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AN ESTIMATE OF RAMANUJAN RELATED TO THE
GREATEST INTEGER FUNCTION

S. BHARGAVA, CHANDRASHEKAR ADIGA AND D.D. SOMASHEKARA

If a and n are positive integers and if | | is the greatest integer function we obtain
o0
upper and lower estimates for ) |n/ akJ stated by Ramanujan in his notebooks.

k=1

1. INTRODUCTION

Let |z] denote the greatest integer not exceeding the real number z. If p isa
o0

prime it is well known [3, p.80] that the sum e of the series ) [n/p*] is the largest
k=1

exponent such that n! is divisible by p®. In this note we prove a proposition stated
in the third notebook of Ramanujan [4, p.378] which, along with its predecessors are
being edited by Berndt [1].

o0
PrROPOSITION 1. (Ramanujan). If a and n are positive integers, then Y [n/a¥|
k=1
lies between (n —1)/(a — 1) and {n/(a — 1)} — {log (n + 1)/loga}.

We observe that we may assume in the proposition @ > 2 and n > 2. Further,
on using the binomial theorem, we have

1+n)* ' —a>214+(e-1)n-—a=(n—-1)(a—1)>0.
Hence (1+n)*"! > a and this gives, on taking logarithms,
{n/(a—1)} — {log(n + 1)/loga} < (n —1)/(a - 1).

In order to establish Proposition 1 we therefore prove the following theorem.

THEOREM 1. (Ramanujan). Let @ > 2 and n 2> 2 be integers. Then

oo

(1) {n/(a 1)} - {log(n +1)/loga} < Y |n/a*] < (n—1)/(a—1).

k=1

In the next section we first obtain two lemmas which enable us to prove Theorem 1.
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2. PROOF OF THEOREM 1
LEMMA 1. Ifn > 2 and k > 2, then
(2) (n+H)" < (n+1)"7
Further, (2) becomes an equality in the cases
(i) n=0,k21, (i) n=1,k=0,1, (i) n=2,k=1.
PROOF: In the case n = 2, we have for each k > 2,

(n+1)"* (4 k)"
— (1 + 2)k+1 _ (2 + k)z

={1+ lerl 24 (klf;)k2’+---+2"+1}— (4 +4k + k%)
_won)+ & +11.)I;(.k3— Dgs , (k+ 1)1k.(12c .-31)4@ ~2),
= (k* —-1)(1 +¢), (e > 0),

>0,

since by hypothesis k > 2. Thus (2) is true for n =2 and each k > 2.
Let us assume that (2) holds for each k¥ > 2 and some m (=n) > 2. Thatis

(2" (m+ k)™ < (m+1)™0

Now, for each k 2> 2,
m+1 ™m 1 m
(m+1+k) = (m+k) (1+_m+k) (m+1+k)

< (m+ 1)t (1 + -n%k-)m(m +1+k) (by (21)

m+k m
_ m+k m+1 1 k
=(m+2) (m+2) (1+m+k 1+m+1
k m
m 1 1+ 2 k
= (m +2)"** : T (1+—1)
1+m.+1 1+m+1 m+

k
1 k
< 2m+k - (l _)
(m+ ) (1+m}|-1) +m+1

< (m+2)™

https://doi.org/10.1017/5S0004972700029543 Published online by Cambridge University Press

[2]


https://doi.org/10.1017/S0004972700029543

3] An extimate of Ramanujan 151

In writing the last inequality we have used the Bernoulli inequality:
(3) Q1+=z)* 2 1+az(a>1,2 > -1)

with 2 =1/(m + 1) and a = k. We have thus shown that (2) is true with n=m +1.
Thus we have proved Lemma 1 by induction on n. 0

LEMMA 2. If a, by, by, ..., by are integers such that @ 2> 2 and 0 £ b; < a,
i=0,1,2,..., k, then

(4) abo+b;+-"+bg < [boak + blak——l +ee 4 bb + 1]5—1.

PROOF: Consider

\
H(1+b) 14 Z[ E b,"b;z---b,',.]

=0 m=10<1#<i3<<i; <m

=1+bo [1+Zk: ( > b.-,b.-,---b;,.)]

m=1 \1<1; <I'3<'"<I"' <m

k
+b 1+Z E b,'lb,',---bgj
m=1 \2€#1<i3<<ijm

+

+ be—1(1 + bi) + bs

% 1+ z::b,,,(ug(k;m)(a-ui)
k

=14+ E b;ak—i.

=0

Taking the (a — 1)-th power on both sides and using Lemma 1, we have (4). 0

PROOF OF THEOREM 1: It is convenient to consider the cases n = a, n < @ and
n > a separately.

CASE (1). n =a > 2: We then have n < a* for each £ > 2 and so E |n/a*] =1
and the second half of (1) is trivially true with equality prevailing. The ﬁrst inequality
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of (1) is true in the strict sense, since

> _In/a*] = {n/(a — 1)} + {log(n +1)/log a}
k=1

= {log (n +1)/logn} ~ {1/(n - 1)}
=log{(n +1)*"*/n}/(n — 1)logn > 0.

CASE (11). (2 <) n < a: We then have n < a* for each k > 1 and so i |n/a*| =0
k=1

and the second half of (1) holds trivially in the strict sense. The first half of (1) is also
true since

> In/a*] + {log(n +1)/loga} — {n/(a — 1)}

k=1
= {log(n +1)/loga} — {n/(a — 1)} > 0,
on using (2) with k = a—n there, provided a > n+2. In the other subcase a =n+1,
the left and the middle expressions of (1) both being 0, we indeed have equality in the
first half of (1).

CASE (11I). n > a (> 2): In this case there exists an integer £ > 2 such that

k—1 < logn/loga <k,
or ak-1 < n < a*.

k-1 we have

) k-1
Y In/a™] =Y |n/a™]
m=1 m=1
=ak—2+ak—3+.“+1
ak1-1

a-1
n-—1

In the subcase n = a

a—1

and thus the second half of (1) holds with equality. The first half of (1) also holds since

> In/a™] - {n/(a = 1)} + {log (n + 1)/ log a}

={-1/(a — 1)} + {log (n + 1)/ log a}
> {log (a +1)/loga} — {1/(a - 1)}
>0
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as shown at the end of the concluding step of case (I).
We are thus left with the subcase a*~! < n < a*. In this case we can write

(5) n=>bya* ! +b8* 2+ - +by_za+bp_y

(0<b;<ai=0,1,....,k—1,bp > 1) and

Y [nfam) = 3

k-1
[n/a™]
m=1 m=1

k-1
= Z (boa* ™1 4. + br_m—1)

m=1

k—2b ak_j_l -1
- 7 a—1

i=0

= {(boa* ! + - + 1) /(@ — 1)} ~ {(bo + -+ + bi—1)/(a — 1)}
={n/(a=1)} = {(bo + b1 +--- + bp—1)/(a - 1)}-

The second half of (1) follows immediately since b > 1. The first half is also true
since

Y _In/a™] - {n/(a — 1)} + {log(n + 1)/ log a}

k—1
= {log(n + 1)/loga} — { (Zbg)/(a— 1)} =0,

on using (4) and (5).
This completes the proof of Theorem 1 and hence Proposition 1 is established. 0

An alternate proof of Proposition 1 due to Berndt [2] is being incorporated in one
of the forthcoming volumes of his editions of Ramanujan’s Notebooks [1].
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