forest is a tree if
all vertices are connected. Forests and trees equipped with probability distributions (1) and (2)
are called random forests and random trees. Sampling a random forest or a random tree from
its distribution can be rephrased as sampling it from the weighted graph G.

3. Coupling from the past

3.1. Introduction of coupling from the past

Coupling from the past (CFTP) was introduced in the landmark paper of Propp and
Wilson [13], which showed how to provide perfect samples from the limiting distribution
of a Markov chain. The idea is to run all possible Markov chains simultaneously from the past
until all chains coalesce into a single chain, then keep running the coalesced chain and collect
a sample at time 0.

Let { X} be an ergodic Markov chain with state space X’ = {1, ..., n}, where the probability
of going from i to j is p;; and the stationary distribution is 7. Suppose that we design an update
function ¢ (-, U), which satisfies P(¢ (i, U) = j) = p;;, where ¢ is a deterministic function
and U is a random variable. To simulate the next state ¥ of the Markov chain, currently in
state i, we draw a random variable U and let Y = ¢ (i, U). Let f;(i) = ¢ (i, U;), and define
the composition

t
Ftl2 = fp—10 fn—20---0 fiy410 fy, forty <.

The coalescent idea of CFTP is that if F© » (X) has only one element denoted by X then the
unique element X is sampled from 7.

Lemma 1. (From [13].) Assume that, with probability 1, there exists a time t = —T, the
backward coupling time, such that chains starting from any state in X, = {1, ..., n} at time
t = —T, and with the same sequence {U;, t = —T, ..., —1}, arrive at the same state XZ)‘.

Then it must follow that X}, defined with probability 1, comes from 7.

If we run an ergodic Markov chain from time + = —oo and with the sequence {U;, t =
—T,...,—1} after —T, the Markov chain will arrive at XS. Then XE)" comes exactly from 7,
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since it is collected at time O and the Markov chain started from —oo. Therefore, a CFTP
algorithm is that if (i) F° () is a single point then output Fo (), otherwise (ii) let M = 2M
and carry out step (i) again. Propp and Wilson [13] showed that the computational cost of the
algorithm can be reduced if there is a partial order for the state space X, which is preserved
by the update function ¢. This is called monotone CFTP. Although monotone CFTP is easy to
perform, the requirement of monotonicity is very restrictive and finding a partial order preserved
by the Markov chains is a nontrivial task in many cases. An alternative improvement is CFTP
with bounding chains, such as that in [9] and [12]. If the bounding chains, which bound all
the Markov chains, coalesce then all Markov chains coalesce. Thus, if only several bounding
chains are required, the efficiency of the CFTP algorithm can be improved significantly.

3.2. MCMC algorithms

To use CFTP, we need to build an MCMC sampling algorithm. There is some previous work
on constructing MCMC samplers for more general graphs. For example, Jones [10] constructed
two samplers:

(a) Metropolis—Hastings where an edge to be updated is selected randomly, and
(b) Metropolis—Hastings where the choice of deleting or adding an edge is made first;

an edge is then selected at random either in the current graph or not, as appropriate. Propp
and Wilson [14] provided a Markov chain for moving among directed trees. It updates the
Markov chain by randomly selecting an edge not in the current directed tree and then deleting
an existing edge.

We will start by describing the MCMC sampler (a), as above, i.e. to pick the edge e uniformly
at random and then, with an appropriate probability, decide whether or not it should be added
or deleted in the forest.

We need to introduce some notation before giving the MCMC algorithm. We use {i, j} to
denote an undirected edge and (i, j) to denote a directed edge (an arrow), i — j. Given a
weighted graph G = (V, &) with weight W; ; for edge e = {i, j}, we use (i, k) ~ Unif{&,} to
denote that the directed edge (i, k) is drawn by selecting an edge e uniformly from the edge set
& and the direction i — k is randomly assigned. We use i <> k|G and i «+» k|G to denote that
vertices i and k are connected and not connected in graph G, respectively.

The following algorithm provides a possible way of running a forest Markov chain.

Algorithm 1. (Forest Markov chain algorithm.)

UpdateForest ((i, k), U, F;, Fi+1)
# Inputs: (i, k) ~ Unif{&;}, U ~ Unif[0, 1], and F;; output: Fi41.

If e={i,k} € F; or i «» k|F; 01
If U<Wii/(+Wip) 02
Fio1=F Ue 03

Else 04
Fip1 = F \e 05

Else 06
Find the path from i to k, i > j#k— - ---—k, in F; 07

If U< Wi/ Wij+ Wik) 08
Frp1=F U kI {i, j} 09

Else 10
Fiy1=F 11
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The algorithm samples an edge (i, k) uniformly from the edge set V and then decides whether
(i, k) should be added to the current forest F; or removed from F;. If (i, k) is in F; or vertices
i and k are not connected in F; then, by deleting {7, k} from F; or adding {i, k} to F;, the new
graph is still a forest. In such cases we update the forest Markov chain according to lines 01
to 05. If i and k are connected in the current forest then, by adding {i, k} to F;, the new graph
will have a cycle. In this case we have to remove an edge from the cycle to guarantee that the
new graph is a forest. The edge to be removed is either {i, k} or some other edge {i, j}, which
is randomly chosen. If {i, k} is removed then the chain does not move (line 11); if {i, j} is
removed then Fyy1 = F; U {i, k} \ {i, j} (line 09). The Markov chain generated by repeating
Algorithm 1 is ergodic and we have the following result.

Proposition 1. The stationary distribution of the Markov chain generated by repeating Algo-
rithm 1 is P(F) given in (1).

Proof. Algorithm 1 gives us a probability transition matrix R(Fy, F1). Since

P(F1)R(F, Fo) _
P(Fo)R(Fop, F1)

the Markov chain has stationary distribution (1) by detailed balance.

3.3. CFTP with a lower chain

In this subsection we present a CFTP method where one bounding chain is involved.

A forest F is uniquely determined by its edge set & (F). Therefore, we use {&€ (F})} to denote
the state of a forest Markov chain at time ¢. CFTP involves running individual Markov chains
simultaneously, starting from each possible initial forest. The chains are coupled so that when
two trajectories coincide they coalesce and continue as a single chain. The chains therefore
reduce in number as time goes on. At time 7, let ¥; be the set of forests that remain and let
NE(F) = \pe 7, €(F) be the set of edges that are common to these remaining forests. Let
L, be a subset of NE(F}).

Suppose that we could run all the Markov chains starting from —oo and have a sequence
{L:}, as described above. We call {£;} the lower chain. Suppose that we record the graphical
structure of £; at each step. If £, becomes a spanning tree at time —t then all the forest Markov
chains will have the same structure as £,. This means that the forest Markov chains coalesce
at time —t.

From the above observation we see that we should try to find updating rules for the chain {.£;}
such that if £; C NE(Fy) then L1 C NE(Fy41). Algorithm 2, below, provides an updating
approach for the lower chain £; which guarantees that this condition is satisfied. Note that the
following notation is used in Algorithm 2. We use A and C to denote the set of neighbours of i
in G and £, respectively. We use {i, A} to denote the edge set of i in the graph G, and we use
{i, C} to denote the edge set of i in L£;. We define W; o = 1.

Algorithm 2. (An updating approach for the lower chain.)

LowerCFTP ((i, k), U, £L;, L1+1)

# Inputs: (i, k) ~ Unif{&€;}, U ~ Unif[0, 1], and £L;; output: Li4].

Find vertex sets A and C 01

# Here A is the boundary of vertex i in G and C is the boundary

# of i in L;.

If {i,k} e Ly 02
If U< Wi /A+ W) then L4 =L Ue 03
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Else then Liy1 =L\ e 04
Else if i < k|L; 05
Find the path i — j(#k)—> - > ke L, 06

If U Wix/(Wij+ Wik) then Loy =L U{E kN {{E 7} 07
Else then L4 =L 08
Else 09
If U <minjeauo; Wik/ (Wi j + Wix) 10
L1 =L\ {i, CYU{{i, k}} 11

Else 12
Find D={jlj€C,j#k U= Wi/ Wi+ W )} 13

Lot = L0\ (i, D) 14

The following proposition proves that .£; is always a subset of N& (F}).
Proposition 2. With Algorithm 2, if £L; C NE(F}) then L1417 C NE(F41).
Proof. See Appendix A.

Here we only provide a simple explanation for the algorithm. In Algorithm 2, lines 02 to 08
update the lower chain according to the updating rules of the MCMC algorithm (Algorithm 1).
They guarantee Proposition 2 since only a subtree in £; is involved and this subtree must be in
any F, F € %;.

When i «» k|L;, lines 10 to 14 of Algorithm 2 will be performed. The edge {i, k} will
be added in £, if it should be added in all forests, and some edges are removed from £; to
guarantee Proposition 2.

Finally, we use Algorithm 3, below, to sample a forest from the target distribution.

Algorithm 3. (CFTP with a lower chain.)

FLAG =0, t=—-M and L, =9 01
Generate U; ~ Unif[0, 1] and (i, k); ~ Unif{&;}: t = —o0, ..., —1 02
Repeat FLAG=1 and t=0 03
If FLAG=0 04
LowexrCFTP ((i, k), U, Ly, L1+1) 05

Else 06
UpdateForest ((i, k);, Us, L1, Li41) 07

If FLAG=0 and J£L;+] is a spanning tree 08
FLAG=1 09
t=t+1 10

If FLAG=0 and t =0 11
M=2M, t=—-—M and L;, =9 12

Proposition 3. Algorithm 3 returns a forest with probability distribution (1).
Proof. This follows since all the Markov chains coalesce.

The running time of this CFTP algorithm is at least equal to the waiting time that the lower
chain becomes a tree (see the complexity analysis in later sections). Therefore, when the graph
is not strongly connected (different parts of the graph are connected via edges with very small
weights), coupling takes a long time. To improve the coupling, we add an upper chain to the
algorithm, as described in the next subsection.
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3.4. CFTP with bounding chains

We follow the notation of Section 3.3 and we define, at time 7, U, to be a superset of the
union of the edges in all the edges in the remaining forests, that is,

U; D UE(F,) = U &(F).
Fe%;

The sequence {U; }(loo can be viewed as an upper chain. We run {.£,;} and {U,} simultaneously.
When £; = Uy, all the forest Markov chains are squeezed into .£;. This means coalescence.
Therefore, we only need to set up the updating rules for £; and U, such that, for any F;, at any
time ¢, we have £; C &(F;) C U;. Algorithm 4 and Algorithm 5, below, together provide us
with a way of doing this.

Algorithm 4. (An updating approach for the bounding chains.)

LowerUpperCFTP ((i, k), U, L, Uy, L14+1, Ur+1)
# Inputs: (i, k) ~ Unif{&;}, U ~ Unif[0, 1], £;, and U;;
# outputs: Ly41and Us4g .-

If {i,k} e Ly 01
If U<Wii/(0+Wip) 02
Lyt =Ly, Uppr = Uy 03

Else then L4 =L\ {i, k}, U1 = Us \ {i, k} 04
Else if i < k|L; 05
Find the path i — j(#k)—> - > ke L 06

If U < Wik/(Wij+ Wik) 07
Lot = Lo\ i, YU LK), Uier = U\ i, j)U G K) 08

Else then L4171 =Ly, Uirr = Uy 09
Else 10
UPDATE((l,k),U, £t,ut,£,+1,ut+1) 11

Algorithm 5. (The subroutine of Algorithm 4.)

UPDATE ((i, k), U, Ly, Us, Lr+1, Us1)
# Inputs: (i, k) ~ Unif{&;}, U ~ Unif[0, 1], £;, and U;;
# Outputs: L4171 and U4 -

Find the set B={j|j #i,i > j— - — ke U} 01
If B=¢ or B={k} 02
If U < Wi/ Wi+ 1) 03
Usir1 = U Ui, k} and Loy = L ULk} 04

Else then U1 = U\ {i,k} and L4171 = L\ {i, k} 05
Else 06
Find 07

C={jlj#k, j#ili,j}e L}
D={jljeC,j#kU=<Wy/(Wi+ W)}
A=BU{0}\ {k}

If U <minjea{Wir/(Wij+ Wi} 08
Find E ={l|l #k and k < [|Ls} 09
Lip1 = (LN\{i, CHU i, k} and U1 = (U \ {i, E}) U {i, k} 10

Else if U > maxjealWir/(Wij + Wip)) 11
Ups1 = U \ (i k) and Loy = L\ (i k) 12

Else then U1 = U Ui, k} and L4 = L4\ {i, D} 13
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In Algorithm 5, B = ¢ or B = {k} means thati <+» k|U; or i and k are connected only via
edge {i, k}. The vertex sets C and D are defined similarly to those in Algorithm 2.

The following proposition proves that .£; and U; governed by Algorithm 4 and Algorithm 5
bound all the edge sets, &(F), for F € ¥;.

Proposition 4. Given U; D UE (F;) and NE(F;) D &Ly, Algorithm 4 and Algorithm 5 guaran-
tee that U1 D UE(Fr41) and NE(Fry1) D Liy1.

Proof. See Appendix B.

Here we only provide a simple explanation for the algorithms. In Algorithm 4, lines 01
to 09 update £, and U; according to the MCMC algorithm (Algorithm 1). When i < k|L;
(line 10), it will call the subroutine UPDATE, given by Algorithm 5. In Algorithm 5, lines 02
to 05 update U, and L, according to the MCMC algorithm and they guarantee Proposition 4
since i and k can be connected only through the edge {i, k}. Lines 08 to 10 of Algorithm 5 add
edge {i, k} to L£; and U;, delete all edges where possible from £;, and delete all edges {i, /},
which conflict with i <> k < [|U,, from U;. Lines 11 to 12 delete {i, k} from both .£; and
U,. Line 13 adds {i, k} to U, and deletes {i, k} from L;.

Finally, we have Algorithm 6, below, the CFTP algorithm with two bounding chains, which
returns a forest from the target distribution.

Algorithm 6. (CFTP with bounding chains.)

FLAG =0, t=-M, U, =&(G) and L, = 01
Generate U; ~ Unif[0, 1] and (i, k); ~ Unif{&;}: t = —o0,...,0 02
Repeat until FLAG=1 and t=0 03
If FLAG=0 04
LowerUpperCFTP ((i, k);, U, Ly, Us, Li+1, Ur+1) 05

Else 06
UpdateForest ((i, k);, Us, L1, L141) 07

If FLAG=0, and L41 = Usy1 or Lr4] 1s a spanning tree 08
FLAG=1 09
t=t+1 10

If FLAG=0 and t =0 11
M=2M, t=-M, U =8(G) and L, =3 12

Proposition 5. Algorithm 6 returns a forest with probability distribution (1).

Proof. This follows since, when the upper chain and the lower chain become the same, all
the Markov chains coalesce.

Algorithm 6 is more efficient than Algorithm 3. This is because we have two bounding
chains: the upper chain and the lower chain. The upper chain will remove the edges which
have tiny weights. Then the graph is divided into several parts. Thus, the large graph will
be divided into several small graphs which have edges with large weights. The lower chain
will deal with these small graphs. So, if the upper chain and lower chain work together, the
coalescence will be achieved rapidly.

Note that finding the vertex sets A, B, C, D, and E in Algorithm 4 is not difficult. Vertex
sets C or D can be found in polynomial time, since it is equivalent to finding some neighbour
set of i in L£;. Vertex set E is the connectivity set of k in £;. It needs at most time complexity
0 (p?), the complexity of visiting all edges. Finding vertex set B needs a running time of at
most p O (w), where w is the complexity of finding a path from i to k in U;. So B can be found
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in polynomial time since finding a path from i to k is easier than finding the connectivity set
of i. It then follows that A can be found in polynomial time.
4. Rejection sampling methods

4.1. Rejection sampler with Bernoulli sampling

In this subsection we present a naive sampling algorithm.

Algorithm 7. (Bernoulli rejection sampler.)

# Inputs: GandW,, e€ & ={e1,...,en}; output: F.
g:@ 01
Repeat i=1,---,m 02
U ~ Unif]0, 1] 03
If U<W,/(1+ W) 04
g=gUe 05
If g is not a forest 06
Return to line 02 and g=9 07
F=g 08

Algorithm 7 samples edges one by one according to the probability W, /(1 + W,). The
result graph is accepted if it is a forest, otherwise it is rejected. It can easily be proved that
Algorithm 7 returns a forest from the target distribution. The algorithm will be efficient if the
graph G is a sparse graph and no cycle in G is made of heavily weighted edges. If there is a
cycle in which all edge weights are large then the Bernoulli sampler is likely to return a graph
g with this cycle and g will be rejected.

4.2. Rejection method based on tree sampling

Given a graph G, we may add a new vertex 0 Emd edggs {0,i},i =1,..., p, to the graph
and obtain G. Then we can sample a random tree 7' from G by using any existing tree sampling

methods given in [1], [4], [8], or [14]. Then delete the edges of vertex 0 from T and obtain a
forest F*.

Proposition 6. If a forest F* is sampled by the above approach then F* has probability P(F*)
given by
P(F) o h(F*) = c(F) T W
ecE(F*)

where
k
c(F*) =[]si,
i=1

k is the number of components in F*, and s; is the size of the ith component.

Proof. If we delete vertex 0 and its edges in T, sampled from G, then we obtain a forest F*.

Each F* may correspond to several different trees, 7. This is illustrated in Figure 2. Let
A = A(F*) = {T: such that F can be derived from T'}. Therefore,

IS(F*) _ Zf‘ee/\, neee(f) We _
ZTGT(G‘) Hee@(f) We
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(a) (b) (©

(d) (e)

FIGURE 2: Rejection sampler. (a) Original graph G; (b) graph G;
(c) the sampled forest; (d) and (e) two trees sampled from G.

Obviously, all the T's in 4 have the same probability. Then it follows that

c(F*) [ecg(rny We
> rreer Gy CF) [ecerny We'

where ¢(F*) denotes the number of trees that correspond to the same forest F*. We may also
write P(F*) o¢ h(F*) = ¢(F*) [1,eg(p+) We-

Suppose that F* has k components and that the ith component has size s;. Then the ith
component of F* is a subtree with s; vertices. This subtree can be derived from s; different
subtrees in G by deleting vertex 0 and its edges. Therefore, the total number of Tsin 4 is

c(F*) = ]_[le Si.

Wehave h(F) < h(F), according to ¢(F) > 1. We can then use rejection sampling to sample
F from P(F), since we can sample from & (F'), by using Proposition 6. Therefore, summarising
the above, we have the following algorithm which returns a forest with probability distribution
given by (1).

P(F*) =

Algorithm 8. (Rejection sampler based on tree sampling.)

# Inputs: GandW,, e € §; output: F.

Sample a tree T from G and U from Unif[o0, 1] 01
Delete vertex 0 and its edges in T and achieve an undirected

forest F* 02
# F* has the probability P(F*).

If U§P(F*)/f’(F*) then accept and output F*; 03
else reject F* and go back to step 01. 04

The acceptance probability of the algorithm is Wg (G)/ Wi é)- Therefore, the efficiency of
the algorithm depends on the graph structure. In Section 5 we will provide a detailed complexity
analysis for the algorithm.
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There are various tree sampling algorithms. The methods in [4] and [8] are based on the
matrix tree theorem (see Appendix D) and matrix determinant calculation, therefore, they are
called determinant-based tree sampling algorithms. The methods in [1] and [14] are based on
running random walks on the graphs, therefore, they are called random-walk tree sampling
algorithms. According to different tree sampling methods, we categorise rejection sampling
based on tree sampling (Algorithm 8) as determinant rejection sampling and random-walk
rejection sampling.

5. Complexity analysis for special graphs

All existing tree sampling algorithms [1], [4], [8], [14] are polynomial-time algorithms with
complexity O (p?) (determinant-based tree sampling algorithms) or O (p log(p)) (random-walk
tree sampling algorithms). However, sampling forests is more complex than sampling trees.
When we sample a random forest from a weighted graph, analysing the complexity of the
algorithms in Sections 3 and 4 is nontrivial. But it is possible to derive complexity results for
simple graphs, such as complete graphs and square lattices with weight 1 for each edge.

Definition 1. A square lattice L, = (V, &) is a graph having vertex set
V={l,....n} x{1,...,n},

with the two vertices (i, j) and (i’, j') being adjacent if |i —i'| + |j — j'| = 1.

5.1. Complexity analysis of CFTP algorithms

When we sample a forest from a uniformly weighted square lattice with Algorithm 3, we
can show that the running time of the algorithm grows exponentially, as the number of vertices
increases. Algorithm 2 can be simplified to Algorithm 9, below, for a lattice graph where each
edge has weight 1.

Algorithm 9. (A lower chain for a square lattice.)

LowerUniformCFTP ((i, k), U, L, L1+1)
# Inputs: (i, k) ~ Unif{&;}, U ~ Unif[0, 1], and £, ; output: Li4].

If {i,k} e Ly 01
If U <05 then L4 =Ly 02
Else then £L£;41 =L\ {i, k} 03

Else 1f i < k|L,; 04
Find the path i > j#k— - > ke Ly 05
If U <05 then Ly =L\ {i, jIU{, k} 06
Else L1471 =L 07

Else 08
If U <05 then Ly =L \{i,CHU{i, k} 09
Else L1471 =L 10

Proposition 7. Given that G is a uniformly weighted square lattice, if we start L; from the
empty forest and update it with Algorithm 9, then it takes an exponential time to become a
spanning tree.

Proof. See Appendix C.

When we sample from a square lattice, Algorithm 6 is more efficient than Algorithm 3,
since Algorithm 6 uses two bounding chains and the amount of coalescent time is always less
than the amount of time required by CFTP with a lower chain. But it is nontrivial to analyse
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theoretically the complexity of Algorithm 6 for sampling from a square lattice. We therefore
leave this as future research work.

5.2. Complexity analysis for Algorithm 8

Algorithm 8 is a polynomial-time algorithm when sampling from a complete graph with
weight 1 on each edge, but it is an exponential-time algorithm when sampling from a square
lattice.

Proposition 8. The running time of Algorithm 8 for the complete graph with weight 1 on each
edge is O((p + 1)y), where y is the running time of sampling a tree from the graph G.

Proof. For a complete graph with weight 1 on each edge, the normalising constant W ()
or Wy () is the number of forests or trees in G. Therefore, the running time of the rejection
sampler (Algorithm 8) is the running time of sampling T from G (y=0{p+ Dlog(p+1))
for random-walk tree sampling methods and y = O((p + 1)?) for determinant tree sampling
methods) divided by the acceptance probability, W (G)/ WT(G)'

It is well known that the number of trees in a complete graph is p?~2. According to [15],
we know that in a complete graph We (G)/ Wy (), the ratio of the number of forests and the
number of spanning trees, is approximately /e when p is large. We then have

W) _ VepP™r  1/(p+ 1)
WT([;) (p+ l)pil \/E

Therefore, Algorithm 8 is a polynomial-time algorithm when sampling from complete graphs.

for large p.

Proposition 9. Algorithm 8 is an exponential-time algorithm when we sample a forest from a
uniformly weighted square lattice, i.e. a square lattice with W, = 1 for each edge.

Proof. From Lemmas 2 and 3, we have

WrG, _ 42655002
WrG, 3741017

which increases exponentially with n2. This means that the acceptance probability decreases
to 0 exponentially with n?. Therefore, Algorithm 8 needs an exponential running time when
sampling from a square lattice.

Lemma 2. (From [3].) Let G, be an n x n square lattice L,. Then

3.64497 < lim [Wy g, 1/ < 3.74101.
n—>oo

Lemma 3. Let G, be the graph derived from the n x n square lattice by Algorithm 8. The
number of spanning trees in G, satisfies WrG > 42655 Dn=2),

Proof. See Appendix D.

5.3. Method comparisons via simulation

We compare the running times of various forest sampling algorithms for uniformly weighted
complete graphs and lattices. We consider Bernoulli rejection sampling, CFTP with bounding
chains, and random-walk rejection sampling. We ignore CFTP with a lower chain and deter-
minant rejection sampling since, for complete graphs and lattices, they are always less efficient
than CFTP with bounding chains and random-walk rejection sampling, respectively.
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TaBLE 1: Running time (in seconds) comparisons for forest sampling on a square lattice, where
the last row gives the mean number of trees required for each forest in random-walk rejection

sampling.
Number of nodes 16 25 36
Bernoulli rejection
sampling <1 1 3
CFTP 14 66 234

Random-walk
rejection sampling 8 149 4120
Mean number of trees 55 443 4590

TABLE 2: Running time (in seconds) comparisons for sampling on uniformly weighted complete graphs,
where the last row gives the mean number of trees required for each forest in random-walk rejection

sampling.

Number of nodes 15 25 35
Bernoulli rejection

sampling - - —
CFTP 12x10° 28x10* 7.9x10°
Random-walk

rejection sampling 2.5 10 36
Mean number of trees 19 32 50

The results are shown in Table 1 and Table 2. For sampling from the square lattices, random-
walk rejection sampling performs very poorly because the acceptance probability decreases to O
exponentially; CFTP performs much better than random-walk rejection sampling, but worse
than Bernoulli rejection sampling.

Now we consider sampling forests from complete graphs where each edge has weight 1.
Random-walk rejection sampling uses polynomial running time; for example, for a graph
with 35 nodes, it only needs 36 seconds to obtain 1000 forests. Bernoulli rejection sampling
continues indefinitely and fails to obtain an output in realistic time, and CFTP takes a long time
to couple, because the upper chain, started from the whole graph, and the lower chain, started
from the empty graph, are far from each other.

Bernoulli rejection sampling is the best method for sampling from a lattice. But if the lattice
has loops made of heavily weighted edges, Bernoulli rejection sampling will be very inefficient.
For example, for the graph given in Figure 3, Bernoulli rejection sampling takes 30 minutes and
random-walk rejection sampling takes about 90 minutes, while CFTP only needs 6 minutes. In
this case CFTP is the best.

We conclude that perfect sampling for random forests is more difficult than perfect sampling
for random trees. Among the methods introduced in this paper, no method is uniformly the
best. For complete graphs where each edge has weight 1, Algorithm 8 is very efficient and we
recommend this algorithm for almost uniformly weighted graphs. The algorithm also works
well for some heterogeneously weighted graphs, but the acceptance probability depends on the
underlying graphical structure.

CFTP algorithms are very inefficient for uniformly weighted complete graphs, but for square
lattices with loops made of heavily weighted edges, we recommend using the CFTP with
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FIGURE 3: Lattice with unequal weights. The thin lines have weight 1 and the thick lines have weight 20.

bounding chains algorithm (Algorithm 6). For sparse graphs without heavily weighted loops,
we recommend using Bernoulli rejection sampling (Algorithm 7).

6. Discussion

It is a very challenging problem to simulate forests from a graph. This paper provides
practical solutions. When sampling from square lattices, we provide the complexity of CFTP
with a lower chain (Algorithm 2). But, for the same problem, the complexity of CFTP with
bounding chains (Algorithm 6) is still unknown. This is left as future research work.

The proposed methods can be applied to Gaussian graphical models where we are interested
in the selection of a conditional correlation structure for multivariate random variables. The
correlation structure is usually represented as a graph where the vertices denote the random
variables and the edges denote the conditional correlation of two variables given all other
variables. We may assume that the unknown graph structure is a forest. With some standard
Bayesian approaches [6], [7], [10], the posterior distribution of the forests has the form of (1).
We can use the presented perfect sampling methods introduced in Sections 3 and 4 to sample
realisations from the posterior and then make inference on the characteristics of the forest
posterior distribution. More application results can be found in [5].

Appendix A. Proof of Proposition 2
Algorithm 2 updates the lower chain £; through three cases:
1. the randomly selected edge, {i, k} € £L;,
2. {i,k} ¢ L£;and i < k|Ly,
3.0 «» k|Ly.

We now prove that, under each case, Proposition 2 is true, i.e. if £; C NE(F;) then L] C
mg(FhLl)‘
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Case 1. If {i, k} € L; then {i, k} € &(F;) for any F; € ¥;. According to Algorithms 1
and 2, if U < W; /(1 + W; ;) then &(Fr41) = 8(Fy), Fy € ¥, and L;41 = L;. So we have

Lir1 =Ly CTNE(F;) = NE(Fry1).

On the other hand, we also know thatif U > W; /(1 + W; ;) then & (Fry1) = E(Fy) \ {i, k}
and L,41 = L4\ {i, k}. So

Lipr =L\ {i, k} CINEFDI\ i, k} = NLEF) \ {i, k}] = NE(Fiy1).

Case 2. {i,k} ¢ Ly andi — j — -+ — k € E(Fy), j # k, F; € F;. According
to Algorithm 1,if U < W; i /(W; ; + Wi ;) then 8(Fy 1) = &(Fy) \ {i, j} U {i, k}; otherwise
&(Fi+1) = &(F;). Furthermore, according to lines 05 to 08 of Algorithm 2,if U < W; i /(W; ;j+
Wik then £, = £, \ {i, j}U{i, k}; otherwise &£, 1 = L£;. Obviously,if U < W; ;/(W; ; +
Wi k) and £, C NE(F;) then L1 C NE(Fr41)-

Case 3. If i < k|L, then vertices i and k are in different subtrees of .£;. So there may
exist different paths from i to k in different forest Markov chains, say i — jp, — - — k €
&(Fy), F; € ;. Note that if i and k are not connected in F; or they are neighbours, we define
ir, = 0.

Remember the definition of A in Algorithm 2. If U < min jeauqoy Wik /(Wi j + Wi ) then
E(Fi+1) = &(Fp)\{i, jr,}U (i, k}, according to the updating rules of the forest Markov chain.
Line 11 of Algorithm 2 also tells us that £;+1 = £; \ {i, C} U {i, k} = L£; \ {i, A} U {i, k}.
So

Los1 = Lo\ i, AYU (i, k) C NEFE)\ i, jr} U i k) = NE(Fit).

If U > minjcauoy Wik/(Wi j + Wi i), we have to introduce extra notation to simplify
the proof. For simplicity, we use F;* to denote F; if jr, = 0. When jr, # 0, if U >

Wi/ Wi + W, i ), we use Ft to denote F,;; otherwise we use F,. With this notation, we
divide all the forests F; into three groups: F/, F,,and F;. Accordingto D = {j|j € C, j #
k, U < W; /(W + W, ;)}inline 13 of Algorithm 2, we have UFt{l jgtUli,k} O {i, D}.
Therefore,

L1 =L\ {i, D}

= L0\ [U{z J} Ut k}]
C ﬂe(m N ﬂf:(F*]m[ﬂsuﬂ\[U{i,jﬁ,w{i,k}}
F F

b
C ﬂe*(Ft) N ﬂe:(F*»\{i,k}}m[ﬂe:(E)\U{i,jF,}]
“F; F F
= ﬂ&(ﬂ) N ﬂsw*z)\{i,k}}m[r)(s@)\{i,jﬁ,})}
_F* Ft
c ﬂ&(ﬁzm} [ﬂf:( H)}n[ﬂe(mn] 3)
_~[ F[
:ﬂé’(Ft+1),
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Note that we should prove that the relation ‘C’ in (3) is correct. According to Algorithm 1
(@) if jr, # Othen E(Fr11) = E(F) \ {i, jr,} U {i, k} given U < Wi /(Wi x + Wi JF ), which
implies that E(F)\ {i, ]F} C &(Fy41), (b) if Jjr, # 0 then &(Fi41) = &(F;) given U >

Wik/(Wix + W; JFt) which implies that S(F,_H) = 8(Ft) On the other hand, if jr, = 0
then &(Fr41) = E(F)U{i, kY given U < W; /(Wi + 1) and &(Fr41) = E(Fy) \ {i, k} given
U> Wi /(Wir+1). So(c)if jr, =O0then E(F;) \ {i, k} C E(Fry1).

Therefore, the relation ‘C’ in (3) is correct.

Appendix B. Proof of Proposition 4
Algorithm 4 updates the upper chain and lower chain through three cases:
1. the randomly selected edge, {i, k} € L;,
2. {i,k} ¢ L£;andi < k|L;,
3.0 o k|Ly.

Under cases 1 and 2, the proposition follows from the proof of Proposition 2. In case 3
Algorithm 4 calls Algorithm 5. So we only need to prove that Algorithm 5 guarantees the
proposition under i <= k|L;.

Algorithm 5 updates the upper and lower chains through two cases: (a) B = ¢ or B = {k},
(b) B # ¢ and B # {k}.

If B = ¢ or B = {k} theni and k are either neighbours or not connected in F;, F; € ¥;. So
given U < W;; /(Wi + 1) or not, the upper chain and the lower chain should be updated in the
same way. In this case the proposition follows from the proof of Proposition 2.

If B # ¢ and B # {k} then i and k may be connected through different paths. If
U < minjea{W;/(W; ;j + W; )} then we can prove that £, 1 C NE(F;41), as in the proof of
Proposition 2. Remember the definition of the vertex set E in Algorithm 5, which is the connec-
tivity set of k in £;. Therefore, E will also be part of the connectivity set of k in L£;1. In L1, 1
and k are neighbours. Obviously, in £; 41 there is a path between i and any vertex in E viak. So,
if j € E then {i, j} ¢ &(Fy+1), and, furthermore, {i, E} ¢ UE(F;41). In addition, given U <
minjea{Wir/(Wi,j + Wii)}, we have E(Fiy1) = E(F) \{i, jr,} U{i, k} C E(F) U {i, k}.
Therefore,

Uit1 = [U \ i, EN UG, &}
D [VEF) Ui, k}\ i, E}
DUEF+)\ (i, E}
= UE(Fiy1).

When U > max;ca{W;r/(W;; + Wi}, {i, k} will be deleted from all F;. We have
E(Fr+1) = &(F) \ {i, k}. So

Uit = U \ i, k} D UEF) \ {i, k}
= UE(Fr+1)
D NE(Fi41)
=N[E(F) \ {i, k}]
D L\ {i, k}
= Lst1-

https://doi.org/10.1239/aap/1222868191 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868191

Perfect sampling methods for random forests 913

Ifminjea{Wik/(Wi j+Wix)} < U < maxjea{Wik/(Wi, j+W;)}then, forsome F; € 5,
E(Fi11) = E(Fy), for some Fy, §(Fy+1) = &(Fy) \ {i, k}, and for the other F;, §(Fi4+1) =
E(F)\{i, jr,} U{i, k}. Obviously, we have

U1 = U, Ui, k} D UE(F,) U {i, k} D UE(Fip1).

We can prove that NE(F;+1) D L;+1, by arguments similar to the proof of Proposition 2.
Therefore, the proposition is proved.

Appendix C. Proof of Proposition 7

Before proving this proposition, we introduce some necessary definitions and notation. Let
G, = (V, &) be the n x n square lattice, let S; be the largest subtree in £;, and let |S;| be the
number of edges of S;. Let G, \ S; be the graph induced by V \ Vg, the vertices in G, not in
S;. Let & = n> — 1 —|S;|. Note that & = 0 implies that & = 0. Assume that | > o > %

Leto; = {L;: a(n? + 1) < |S;| < n? — 1}. We define the edge sets

Ap=A{G. ) 1i,jeGn\Si}

Ay = (@, ) | i,j € S}0{G j) | G J) ¢ St}
Az = {0, ) | G, ) € S},

Ay ={0. ) 11 € G \SIN{GE J) | J €S},
As ={(, J) i€ SIN{G j) | jeGn\ St

As when running the lower chain in Algorithm 9, we randomly choose a directed edge e = (i, j)
in each step and then update £;. Obviously, each set A;, i € {1,...,5}, consists of all the
possible choices of e = (i, j). For simplicity, we use A; to denote the event e € A;. Let
P(A; | 0y) = a;, i = 1,...,5. Note that ; depends on o; and Z;l o = 1.

Examples of the five kinds of events Ay, ..., As are provided in Figure 4. Figure 4(a) is an
example of event A, where vertices i and j do not belong to the largest subtree S;. Figure 4(b)
is an example of event Ay, where both i and j belong to S;, but the edge {i, j} does not belong
to S;. In Figure 4(c), {i, j} belongs to S;, therefore it is event A3. Figure 4(d) is event A4,
where j belongs to S; but i does not. Figure 4(e) is event As.

The following lemma is also necessary for proving Proposition 7.

Lemma 4. With the previous definitions and notation, aq4 = a5 and a3 > %(a4 + as).

Proof. Let |Vs,| be the number of vertices in S;. Therefore, given a large value of n and
|Vs, | > an?, S; has at least three vertices which are not leaves (vertices with degree 1), since
a lattice has maximum vertex degree 4. Then we can find three vertices which have at most
two neighbours not in S, since it has at most four neighbours, of which at least two are in S;.
Similarly, each of the other vertices has at most three neighbours not in S;.

We have a4 = a5 and a4 + a5 is the probability that (i, j) has one end in S; and the other
end not in S;. Then, given o; and a large value of n, we have a4 + a5 < 3(|Vs,| — 3)/|6] +
(2)(3)/181 = 3(|Vs,| — 1)/1€|, where |&| is the number of edges in the square lattice.

We also have a3 = |S$:|/1€] = (|Vs,| — 1)/1€], so that o3 > %(om + as).

Proof of Proposition 7. Assume that we run £; from time 0 to co. The coalescence time
is T = min{t; |S;| = n? — 1} = min{r; & = 0}. Note that & = n?> — 1. For some § > 1, we
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FIGURE 4: The events {e € A;}, i =1,...,5. (a) Ay, (b) A2, (c) Az, (d) A4, and (e) As.

immediately attain the following inequality:

P(T <t |&) =P =0]&)
=P@ ¥ =1 &)
<E@7% | &).

Given A1 = {(i, j) | i, j € G, \ St}, we have P(|S;+1]| = |S:| | A1, 01) = 1, since, accord-
ing to Algorithm 9, givene € Ay, the choice of e hasno effecton [S;+1|. S0E4, (§ISe+11=1Si1 | )
=].

Similarly, given Ay = {G, j) [ i,j € S} NA{G j) | G, j) ¢ S}, we have P(|S;41| =
IS(1 | A2, 07) = 1. S0 E4, (8'5+117150 | o) = ap.

Given A3 = {(i, j) | (i, j) € S}, then

P(ISi1] = ISi] | A3, 00) = P(ISi41] — S| < —1 | Az, 0) = 1.

This is because, when @, j) € S, the edge (i, j) has probablhty 5 of being removed from S;
and probability 1 5 of not being removed. If (i, j) is removed then the number of edges of the
largest subtree in .£; will decrease by at least 1. Thus, E 4, (SIS1l=1811 | 6, < ()[3( +5 Ls—1y.

Recall that Ay ={(i, j) |i € G, \ S;}N{GE, j) | j €S} In this case, edge (z,]) has
probability % of being added to S; and probability % of not being added. Then

P(IS1l = [Si] | Aa,00) = P(ISes1| = ISi| + 1 | Ag,00) = 5.

S0 Ea, (85117151 | 6) = au (4 + 18).

Remember that As = {(i, j) | i e Sy A{G, jHIj € ¢\ S} Similar to the case of Az, we
have P(|S;y1| = IS¢ | As,07) = 5 and P(|Si41] — |S¢] < —1 ]| As,0¢) = % Therefore,
Eas (15117151 | o) < as(} + } aﬁ)
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With all the previous illustration and Lemma 4, given § < 2, we have

E(5|St+1|—\57\ | Ol(l’lz +1) < |8 < n? — 1)
5
— ZEAi (8|ST+1|_|SI| | o7)
i=1

<ar+a+az(z+387") +aa(3+38) +as(3 +357")

=1+ 3@ +as5)' = 1) +asd = 1)

1+ 1 ((Bas)™' =D +as@ - 1)

<1 “

A

From (4) we have
E@ 5+ | &)
<E@E 5 |0 <& < (1—a)(n? — 1) — 20)
+EGE T | 1—a)(n>=1) =20 <& <n’—1)
< 5-5: E(S—(,Ezﬂ—&) |0 <& < (1— a)(n2 -1 =2a)+ 5—[(1—00("2—1)—206]
=5 & E(8|S/+1|*|St| | a(n2 +1) < |F| < (n2 -1) + 5 [0—)(n—1)—2e]
< 57 4 gl (n=1)=20],
Therefore,
P(T <t | &) <E@E™% | &)
=EEG® ™ | &_1) | &)
< B 81 | g) 4 11— ~D)-2a]
< 5780 4 5 10—@*=1)=2a]

Therefore, given t; = [ (1 — 5_50)8[(1_“)(”2_1)_2"‘]J,
E(T | €)=Y P(T > 1| &)

t>0

> Y max{0, 1 — 575 — s~ ((1-i=D2a])
t>0
=Y -5 15 11— (=1 =2a]y
0<t<n
= O0(t1).
This means that we need exponential coupling time, since | increases exponentially with n?.
The largest value of § available is % Given § = % and o = l, we have | = 0((%)("2_3)/2).
This means that the expected running time is at least 0((%)(” =72y,

Appendix D. Matrix tree theorem and the proof of Lemma 3

Lemma 5. (Matrix tree theorem.) The normalising constant Wy is equal to any cofactor of
the weighted degree matrix of G minus the weighted adjacency matrix of G.
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The weighted degree matrix of G is a diagonal matrix with the ith diagonal entry equal to
> j#i Wij, where the summation is for all neighbours of i. The weighted adjacency matrix of
Gis A = (a;j), where a;; =0and a;; = W;j, i # j,foralli, j. See, for example, [11] for a
proof of Lemma 5.

_ Proof of Lemma 3. Assume that G, is an n x n uniformly weighted square lattice and that
G, is the graph formed by adding an extra vertex 0 and extra edges {i, 0} into G,,.
According to the matrix tree theorem, we have

A—I —I 0 - 0 0
I A -I 0 0
0 -1 A 0 0
Wr G,y =det| . o e, . )
0 0 0 -~ A I
0 0 0 - —I A—1I

which is a determinant of an n? x n? partitioned tridiagonal matrix. In (5), I is the n x n

identity matrix and A is an n x n tridiagonal matrix given by

4 -1 0 -~ 0 0
-1 5 -1 0 0
0 -1 5 0 0
A= )
0 0 0 5 -1
0 0 0 -1 4

Let J, be the determinant of an n x n tridiagonal matrix with 4.5 in the diagonal entries
and —1 in the subdiagonal and superdiagonal entries. We have the recursive formula J, =
4.5J,-1 — Ju—2. Itis easy to have J, = aay + pa}, where

36.5+9v16.25 5 36.5—-9v16.25

ad=——>0 and f=————= <0.
32.5+94/16.25 32.5 - 94/16.25
Therefore,
I
'A = 5| 2352 = T3+ Jps 2 10502 > @), (6)

since Jy—1/Jy <2/(4.54++/16.25) <0.25and J,, > aj.
From

A B\ _ -
det(c D)_det(A)det(D—CA B),

we have Wy 5 | = [T, det(A;), where A; = A — fifjl, i=1,...,n—1,Ay=1, and
Ay=A-T1-4",.

Denote the eigepvalues of Aby A forl = 1,...,n. Obviously, for all I, A; > 3.
Thus, we have det(A,) = det(A — (A — nHH= H?:] A= — 1)’1): which is larger than
]_[;’ZI()LI — %) = det(A — I/2). Similarly, foralli = 1,...,n — 1, det(A;) > det(A — I /2).
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With the results det(A;) > 1, det(A,) > 1, and (6), we have

[5]
[6]

[7]
[8]
[9]
[10]
(11]

[12]
[13]

[14]

[15]

n
Wi, = [ ] det(4)
i=1

I n—2
> det(A — —)
2

<4.5+ 16.25\ "~ D¢=2)
> —_—
%)

> 4.26550—Dn=2)
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