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SOME NOTES ON THE MODULI OF STABLE SHEAVES
ON ELLIPTIC SURFACES

KOTA YOSHIOKA

Abstract. In this paper, we shall consider the birational structure of moduli
of stable sheaves on elliptic surfaces, which is a generalization of Friedman’s
results to higher rank cases. As applications, we show that some moduli spaces
of stable sheaves on P are rational. We also compute the Picard groups of
those on Abelian surfaces.

§0. Introduction

Let X be a smooth projective surface over C and H an ample di-
visor on X. Let Mgy (r,c1,A) be the moduli of stable sheaves E of rank
r on X with ¢1(F) = ¢ € NS(X) and A(E) = A, where A(E) =
c2(E) — {(tk(E) — 1)/21k(E)}(c1(E)?). In this note, we shall consider the
moduli spaces on elliptic surfaces. Let 7 : X — B be an elliptic sur-
face such that every singular fibre is irreducible. We denote the algebraic
equivalence class of fibres by f. We assume that X is regular, the intersec-
tion number (¢, f) is odd and H is sufficiently close to f. Then Friedman
[F] showed that Mg (2,c1,A) is birationally equivalent to S™(J2X), where
n =dim Mg(2,c1,A)/2,2d+1 = (c1, f) and JX is an elliptic surface over
B whose generic fibre is the set of line bundles of degree d. In this note, we
shall generalize it to the case where r and (c1, f) are relatively prime.

As an application, we shall show that My (r,kH,A) is a rational va-
riety if (X, H) = (P?,Op2(1)) and (r,3k) = 1. We also consider moduli
spaces on Abelian surfaces. In particular, we shall find a set of genera-
tors of H?(My(r,c1,A),Z). For general surfaces, Li [Lil], [Li2] considered
the structure of H (My(2,c1,A),Q), i < 2 and Pic(My(2,¢1,A)) ® Q for
A > 0. For the integral cohomologies, Mukai [Mu3], [Mu5] and O’Grady
[O] investigated the structure of H?(Mp(r,c1,A),Z) and the Picard group,
if X is a K3 surface. By the same method as in [Y2], we get a set of genera-
tors of H2(Mpyg(r,c1,A),Z), if X is a ruled surface. Our results for Abelian
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surfaces are similar to these results.

In section 1, we shall consider the birational structure of My (r,c1,A).
Our method is the same as that in Friedman [F] and Maruyama [Ma2].
That is, we shall use elementary transformations. For simplicity, we assume
that X is regular. Let E be a member of Mg(r,c1,A). Since H is suffi-
ciently close to the fibre, E[ -1, is a stable vector bundle on the generic
fibre 7=1(n). Then there is a stable vector bundle F; on X such that Ej;
is semi-stable in the sense of Simpson [S] for all fibres [, and E is ob-
tained from FE; by successive elementary transformations along coherent
sheaves of pure dimension 1 on fibres. Let Es be a stable vector bundle
such that Eo| -1, = Ei|z-1(y), E2[i is semi-stable in the sense of Simp-
son and det Fs|; = det E4; for all fibres I. By using the irreducibility of
I, we shall show that Fy = E; @ n*L, where L € Pic(B). Then we can
easily show that S"(JX) is birationally equivalent to an irreducible com-
ponent of Mg(r,c1,A), where n = dim My (r,c1,A)/2 and d is an integer.
By the dimension counting of non-locally free part (cf. [Y1, Thm. 0.4]), we
see that every irreducible component contains vector bundles (In fact, the
non-locally free part is of codimension r» — 1). Let E be a vector bundle of
My (r,c1,A). We note that Ext?(E, E(—1))o = Hom(E,E(Kx +1))§ =0
for all fibres [, where Ext*(E, E(D))g is the trace free part of Ext!(E, E(D)).
Then Ext!(E, E)y — Ext!(E|;, E|;)o is surjective. Considering the deforma-
tion space of F|;, we shall show that Mg (r,c1,A) is birationally equivalent
to S™(J4X).

In section 2, we shall treat the moduli spaces on P2 Let V € HO(P? KY,)
be a linear pencil which contains an elliptic curve C'. Since (Kpz, H) < 0,
we can deform E € Mpg(r,c1,A) to a sheaf E' € Mg(r,c1,A) such that
E'|¢ is semi-stable. If (¢;, H) and r are relatively prime, then E'|c is a
stable vector bundle. Let P2 — P! be the rational map defined by V and
Y — P? the blow-ups of P? which defines the morphism Y — P!. Then
My (r,c1,A) is birationally equivalent to a component of a moduli space
My (r,c1,A), where H' is an ample divisor on Y which is sufficiently close
to the fibre in NS(Y'). Since My (r,c1,A) is birationally equivalent to a
symmetric product of Y, we get that My (r, c1,A) is rational. We also prove
that the moduli of simple torsion free sheaves on Del Pezzo surfaces are
irreducible.

In section 3, we shall consider the moduli spaces on an Abelian surface.
We assume that ¢; mod NS(X) is a primitive element of NS(X)/r NS(X).
Mukai [Mul] gave a complete description of My (r,c1,A) in the case where
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dim My (r,c1,A) = 2. Hence we assume that dim Mg (r,c;, A) > 4. By us-
ing a quasi-universal family [Mu3], we shall construct a set of generators of
Hi(Mpy(r,c1,A),Z) for i = 1,2, where H is a general polarization (Theo-
rem 3.1). Our method is the same as in Gottsche and Huybrechts [G-H],
that is, we shall deform X to a product of elliptic curves. Then Mg(r,c1,0)
is isomorphic to X and My (7, c1, A) is birationally equivalent to X x HilbrXA.
Since both spaces have trivial canonical bundles, there are closed sub-
sets Z1 C My(r,c1,A) and Zy € X x Hilb%® such that codim(Z;) > 2,
codim(Zy) > 2 and My (r,c1,A)\ Z; = (X x Hilb32) \ Z,. Hence we get an
isomorphism H*(Mpy (r, ¢, A),Z) = H (X x Hilb%®, Z), i = 1, 2. Construct-
ing a family of stable sheaves parametrized by X x Hilbg(A \Z3 directly, we
shall construct a set of generators of H (Mg (r,c1,A),7Z), i = 1,2. By us-
ing deformation of X and the result in [Y4], we shall also show that the
Betti numbers of Mg (2,c1,A) are the same as those of Mg (1,0,2A) (The-
orem 3.5). We next show that the morphism Mz (r,c1, A) — Pic®(X) x X
defined in [Y2, Sect. 5] is an Albanese map, if dim Mg (r,c;, A) > 4. Com-
bining all together, we also describe the Picard group of My (r,c1,A) (The-
orem 3.6).

I would like to thank Professors A. Ishii and M. Maruyama for valuable
discussions.

NOTATION. Let X be a smooth projective surface over C and H an
ample divisor on X. For a scheme S, we denote the projection S x X — S
by ps. We denote the Néron-Severi group of X by NS(X). For an =z €
NS(X) ® Q, we set P(x) := (z,x — Kx)/2+ x(Ox).

For a torsion free sheaf E on X, we set
~ Tkﬁ(rEsz)l (cL(E)2).

We denote the traceless part of Ext'(E, E(D)) by Ext‘(E, E(D))o.

In this note, we use the notion of (semi-)stability of Mumford. Let
My (r,c1,A) be the moduli of stable sheaves E of rank r on X with ¢;(F) =
c1 € NS(X) and A(E) = A. We denote the open subscheme of My (7, c1,A)
consisting of stable vector bundles by Mg (r, c1, A)o.

A(FE) :=co(E)

§1. Moduli spaces on elliptic surfaces

1.1. Preliminaries

Let m : X — B be an elliptic surface. We assume that every fibre is
irreducible throughout this setion. We denote a fibre by f. Let n be the
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generic point of the base curve B. Let J?X — B be the elliptic surface over
B whose generic fibre is the set of line bundles of degree d on X| ;1. For
a coherent sheaf F on a fibre [, we set

tk(E) = lengthe, (E® Oy,),
deg(E) = x(E),

where 7; is the generic point of [.
A coherent sheaf E of pure dimension 1 on a fibre [ is semi-stable if

for all subsheaves F' # 0 of F.

LEMMA 1.1.  Let L be a relatively ample divisor on X. Let D be a
divisor on X such that (D, f) # 0 and (D,L + kf) = 0 for some positive
number k. Then,

(L, f)?

Proof. We set D = aL + bf + D', where a,b € Q and (D',L) =
(D', f) = 0. By the Hodge index theorem, (D'*) < 0. Hence (D?) = ((aL +
bf)2) + (D) < ((aL 4 bf)?) = a2(L2) + 2ab(L, f). Thus we may assume
that D = aL +bf. (D,L+ kf) = 0 implies that b(L, f) = —a(L, L + kf).
Hence ((aL + bf)?) = —a®((L?) + 2k(L, f)). Since (L, f) # 0, we get that
la| > 1/|(L, f)|. Hence (1.1) holds. U

(1.1) (D?) < ((L?) +2k(L, f))-

LEMMA 1.2. Let r be a positive integer and ci; an algebraically equiv-
alence class on X such that (c1, f) and r are relatively prime. Let L be an
ample divisor on X. Then

M snp(r,e1, A) = {E ' E is torsion free of rank r with (c;(E), A(E)) }

= (c1,A) and El;-1(, is stable.
forn > (r3(L, f)2A —2(L?))/4(L, f)?. We denote this space by M (r,cy,A).

Proof. The proof is similar to that in [Y3, Prop. 6.2] (in [Y3], we used
slightly different definition of A). 0
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Since Ext?(E, E)o = Hom(E, E)j =0, E € M(r,c1,A), M(r,c1,A) is
smooth of dimension 2rA — (12 —1)x(Ox) +dim Pic’(X). For a stable sheaf
E € M(r,c1,A), x(E|f) = (c1, f) and x(£ ® k;) = r are relatively prime,
where F is locally free at * € X and k, is the structure sheaf of x. Hence
there is a universal family (cf. [Mal, Thm. 6.11]).

LEMMA 1.3.  Let E be a vector bundle of rank r on X such that
(c1(E), f) = d, and let F be a coherent sheaf of pure dimension 1 on a
fibre I with rk(F') = r1 and deg(F) = dy. Let E — F be a surjective homo-
morphism and E' the kernel. Then
(1.2) A(E') = A(E) + T —nd,

T

Proof. For a coherent sheaf G on X, x(G) = rk(G)P(c1(G)/rk G) —

A(G). Since x(E) = x(E') + x(F),

A(E")Y = A(E) =dy —r(P(ci(E)/tk E) — P(c1(E')/rk E))
=d — —. 0

The following is a special case of Maruyama [Ma2].

PROPOSITION 1.4.  Let E be a vector bundle on X such that E| -1, is
a semi-stable vector bundle. Then there is a vector bundle E' on X such that
E'|; is semi-stable for every fibre | and E is obtained from E' by successive
elementary transformations along coherent sheaves of pure dimension 1 on

fibres.

Proof. We note that A(E) > 0. We shall prove our claim by induction
on A(E). We assume that there is a fibre [ such that E|; is not semi-
stable. Then there is a surjective homomorphism F|; — F' such that F is of
pure dimension 1 and x(E|;)/rk(E|;) > x(F)/rk F. We shall consider the
following elementary transformation along F:

00—k —F—F—0.

Since depthy F'=1, x € [ and X is smooth, we see that proj-dimy F =
dim X — depthy F = 1. Hence Ej is also locally free. By Lemma 1.3, we
get that A(E;) < A(F). Hence we obtain our corollary.
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1.2. General element of M (r,c;,A)

If we fix the rank r and the equivalence class ¢; mod 7* H'(B,Z), then
we may denote M (r,c1, A) by M(A). In fact, ¢; modrr*H?(B, Z) is deter-
mined by rA and the isomorphic class of Mg (r,c1,A) is determined by r,
cimodrm*H?(B,Z) and A.

Let E be a general element of M(A). We shall consider the Harder-
Narasimhan filtration of the restriction E|; of E to fibres [. In particular,
we shall show that E|; is semi-stable for all singular fibres .

LEMMA 1.5.  Let C be a projective curve and Oc(1l) an ample di-
visor on C. Let L be a line bundle on C. Let () be the subscheme of
Quotp,, (—nyen jc parametrizing quotients Oc(—n)®N — F such that (i)
F is a locally free sheaf of rank r with det F = L and (ii) H'(C, F(n)) = 0.
Then Q is smooth and irreducible.

Proof. Let X\ : Oc(—n)®N — F be a quotient which belongs to Q.
Then we see that Ext!(ker A, F)) = 0. Since Hom(ker A, F) — Ext!(F, F) %
HY(C,O¢) is surjective, Q is smooth. For k > n, there is an exact sequence
0— 05"V F(k) — L(rk) — 0. We set P := P(Ext! (L(rk),05" " V)V).
We shall consider the universal extension:

0— 0P F— L(rk) ® Op(—1) — 0.

Let P’ be the open subscheme of P of points y such that H'(C,F,) = 0.
Then pp/,(F) is a locally free sheaf on P’. Let ¢ : A — P’ be the vector
bundle associated to the locally free sheaf Hom((’)gﬁN ,pp/«(F)). Then there
is a homomorphism A : Ofivc — (¢ x 1)*F. Let A’ be the open subscheme
of A such that A is surjective. Then there is a surjective morphism A’ — Q,

and hence (@ is irreducible.

PROPOSITION 1.6. Let M(A)? be the open subscheme of M(A) of ele-
ments E such that E|; is semi-stable for every singular fibre I. Then M(A)°
is a dense subscheme of M(A).

Proof. We note that M (A)y := M(r,c1,A)p is an open dense sub-
scheme of M(A) (cf. [Y1, Thm. 0.4]). Hence it is sufficient to prove that
M(A)° N M(A)g is an open dense subscheme of M (A)g. Let E be a locally
free stable sheaf of M (A). Since E|;-1(,) is stable, we see that Ext?(E, E(—1))y =
Hom(E, E(1+Kx))y = 0. Hence we get that Ext!(E, E)g — Ext'(E|;, E|;)o
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is surjective. Let m be the multiplicity of [ and set [ = ml’. By Proposi-
tion 1.4, there is a vector bundle E; on X such that FEj|; is semi-stable
and det(E1|;) = det(E|;) @ Oy(kl’). Since (c1, f) = m(c1,1’), our assump-
tion on 7 and ¢; implies that (r,m) = 1. Replacing F; by E; @ Ox(jl'),
we may assume that det(E,|;) = det(E|;). Let Def(E|;) be the local de-
formation space of E|; of fixed determinant line bundle. We shall show
that Def(E|;)" := {F € Def(E|;) | F is not semi-stable} is a proper closed
subset of Def(E|;). In the notation of Lemma 1.5, we assume that L =
det(E1|;) and n is a sufficiently large integer such that there are quotients
O)(—n)®N — E|;, O)(—n)®N — Ey|; which belong to Q. We also assume
that HO(1,0PN) — HO(1, E|;(n)) and H°(1,0PN) — HO(1, E1|;(n)) are iso-
®N _, Q be the universal quotient. Since E|; is
semi-stable, Lemma 1.5 implies that Q" := {y € Q | Q, is not semi-stable}

morphisms. Let Ogy;(—n)

is a proper closed subset of Q. Since Def(E|;) is a transversal slice of the
Aut(OPN)-orbit and Q¥ is Aut(O;"")-invariant, Def(E|;)* is also a proper
closed subset of Def(E|;). Combining the surjectivity of the homomorphism:
Ext!(E, E)y — Ext'(E|;, E|;)o, we get that M(A)? is an open dense sub-
scheme of M(A). U

LEMMA 1.7. Let | be a smooth fibre. Let h := {(r1,d1),...,(rs,ds)}
be a sequence of pairs of integers such that r; >0, 1 <1i <s and dy/r; >
dy/re > -+ > dg/rs. Let Dy, be the subset of M (r,c1,co) of elements E such
that the Harder-Narasimhan filtration of E|;: 0 C Fy C Fo C--- C Fy = E|;
satisfies that tk(F;/F;—1) = r; and deg(F;/F;—1) = d;, 1 < i < s. Then
codim(Dy,) > ZKJ- rid; — rid;. In particular, if codim(Dy) =1, then s = 2
and rody — r1do = 1.

Proof. Let Def(E|;);, be the subset of Def(E|;) of elements G such
that the Harder-Narasimhan filtration of G : 0 C Fy C Fhb C --- C Fs, =G
satisfies that rk(F;/F;—1) = r; and deg(F;/F;—1) = d;, 1 <1 < s. We assume
that Def(F|;)y is not empty. We note that Ext!(E, E)g — Ext!(E|;, E|;)o is
surjective. It is known that codim(Def(E|;)n) = >, rjdi — rid; (cf. [A-B,
Thm. 7.14]). Hence we get our lemma. U

Let (71, d1) be the pair of integers such that 0<r; <r and rd; —rd = 1.
Let M(A)! be the open subscheme of M(A)? of elements E such that E;
is stable, or the Harder-Narasimhan filtration of E|; is 0 C F C E|; for
every smooth fibre [, where F' is a stable vector bundle of rank r{ on [ with
deg(F) = dy. Then M(A)! is an open dense subscheme of M(A)°.
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1.3. Vector bundles on elliptic curves
The following is due to Atiyah [A].

LEMMA 1.8. Let C be a smooth elliptic curve. Let r be a positive
integer and d an integer such that (r,d) = 1. Then,
(1) There is a stable vector bundle of rank r and degree d.
(2) Let (r1,dy) be the pair of integers such that rid—rd; =1 and 0 < ry; <.
Let E7 be a stable vector bundle of rank r1 and degree dy. Then every stable
vector bundle E of rank r and degree d is defined by an exact sequence

(1.3) 0 — Fy — E — Ey — 0,

where Fs is a stable vector bundle of rank ro := r—ry and degree dy := d—dj.
(3) Let 0 C Fy C F» C -+ C Fs = FE be the Harder-Narasimhan filtration
of a vector bundle E. Then E = @;_, E;, where E; == F;/F;_;.

Proof. (1) We shall prove our claim by induction on r. If r = 1, then
our claim obviously holds. Let (r1,d;) be the pair of integers such that
rid—1rdy = 1land 0 < 7ry <r. Weset ro :=r—r; and dy := d — dj.
By induction hypothesis, there are stable vector bundles F; of rank r; and
degree d;, i = 1,2. Since dy/r1 < da/rs, Hom(FEs, E1) = 0. By using the
Riemann-Roch theorem, we get that Ext!(Ey, Ey) = C. Let 0 — E; —
E — E5 — 0 be a non-trivial extension. We shall show that E is stable.
If E is not stable, then there is a semi-stable subsheaf G of E such that
degG/rk G > d/r. Since G and FEj are semi-stable and G — E — FEj is
not zero, deg G/rk G < dy/ry. We assume that deg G/rk G < da/re. Then
we see that 1/rry = do/ra —d/r > da/ro — deg G/tk G > 1/ra 1k G, which
is a contradiction. Hence deg G/ 1k G = da/re. Then we get that rtk G = ro
and deg G = dy. Hence G =2 FE», which is a contradiction.

(2) Let E be a stable vector bundle of rank r and degree d. Then
Ext!(Fy, E) = Hom(F, E1)Y = 0. By the Riemann-Roch theorem, there is a
non-zero homomorphism ¢ : £; — E. We shall show that ¢ is injective and
coker ¢ is stable. Since E; and E are stable, dy/r1 < degp(E1)/rtkp(E) <
d/r. In the same way as in the proof of (1), we see that rk ¢(E;) = r; and
deg p(E1) = di. Hence we get that E; = @(E;). We set Ey := coker ¢.
We assume that there is a quotient G of Es such that G is semi-stable
and dg/re > deg G/rk G. Since G is a quotient of E, we get that d/r <
deg G/rk G. Hence we get that d/r < degG/rkG < da/ra. Then 1/rry =
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da/ry — dJr > do/ro — deg G/rk G > 1/rark G, which is a contradiction.

Hence E» is a stable vector bundle.
(3) Since deg E;/rk E; > deg E;/rk Ej, i < j, the Serre duality implies
that Extl(Ej, E;) =0, < j. By the induction on s, we see that E = €, E;.
0

LEMMA 1.9. Let (r,d) (resp. (r1,d1), (r2,d2)) be the pair in Lemma 1.8.
Let E be a vector bundle of rank r on an elliptic curve C' with degree d and
FEs a stable vector bundle of rank ro on C' with degree ds.
(1) If E is stable, then Hom(E, E9) = C and a non-zero homomorphism is
surjective.
(2) Let Fy (resp. Fy) be a stable vector bundle of rank r1 and degree dy
(resp. rank ro and degree do). We assume that E = Fy & Fy and there is a
surjective homomorphism ¢ : E — FEs such that ker ¢ is also stable. Then
Ey 2 Fy and Hom(E, Ey) = C%2,

Proof. (1) Since E is stable, Ext!(E, Ey) = Hom(E», E)Y = 0. By
the Riemann-Roch theorem, we see that dim Hom(E, Ey) = 1. In the same
way as in the proof of Lemma 1.8, we see that a non-zero homomorphism
E — F» is surjective.

(2) If Ey 2 F, then ker ¢ = ker(¢|r,) @ Fa. Since ¢|p, @ F1 — Es is
surjective, ker(¢|r, ) # 0. Hence Fy = Fy. By the Riemann-Roch theorem,
Hom(F}, Ey) = C. Therefore Hom(E, Ey) = C%2.

1.4.

Let By be the open subscheme of B such that 7w : Xy := X xp By —
By is smooth. We assume that m has a section o. We denote the rela-
tive moduli space of stable vector bundles of rank r on fibres with de-
gree d by Mx,/p,(r,d) — Bo. We assume that (r,d) = 1. We shall con-
struct a family of stable vector bundles &, 4 on X x g, Xo and show that
Mx,/B,(1,d) = X as a Bp-scheme, by using induction on r. If r = 1, then
E1,.d = Oxoxp, xo((d+1)o—A) is a universal family, where A is the diagonal
of Xo xp, Xo. Let (r1,d1) be the pair of integers such that rid—rd; = 1 and
0<ri<r.Weset ro =r—ry and do = d—d;. Let E be a vector bundle on
Xo such that E|; is a stable vector bundle of rank ry and det E|; = O;(d20)
for every fibre I. By using Lemma 1.8, we see that £ := Ethl?xo (E,&.4,) is
a line bundle on X;. Then there is the universal extension

(1.4) 0— &Enay — Era — E@pi, (L) — 0,
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which parametrizes stable vector bundles of rank r on fibres with degree d.
Hence there is a morphism X — M, /g, (r,d). By our construction, this
morphism is injective. By ZMT, it is an isomorphism.

LEMMA 1.10. Let E and E' be semi-stable vector bundles on a multiple
fibre | = ml’ such that tk E =1k E’, det E = det E', and x(E) = x(E') = d.
Then,

A T
(15) HOII].(E, El) _ { C, ’le = E7

0, otherwise.

Proof. We set L := Ox(—1')|y. We note that tk(E ® L®*) = r and
X(E® L®*) = d/m for 0 < k < m— 1. Since (r,d) = 1 and F is semi-stable,
E® L®F is a stable sheaf on ml’. Thus 0 C E(—(m—1)I') C E(—(m—2)I') C

- C E(-l') C E is a Jordan-Holder filtration of E. Since the order of
L € Pic%(l') is m and (m,r) = 1, det E = det E’ and the stabilities of
E|p and E|p imply that Hom(E|;, E' ® L¥¥) = 0 for 1 < k < m — 1. Let
¢ : E — E' be a non-zero homomorphism. We shall show that ¢ is an
isomorphism. Since Hom(E|;, B’ ® L®*) = 0 for 1 < k < m — 1, we see that
ol : E|p — E'|p is not zero, which implies that E|y = E’|y. By Nakayama’s

~

lemma, ¢ is an isomorphism. Then it is easy to see that Hom(FE, E’) = C.

O

LEMMA 1.11. Let E,E’ be vector bundles of rank v on X such that
E|; and E'|; are semi-stable for all fibres | and det E = det E'. Then there
is a line bundle L on B such that E = E' @ 7*(L).

Proof. We note that E| —1(,;) = E'| -1, . By the upper semi-continuity
of h0(1, E'Y @ E|;), there is a non-zero homomorphism E'|; — E|; for every
fibre I. Since E|; and E’|; are semi-stable, Lemma 1.10 implies that F|; &
FE'|; and H°(I,E'"Y ® E|;) = C. By the base change theorem, we get that
L:=m,(E"V®E)isalineon B and 7*(L)® E' — F is an isomorphism. []

COROLLARY 1.12. M(A) is not empty if and only if A > Ay =
T2—
3 X(Ox).

Proof. We set A" := min{A | M(A) # 0}. Lemma 1.11 implies that
dim Pic’(X) = dim M (A') = 2rA" — (r2 — 1)x(Ox) + dim Pic’(X). Hence
we get our claim. []
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Remark 1.1. Let E be an element of M(Ag). By Lemma 1.11, there is
a surjective morphism Pic®(X) — M (Ay) sending L € Pic®(X) to E ® L.
Hence we get that M(Ag) = Pic®(X)/®(E), where ®(E) := {L € Pic’(X) |
E ® L = E}. In particular, if Pic’(X) = Pic%(B), then M(Aq) = Pic’(X).

1.5. Construction of a family

We assume that 7 : X — B has a section and show that M(A) is
birational to M(Ag) x S™X, where n := r(A — Ay). Let £ be a universal
family on M(Ag) x X. Let (r1,d;) be the pair of integers such that r1d —
rd; = —1land 0 <r; <7, and let £, 4, be the vector bundle on Xy x g, Xo.
Let 7 : Xo xB, Xo — Xop x X be the immersion. We denote the projection
M(Ap) x Xg — M(Ag) by g1 and M (Ag) x Xo — Xo by ¢2. By Lemma 1.9,
L = Homy,, ). «, (@1 X 1x)*E, (g2 X 1x)"jx&py0,) is a line bundle on
M(Ap) x Xp, and there is a surjective homomorphism: (¢; x 1x)*€ —
(QQ X 1)()*].*5“7(11 ®p*M(Ao)><Xo(£)v' Let pi Xg = X() XX() X XXO — X()
be the i-th projection, 1 < ¢ < n. Then there is a homomorphism

n
(1.6) A: €& — @(qg o (1M(Ao) X pi) X 1)()*]'*57«17511 ® L;,

i=1
where & is the pull-back of £ to M(Ag) x X§ x X and L£; = (1p(a,) X
Pi X 1x) Phragyxx, (L)Y We set T' := {(z1,21,...,2n) € XF | m(2;) =
7(xz;) for some 7 # j}. Then Ay := A|M(A0)x(Xg\F)xX is a surjective homo-
morphism. We set F := ker A;. By Lemma 1.3, F is a family of stable vec-
tor bundles on X. Hence there is a morphism M (Ag) x (XF\T') — M(A).
By our construction, this morphism is &,,-invariant, and hence we get a
morphism v : M(Ag) x (X{§/6,) — M(A). By our construction, it is
injective. Since dim S"X = 2n = dim M(A) — dim M (Ap), ZMT implies
that M(Ag) x (X3/S,) — M(A) is an immersion. We set M(A)? :=
v(M(Ag) x (XF/&,)). We shall show that M(A)? is dense. For this pur-
pose, we shall estimate the dimension of M (A)'\ M(A)2.

LEMMA 1.13. dim(M(A)'\ M(A)?) =2n — 1 + dim M (Ay).

Proof. Assume that the restriction E|; of E € M(A)! to a smooth
fibre [ is not stable. By the definition of M (A)!, we see that E|; & Ey @ Es,
where E; (resp. E9) is a stable vector bundle of rank r; and degree d; (resp.
rank 7o and degree dy). We set E' := ker(E — Ej). Then there is an exact
sequence
(1.7) 0— By — E'|, — Ey — 0.
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Then FE is obtained by the inverse transform from E’:
(1.8) 0— E— FE'(l) — E; — 0.

By (1.7), E'|; is stable or E'|, = E; ® E3. By Lemma 1.3, A(E') =
A(E) — 1/r. Conversely, for E' € M(A — 1/r)!, we shall consider a sur-
jective homomorphism ¢ : E' — F, such that the kernel of F’'|; — Fy is
stable, where F5 is a stable vector bundle of rank 75 on a smooth fibre [
with degree dy. If ker 1) ® Ox (1) belongs to M(A)L\ M(A)?, then (i) E'|; is
stable and E’ belongs to M(A—1/r)'\M(A—1/r)2, or (ii) E’|; is not stable
and Fh is a direct summand of E'|;. Since #{l | E’|; is not stable} <n —1,
by using Lemma 1.9, we see that

dim(M (A)"\ M(A)?)
= max{dim(M (A — 1/r)' \ M(A —1/7)?) +2,dim M (A — 1/r)! + 1}
=2n — 1+ dim M (Ay). 0

THEOREM 1.14.  M(A) is irreducible and birational to M(Ag) X
St(JNX), where n = r(A — Ag).

Proof. If m: X — B has a section, we have proved our theorem. For
general cases, we shall consider a Galois covering v : B’ — B such that
7'+ X xg B" — B’ has a section ¢’. Let B; be an open subscheme of B
such that y~1(B;y) — By is etale. We set X| := 7~ 1(By) x5 B’. Let 5;1,d1
be the vector bundle on X x-1(p,) X and j': X| X -1(p,) X] = X| xp,
X; — X{ x Xj the inclusion. Let X} — J% X be the morphism induced
by & 4,- For a g € Gal(B'/B), let §: X{ — X] be the automorphism of
X{ sending (2,y) € 7 1(B1) x5 B’ to (x+ (d1 —1)(o'(9(y)) — o' (), 9(y))-
Then it defines an action of Gal(B’/B) to X{. By the construction of &/

r1,d1’
we see that det(E] 4 )s((ey) = det(E) 4@y Hence (€ 1) |5y =
(&), .a)|(z,y)- Thus the morphism X} — J% X is Gal(B'/B)-invariant. Then
we get that X/ Gal(B'/B) — J% X is an immersion. Replacing j.&, 4, by
jié}’,h d4,+ We can construct a family of stable vector bundles F parametrized
by M(Ag) x ((X7)™ \I”), where I is the pull-back of T" to (X})". Hence
we get a morphism M (Ag) x ((X])" \I') — M(A). By the construction,
Gal(B'/B) x 6&,, acts on ((X7)™\I"), and this morphism is Gal(B’/B) x &,,-
invariant. Hence we get a morphism M (Ag) x ((J4X1)"\T")/&,, — M(A).
Then we see that M(A) is birationally equivalent to M (Ag) x S™(J X).

O
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§2. Moduli spaces on Del Pezzo surfaces

2.1.
We shall apply Theorem 1.14 to moduli spaces on Del Pezzo surfaces.

THEOREM 2.1. We assume that X = P? and set H := Op2(1). Then
My (r,kH,A) is a rational variety if (r,3k) = 1.

Proof. Let V. .C HY(P2?,0p2(3)) be a pencil such that every member
D € V is irreducible and #{P | P € N\pey D} = 9. Let ¢ : ¥ — P? be
the blow-ups of P2 at base points of V. Then there is an elliptic fibration
7 :Y — P! such that every fibre is isomorphic to a member D of V. We set

(2.1) N :={E € My (r,kH,A)o | " E|-1(y is stable},

where 7 is the generic point of P!. Let E be a stable vector bundle of rank
r on P? with ¢;(F) = kH. Then Ext?(E, E(—3))o = Hom(FE, E)§ = 0. Let
D € V be a smooth elliptic curve. Then we get the surjective homomor-
phism Ext'(E, E)y — Ext'(E|p, E|p)o. Hence Def(E) — Def(E|p) is sub-
mersive. Since (r,deg(F|p)) = (r,3k) = 1, we can deform E to a stable sheaf
F such that F|p is a stable vector bundle on D. By the openness of stabil-
ity, F'|z—1(; is a stable vector bundle. Hence N is an open dense subscheme
of My (r,kH,A) and there is an open immersion ¢* : N — M (r,k¢*H, A).
By Theorem 1.14, N is bitarional to S™Y, where n = rA — (r? —1)/2. Since
S™Y is a rational variety, we get our theorem. 0

DEFINITION 2.1. Spl(r,c1,A) is the moduli space of simple torsion free
sheaves E of rank r with ¢1(E) = ¢; and A(E) = A.

We shall next consider the irreducibility of Spl(r, ¢, A) for Del Pezzo
surfaces.

PROPOSITION 2.2. Let m: X — P! be a rational elliptic surface with
a section o. For a divisor class ¢; € NS(X) such that (c1, f) and r are
relatively prime, we shall consider the moduli space M(A) = M(r,c1,A).
Then M(A) is irreducible and rational.

Proof. Since m has a section o, the canonical bundle formula implies

that Kx = 7m*Opi(—1). Hence o is an exceptional curve of the first kind
by the adjunction formula (Kx + 0,0) = —2. Since R'7,Oy is locally free
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of rank 1, the exact sequence 0 — Ox — Ox(0) — Oy(—1) — 0 im-
plies that 7.0, (—1) = R'1,.Ox, and hence we get that 7. K (o) = m. K.
Let ¢ : X — Y be the contraction of o. Then we get that H(Y, Ky/) =
HY(X,KY (o)) & HY%X,KY) = C%. By the Riemann-Roch theorem,
HY(Y,Ky) =0.Let § : ¥ — S be a smooth family of 8-points blow-ups of
P2 such that Hl(ys,Kﬁ) =0 for all s € S and YV, =Y for some sy € S.
Let & be the generic point of S. By the base change theorem, 5*(K¥ /S) is
a locally free sheaf of rank 2 and 5*(K3/)/S) ® k(s) — HY(KY.),s € S is
an isomorphism. We set Oz := coker(5*5*(K¥/S) — K¥/S) ® Ky/g. Then
Oz ® k(s) defines a reduced one point of Ys. Thus Z defines a section of
6. Let ¢g : X — Y be the blow-up of ) along Z and set € := § o ¢.
Then there is a morphism 7g : X — P := ]P’(e*(K¥/S)), which defines a
family of elliptic fibrations. Choosing a sufficiently general family, we may
assume that mgle : X — Pli(g) is an elliptic surface such that every fibre
is irreducible. Let Ox(1) be a relative ample line bundle on X which is
sufficiently close to the pull-back of an ample line bundle on P. For a line
bundle £ on X such that ¢ (Ls,) = ¢1, we shall consider the relative moduli
space M(r, L, A) — S of stable sheaves E of rank r on Xs, s € S such that
c1(F) = Ls and A(E) = A. By Maruyama [Mal, Cor. 5.9.1, Prop. 6.7],
M(r, L, A) is smooth and projective over S. By Theorem 1.14, the generic
fibre is irreducible, and hence every fibre is irreducible. Thus M (A) is irre-
ducible. Since M(A) contain an irreducible component which is birational
to S"X for some n (see the proof of Theorem 1.14), M(A) is a rational
variety. 0

LEMMA 2.3. Leto: X — X be a one point blow-up of a surface X and
FE a simple torsion free sheaf of rank r on X which is locally free at the center
of the blow-up. Let Cy be the exceptional divisor of ¢ and ¢*E — O@f,
0 < k < r a surjective homomorphism. We set E' := ker(¢*E — (’)gf).
Then E' is also a simple torsion free sheaf.

Proof. 'We note that Extl((’)gf,E) ~ HYC\,EY @ Ocl(K)?)@k) =
HY(Cy,0¢, (—1)®%) = 0. By the exact sequence 0 — E' — E — OgF — 0,
we see that Hom(F, F) = Hom(E', E). Since Hom(E', E') — Hom(E', E)
is injective, we get that Hom(E', ') = C. 0

COROLLARY 2.4. Let E be a simple torsion free sheaf of rank r on
X with ¢1(E) = ¢1 and A(E) = (A) which is locally free at the center
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of a blow-up ¢ : X — X, and E' the kernel of a surjective homomorphism
O*E — (’)gf, 0<k<r. Weset A(E')=A'. Then, if Spl(r,¢*c; —kCi, A’)

is irreducible, Spl(r,c1,A) is also irreducible.

Proof. Let Spl(r, ¢*c1,A)° be the open subscheme of Spl(r, ¢*c1, A) of
elements F such that E|¢, = (’)g. Then ¢*:Spl(r, c1, A) — Spl(r, p*c1, A)°
is an isomorphism, where Spl(r,c1,A)" is the open dense subspace of
Spl(r,c1,A) consisting of E such that E is locally free at the center of
the blow-up. For an E € Spl(r,¢*c1,A)?, the quotients ¢*E — ng is
parametrized by the Grassmannian variety G(H°(Cy, E %1 ), k). Let Spl(r, ¢p*c1—
kCy,A")? be the open subscheme of Spl(r, ¢*c; — kCq, A’) of elements E’
such that E'|c, & O¢, (1)%*F @ (’)gl(r_k)
that there is an open subscheme U of Spl(r, ¢*c; —kC1, A")? and a surjective
morphism U — Spl(r, ¢*c1, A)? such that every fibre is a Grassmannian
variety. Hence, the irreducibility of Spl(r,¢*c; — kCy, A’) implies that of
Spl(r, 1, A). O

. By using Lemma 2.3, we can show

PROPOSITION 2.5. Let X be a Del Pezzo surface and c¢1 an element of
NS(X). Then Spl(r,c1,A) is irreducible.

Proof. Let X be a Del Pezzo surface which is an n-points blow-ups of
P2, If n < 8, then we shall take a blow-ups X’ of X at general 8 — n points.
Then |KY,| is a linear pencil with a base point. Let X” be the blow-up of
X'’ at the base point. Then X" is an elliptic surface with a section. By using
Corollary 2.4 and Proposition 2.2, we get our claim. 0

63. Moduli spaces on Abelian surfaces

3.1.

For a manifold V and o € H*(V,Z), [a]; € H'(V,Z) denotes the i-th
component of a. Let K(V') be the Grothendieck group of V. Let p: X —
Spec(C) be an Abelian surface over C. We set

ev 170 2 4
(3.1) {H (X,Z) == H(X,Z) ® H*(X,Z) & H"(X,Z)

He(X7):= H'(X,Z) ® H3(X,Z).
Let Ey be an element of My (r,c1,A). We set

(3.2) H(r,c1,A) := {a € H¥(X,Z) | [p«((ch Eg)a)]o = 0}.
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Let F be a quasi-universal family of similitude p on Mg (r,c1, A) x X [Mu3,
Thm. A.5]. Then Mukai [Mu3], [Mu5] and Drezet [D], [D-N] defines a ho-

momorphism

(3.3) kot H(r,c1, A) — H*(Mg(r,c1,A),7)
such that 1

(3.4) Ko (o) = p [P (r.er, ) (Ch(F) )] .

Remark 3.1. In the notation of Mukai [Mub, Sect. 5], ko(a) = —0,(a)
and H(r,c1,A) = vt, where v := (r,c1,(c2)/2r — A) € H®(X,Z) is the
Chern character of Eyg and V: H®(X,Z) — H (X, Z) is the automorphism
sending a = ag + ag + ay, a; € H*(X,7) to oV = ag — as + ay. Since we
used Drezet’s notation in [Y2], [Y3], we shall use Drezet’s homomorphism
in this note.

We also consider the homomorphism:

(3.5) k1 H(X,7) — HY(Mpy(r,c1,A),Z)
such that 1
(3.6) ki(a) = p [Py (1 0y (Ch(F)a)] .

We note that k1 and k9 do not depend on the choice of F. In this section,
we shall prove the following theorem.

THEOREM 3.1.  Let ¢; be an element of NS(X) such that c¢; mod
rH?(X,7) is a primitive element of H*(X,Z/rZ) and H a general am-
ple divisor. We assume that dim My (r,c1,A) = 2rA +2 > 6. Let a :
My (r,c1,A) — Alb(Mg(r,c1,A)) be an Albanese map. Then the following
holds.

(1) K1 is an isomorphism and ko is injective.
(2)
H*(Mp(r,c1,A),Z)

(3.7) = ko(H(r,c1,A)) ® a* H*(Alb(My(r,c1,A), Z)

2
= ka(H(r,c1,A)) @ J\ k1 (H* (X, Z)).

(3)
(3.8) NS(Mp(r,c1,A)) = ko(H(r, 1, A)arg) ® a* NS(AIb(Mp (7, 1, A)),
where H(r,c1,A)q, = (H*(X,Z) ® NS(X) & HY(X,Z)) N H(r,c1, A).
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3.2.

We first assume that X is a product of elliptic curves. Let C7 and Cs
be elliptic curves and set X = (7 x (9. Since we use products such as
XXX x--xXand C; x Cq x --- x (4, for convenience sake, we shall
introduce indices of C1,Cy and X. We set C} := Cj, and X' := C} x C}
for i = —1,0,1,...,n (> 2), and k = 1,2. We set a := —1. We shall
construct a family of stable sheaves on X*(= X). Let A}’ be the diagonal
of C} x C,z = C}, x Cy. Let pl. be a point of C}.. We also denote c1(O(p})) by
p.. For simplicity, we denote the pull-backs of p} and A}’ to X% x (X! x
X% x o x X") x X by p}, and Ai:’j respectively. Let Azxjk be the pull-
back of the diagonal of X x X7 x X* to X' x X? x --- x X" and A}/
that of X x X7 to X! x X2 x --- x X". We set Z := Ui<j<kAé’(j’k. Let
¢:Y — (X'xX%x---xX™)\Z be the blow-up of (X1 x X?x---x X")\ Z at
the subscheme (J;_; AN\ Z. We set E# = ¢~ (AY\ Z). For a € H*(X,Z)
and the projection w; : XOxY x X% — X* = X,i=0,1,...,n,a, we denote
the pull-back of a to X? x Y x X® by o'. Then H?(Hilb'%,Z) = H?(Y,Z)®"
and H%(Y,Z)® is generated by > I, €', ZK]-(fi-gj —g'- f7) and D i< B
where e € H?(X,Z) and f,g € H(X,Z). Let a: X% x Hilb% — X% x X be
the Albanese map such that a((z,Iz)) = (z,)_;_, ;) for reduced subscheme

7 = Uidwi}.

LEMMA 3.2. (1) Let F be a vector bundle on C§ x C§ such that
F‘{t}xcg ,t€CY is a stable vector bundle of rank r on C§ with det F’{t}xog =

O(AY" + (d — 1)p3)|(yxcs - Then,

c1(F) =AY+ (d—1)p§ + (r1 — 1+ kr)pl, ke,
(3.9) 1

cha(F) = o-(c1(F)?).

If k =0, then chy(F) = d1pJ - ps.
(2) Let F; (1 < i < n) be a vector bundle on C3x C§ such that Eiltiyxcs,
t € Cg is a stable vector bundle of rank ro on C§ with det Fi|{t}ng o

O(A5" + (da — 1)p3) 1y xca - Then,
c1(Fy) = Aga +(de—1pg+ (r1 — 1+ k?‘2)p§, ke,
1
= F; 2.
(e (B
If k =0, then cha(F;) = dlpé - pl.

(3.10) ho(F)
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Proof. We shall only prove (1). We set ¢1(F) = Ag’a +(d—1)p+(r1 —
1+2)py, v € Z. Since Fliyxcg, t € CY is a stable vector bundle, A(F) =
c2(F) — (e1(F)?)(r — 1)/2r = 0. Hence we get that chy(F) = —(c2(F) —
(c1(F)?)/2) = (c1(F)?)/2r. We note that co(F) = (d(ry +2)—1)(r—1)/r is
an integer. Hence d(r1 +2) —1 = rd; +dx is a multiple of r. Since (r,d) =1,
z is a multiple of r. We also see that (ci(F)?)/2r = dip) - p% for the case
z = 0. 0

Let F' and F; be vector bundles in Lemma 3.2 and assume that k& = 0.
We also denote the pull-backs of F and F; to C§ x C} x C§ by F and F,
respectively. Let ooy ci C9 x Cs x C§ — C§ x C§ be the projection. We

set L= Homyg (F,F;). Then ¢ (£) = _A(Q)’i~
2

a
><C2

Proof. By using the Grothendieck-Riemann-Roch theorem and the
above lemma, we see that

c1(L) = [gcgucis (Ch(FY) ch(F))],

= [aegueys (= alF) + 5 (@EPD) 2+ a(F) + 5 (@ (FP)],

= [aegucys (r2 + (a1 (F) = o (F) 45— ((rer (B) = maas (F)P)]
= s laegeep (Cra(F) — ()],

= A i

Let Yy be the complement of the closed subset W := J;; <k(ﬁzlj N
ﬁ{k) UUi<j(£i’j NE™) of Y, where Ai’j = ﬁzlj U E%™. Since codim W = 2,
H?(X° x Yy, Z) 2 H* (X" x Y, 7).

We shall construct a family of stable sheaves on X parametrized by
X0 xYjp. For simplicity, we denote the pull-backs of F and Fj to X% x Yy x X¢
by F' and F; respectively. Then there is a homomorphism:

(3.11) A:FoOAY —pd) —>@(E|A§,a®y),
=1

where L is a line bundle on X° x Yy x X® such that ¢;(L") = A(l)’i —
pi1 + Ag’z. Let £ be the kernel of this homomorphism and Q the cokernel.
Then Q = P, ((Fi/Gj)‘Ai’“nKi’j QL & (F; ® LZ‘A?“ ® Opij)), where

https://doi.org/10.1017/50027763000025319 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025319

STABLE SHEAVES ON ELLIPTIC SURFACES 91

G; = ker(F — Fj). We first assume that 1 < r2. Then G| ia — Fif i
1 1

is injective and (Fj/Gj)| yi. is flat over X? x Y. Hence we see that
1

Oxoyy 0
3.12 Tor, ™ "0 ((Fi/Gj)| yiap 505, k(@) =0, 2 € X° x Y.
( ) Or'y (( i/ J)|A1’ NALI (x)) Zz 0
Since F; ® O(Ag7i)‘Ai,a is also flat over X° x Yp, we get that

1
O )
(3.13) Tor, < (F; © O(AY)] yiw ® Opig, k(z)) =0, =€ X°x Yy,
1

Hence we see that Tor?xoxyo(im(/\),k(az)) = 0, which implies that &£ is
flat over X? x Yy and € ® k(z) is torsion free. Then £ defines a family
of stable sheaves on X parametrized by X° x Y. It defines a morphism
X% x Yy — M(r,c1,A), which is &,,-invariant. Hence we get a morphism
v: X% x (Yo/6,) — M(r,c1,A).

Let 73 : H(r,c1,A) — H2(XO x Yy, Z)/a* H2(Alb(X° x Hilb%),Z) be
the homomorphism sending a@ € H(r,ci,A) to [pxoxyy«(ch(€)a)]2 mod
a* H2(Alb(X° x Hilb% ), Z). Since k2 does not depend on the choice of quasi-
universal families, we shall compute the image of 3.

ch(€) = ch(F @ O(AY" —pf)) = ch(F; @ Li\w)
=1
+ZCh(Fi ® Li|Ai’“ X OEi,j) + ZCh(Fi/Gj ® Li|A¢1,a ® Ozzlg)
1<J 1<J

= (r+c1(F) + dipd - p§) (1 + AP — p§ —p - pd)
— 3" AV vy + 1 (F) + diphy - ) (ch L)
=1

+ch(F ® L yi0 ® Opi) +) | ch(Fi/Gj ® L' y1a © OFi)-
1<j 1<j

Since [pxoxy,«(ch(F @ O(AY" = p$))a®)]y = 0, X1y AT — pi = 0mod
a* H2(Alb(XY x Hilb% ), Z), we get that

R2(0) = = ) _[Px0sves (AT (r2 + e1(F) + daph - p§) (1 + Ay")a")]y
i=1

+> [pxoxyes (ch(F @ O(Agﬂ')ma ® Opii)a”)],
1<j
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+Z pXOXYo*(Ch(F/G ® O(Aoz)\ya ® OA”) )]2
1<J

Let o = w1 + @op1 + x3p2 + x4p1 - P2 + D be an element of H(r,c1,A),
D € HY(Cy,Z)®@H! (Cy,Z). Then we see that 0 = [p«((ch Ep)a)]o = [p«((r+
dpy —ronp1 —danpy - p2)a)|o = —danxy —ronxs+dre +rxy. Thus « satisfies

(3.14) dro + raxy = donxy + rones.

By a simple calculation, we get that

( [Pxoxoe (ch(F; © O(A3")| yia))l2 = daAAy” + daph
[Px0 % vp« (ch(F; ® O(A QZ)IN )Pz = r2AY" + 71ph
(3.15) [P0y (0 (F ®0<A;“>|N )2 = dap
[px0 515 (ch(F ® 0<A8’2>|N )D%)]y = D
| [Pxoxyps(ch(F ® 0<A8’2>|N (0 - p8))]e = rapi,

[Px0x vy (ch(F; /G © O(Ag’l)uz 0 ® Oxu))]2 = (22 — d)A¥
[Px0 vy« (Ch(F:/Gj ®0(A3@)|Am ® Oz ) .
(3.16) { [Px0xyys(ch(£:/Gj ® O(A;“ﬂw ® Oxi )p ]
[Px0xvps (ch(F/ G © O(Ag’l)uz o ® Oxi )
[Px0x v« (ch(Fi/Gj @ O(A872)|N . ® O~ )

and

(ch(F; © O(AY) )
(ch(F; © O(A) i )

(3.17) { [xoxvpe(ch(F; @ 0<A3’Z’>|N;a ® Ops)p)]z = 0
(ch(F; © O(AY) )
(ch(F; © O(AY) )

where D € H(C1,Z) ® H'(Ca,Z). Hence we get that
Fa(e) = =Y (dowy + 1ow3)AY = (dows + rama)p}
i=1 i=1
—Z diz1 —|—T1.’E3 ZDZ
=1
+ Z((2d2 — d).%'l + (27"2 — T)xg &i’j + Z(dgxl + ?”2.’/63)E.
i<j i<j
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‘We note that

D> AY =" ph moda®H?(AIb(X® x Hilb%),Z)

i=1
(3.18) Zij = nzpi mod a* H2(Alb(X° x Hilb%), Z)
i<j =1

AZIJ — AZIJ _ Ei’j.
Therefore we get that
n .
(3.19) Fa(a) = (sz) + 42 (Zpl) +ys3 (Z E”) -y D,
1<J =1
where

y1 = —(dz1 + rxs)

Yo = —{(dgxg + ?”2.21?4) — n((2d2 — d)xl + (27"2 — ’I”)iL'3)}
ys = (dix1 + riw3)

Yys = dro + 114 — n(del + ?”2.’/63).

(3.20)

Since dri — rdi = dor — dry = 1, the homomorphism v : Z%* — 7Z%4
sending (x1,x2,x3,z4) to (y1,Y2,y3,y4) is an isomorphism. The condition
(3.14) implies that y4, = 0. Therefore,

(3.21) Fy: H(r,c1,A) — H*(X° x Y, 2)®" /a* H*(Alb(X x Hilb%), Z)

is an isomorphism. Since H?(X° x Yp,Z)®" = H?(X" x Hilb%,Z), we get
that

(3.22) H(r,e1,A) — H*(X° x Hilb%, Z)/a* H*(Alb(X° x Hilb%), Z)

is an isomorphism.
We next treat the case r1 > ro. Since G; — Fj is surjective, we get that

n n
Fa(a) = — Z(dg.’El + ’I”QCCg)Ag’Z - Z(dg:cg + r2x4)p’i
=1 i=1
— Z d1x1 + 7“1.’/63 Z D! + Z dgxl + ?”221?3
=1 1<J
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In the same way as in the case r1 < 79, we see that
(3.23) H(r,e1,A) — H*(X° x Hilb%, Z)/a* H*(Alb(X° x Hilb%), Z)

is an isomorphism.

Therefore kg is injective and H2(Mg(r,c1,A),Z) is generated by im (k)
and im(a). By using similar computations, we see that x is an isomorphism.
Hence Theorem 3.1 (1), (2) hold for this case.

3.3.
We next treat general cases. Replacing ¢; by ¢1+rci (H), we may assume
that ¢; belongs to the ample cone.

PROPOSITION 3.3.  Let (X, L) be a pair consisting of Abelian surface
X and an ample divisor L of type (di,d2), where di and ds are positive
integers of dildy and (r,dy) = 1. Then Theorem 3.1 (1), (2) hold for
My (rye1(L),A), where H is a general polarization.

Proof. Let (X,L) be a pair consisting of Abelian surface X and an
ample divisor L of type (dy,ds), where dy and dy are positive integers
of di|dy and (r,d;) = 1. We shall choose an ample line bundle H on X
which is not lie on walls. Let 7' be a connected smooth curve and (X, L)
a pair of a smooth family of Abelian surface pr : X — T and a rela-
tively ample line bundle £ of type (dy,ds). For points tg,t; € T, we assume
that (X, L) = (X,L) and A}, is an Abelian surface of NS(&;,) = Z.
Let g : Picyyr — T be the relative Picard scheme. We denote the con-
nected component of Picy r containing the section of g which corresponds
to the family £ by Pici/T. Since PicOX/T = Pici/T, Pici/T — T is a
smooth morphism. Let h : MX/T(r,f,A) — T be the moduli scheme
parametrizing S-equivalence classes of L;-semi-stable sheaves E on X; with
(rtk(E),c1(E), A(E)) = (r,c1(L:), A) [Mal]. Let D be the closed subset of
My (1, &, A) consisting of properly Li-semi-stable sheaves on &;. Since h
is a proper morphism, h(D) is a closed subset of T". Since h(D) does not con-
tain t; and 7' is an irreducible curve, h(D) is a finite point set. Replacing T’
by the open subscheme T\ (h(D)\{to}), we may assume that £;-semi-stable
sheaves are Li-stable for t # t. Let s : Sply,7(r,§, A) — T be the moduli
of simple sheaves F on X;,t € T with (rk(E),c1(E), A(E)) = (r,c1(Le), A)
[A-K, Thm. 7.4]. Let U; be the closed subset of s71(T"\ {to}) consisting of
simple sheaves on Xy, t € T'\{to} which are not stable with respect to £; and
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U, the closure of Uy in Splyr(r,&, A). Let Uz be the closed subset of s~ 1(tp)
consisting of simple sheaves which are not semi-stable with respect to H.
Then we can show that U; N s~!(¢y) is a subset of Uy (see the second para-
graph of the proof of Lemma 3.4). We set M := Sply 1 (r,§, A) \ (U, UUy).
Then M is an open subspace of Sply (7, €, A) which is of finite type and
contains all H-stable sheaves on &},. By using valuative criterion of sepa-
ratedness and properness, we get that s : M — T is a proper morphism. In
fact, since M xp (T \{to}) — T \{to} is proper, it is sufficient to check these
properties near the fibre X;,. The separatedness follows from base change
theorem and stability with respect to H (cf. [A-K, Lem. 7.8]), and the
properness follows from the following lemma (Lemma 3.4) and the projec-
tivity of My,. Since Pici 7 — T'is a smooth morphism, [Mu2, Thm. 1.17]
implies that s : M — T is a smooth morphism. Let ar : M — Alb 1 be
the family of Albanese map. Let Fr be a quasi-universal family of similitude
p on M xp X and we shall consider the homomorphism over 7.

(3.24) { R s HO(X,, Z) — H' (M, Z)
) Rat : H(r, Cl(ﬁt),A) — HQ(Mt,Z)

such that x;4(a;¢) = %[th*((chft)at)]i, where aq; € HeY(x,,7,), ot €
H(r,c1(Ly),A). We assume that &y, is a product of elliptic curves. Since
pr and s are smooth, Theorem 3.1 (1), (2) for the pair (X, L) imply
that Theorem 3.1 (1), (2) also hold for all pairs (X, L:), t € T. By the
connectedness of the moduli of (dy, da)-polarized Abelian surfaces (cf. [L-B,
8]), (3.7) holds for all pairs (X, L) of (di, d2)-polarized Abelian surfaces. []

LEMMA 3.4. Let R be a discrete valuation ring, K the quotient field of
R, and k the residue field of R. Let Spec(R) — T be a dominant morphism
such that Spec(k) — T defines the point tg. For a stable sheaf Ex on Xk,
there is a R-flat coherent sheaf E on Xgr such that E ®pr K = Ex and
E ®grk is a H-stable sheaf.

If H = L4,, then Langton [L] proved our claim. If H # L, then we
need some modifications, which will be done in the second paragraph of our
proof.

Proof. Let E° be an R-flat coherent sheaf on Xg such that EY®pr K =
Fi and E,g .= E° ®@p k is torsion free. If E,g is H-stable, then we put
E = E° We assume that EY is not H-stable. Let F)(C EY) be the first
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filter of the Harder-Narasimhan filtration of Eg with respect to H. We set
E':=ker(EY — EY/FY). Then E' is an R-flat coherent sheaf on Xg with
E}( = by If E,}U. is not H-stable, then we shall consider the first filter F,i of
the Harder-Narasimhan filtration of E} and set E? := ker(E' — E}/F}).
Continuing this procedure successively, we obtain a decreasing sequence of
R-flat coherent sheaves on Xg: E° D E' D E? O --.. We assume that this
sequence is infinite. Then in the same way as in [L, Lem. 2], we see that
there is an integer ¢ such that £’ ®p R has a subsheaf F of rank r with
Ferk= Fk, where R is the completion of R.

We set K := K®gR and D := det(E' @ R)®" @det(F)®"). Let P(x)
be the Hilbert polynomial of D with respect to Eﬁ. Let V be a locally free

sheaf on X such that there is a surjective homomorphism V ®o,, R — D,

5};} e Then D defines

a morphism 7 : Spec(R) — Q such that D = (7 xp 1x)*D, where D
is the universal quotient. Let Qg be the connected component of Q which
contains the image of Spec(R). Since Spec(R) — T is dominant, q : Qo — T'
is dominant, and hence surjective. Since EZA & Fr Qg K is a stable sheaf
on Xz, (Dg, Lg,) = (D, L) > 0, Where q1 is a point of q~*(¢1). Since
NS(X;,) = Z, we get that ¢;1(Dy,) = lei(Ly,), I > 0. Hence we obtain
that (Dz(to)) > 0 and (Dr(4); L7(ty)) > 0. By the Riemann-Roch theorem
and the Serre duality, we see that D, is an effective divisor. Therefore

and we shall consider the quot scheme Q := Quot

(DT(tO), H) > 0, which is a contradiction. Hence there is an integer n such
that E™ ®p k is H-stable. []

Proof of Theorem 3.1 (3). Let kh: H(r,c1, A)®C — H?(M(r,c1,A),C)
be the homomorphism induced by k3. We note that H2%(X) and H%?(X)
are subsets of H(r,c1,A) ® C. Since ch;(F) is of type (i,7), we see that
ry(H*(X)) € H*)(Mu(r, c1, A))
(3.25) Ky (Do HPP(X)) € HY (M (r,c1,A))
ry(HO2(X)) € H**(Mu(r, c1, A)).
Since H(r,c;,A) ® C = H*(X) & (@) HP?(X)) N H(r,c1,A) @ C @
H%2(X) and a* preserves the type, we obtain that
HY (Mp(r, e, 8)) = my( @ HP(X)) N H(r,e1,A) © C)
oa*(HYY(Alb(My(r, c1, A)))).
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Hence we get Theorem 3.1 (3). [

Combining [Y4, Thm. 2.1] with the proof of Proposition 3.3, we get the
following theorem.

THEOREM 3.5. Let X be an Abelian surface defined over C and ¢q €
NS(X) a primitive element. Then

P(Mg(2,c1,A),z) = P(Mg(1,0,2A), 2)
for a general polarization H, where P(-,z) is the Poincaré polynomial.

3.4.

We shall next consider the Albanese variety of Mg (r,c1,A), if dim
My (r,c1,A) > 4. Let P be the Poincaré line bundle on X x X, where X is
the dual of X. For an element Ey € My(r,c1,A), let ag, : My (r,c1,A) —
X be the morphism sending £ € Mp(r,c1,A) to det pg ((E— Ep) ® (P —
Oz, .x)) € Pic’(X) = X, and detg, : My(r,c;,A) — X the morphism
sending E to det E @ det Ej € X (cf. [Y3, Sect. 5]). We shall show that
ag, = detg, Xag, is the Albanese map of My (r,c1,A). Let B be an effec-
tive divisor on X. Then we see that

XxX
= detpg, ((det E|p — det Ey|p) @ (P — Og. )

XxX
= C(detEo(E))v

det p3,((E— Eo) ® Op @ (P — Og. )

where (¢ : X — X is the morphism sending L € X to X P)?X{x_} S

Pic’(X) = X, L- B = >; ;. Therefore if ag, is the Albanese map for
My (r,c1,A), then ag () is the Albanese map for My (r,c1+rc1(Ox (B)),A).
Hence we may assume that c¢; belongs to the ample cone. In the notation
of Proposition 3.3, we assume that there is a section o : T'— M of s. Then
we can also construct a morphism a, : M — PicOX /T xpX. In fact, it is
sufficient to construct the morphism on small neighbourhoods U (in the
sense of classical topology) of each point. By using a universal family on
U xp X, we get the morphism. Since s : M — T and Picg(/T XpX — T are
smooth over T, it is sufficient to prove that

(3.26) o HY(X x X,Z) — H'(My(r,c1,A), Z)
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is an isomorphism, if X is a product of elliptic curves. In order to prove
this assertion, we shall show that

(3.27) afy, : Pic%(X x X) — Pic®(M(r,¢1,A))

is an isomorphism. Let € be a universal family on M (r, ¢1, A). For simplicity,
we set M := M(r,c1,A). Let X x X — Pic’(X x X) be the isomorphism
sending (Z,7) € X x X to Pl(z1xx ®P|§X{z}. We set R :=detpg . ((€—
Ey® Onm) ® (P — Oz, ). By the construction of ag,, we get that R =

(1)? X ap,)*P ® L, where L is the pull-back of a line bundle on M. Since

Rljoyxm = On, we get that L = O3, - Hence we see that

(3.28) g, (Pliayxx) = det pan((€ — Eo ® On) @ (Pliz3xx — Ox))
= det pan (€ ® (Plzyxx — Ox)).

In the same way, we see that

(3.29) det*EO ('P‘ ) = (detg ® det E(\)/ ® det gv‘Mx{O})‘Mx{x}

= detpM1(5 & (/ﬂx — ko)),

X x{z}

where 0 € X is the zero of the group low. In order to prove (3.27), we shall
consider the pull-backs of af (Plzyxx) and dety, (P|§X{z}) to X9 x Y.

We denote the zero of C; and Cs by 01 and 0y respectively. For a point
qr of Cx, k = 1,2, we set I := qx — Or. We also denote the pull-back
of Iy to X = Oy x Cy by Ii. In the same way as in 3.2, we denote w(G),
i=0,1,...,n,aby G, G € K(X). We also denote Ox (D)’ by Oxoyy,(D").
By simple calculations, we see that

det pxoyyy (€ @ (Ox(l1) — Ox)*) = Oxoxy, (dl(f —dy ZH)
=1

(3.30) | Qetxonl€ @ (Ox(l) = 0x)%) = Oxonse (3 13)

det pxoxyy1 (€ @ (K(g1,00) = K01,00))") = Oxoxy (Tl(f — T3 Z li)
i1

dethoxYO!(g ® (k(01,q2) - k(01,02))a) = OXOXYo(lg)'

Since dar —dry = 1 and Pic?(X° x Hilb%) = Pic? (X x Y;)®~, (3.28), (3.29)
and (3.30) implies that (3.27) holds.
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We set
(3.31) K(r,a,A):={ae K(X) | x(a® Ey) =0,Ey € Mg (r,c1,A)}.

Let {U;} be an open covering of Mg (r,c1,A) such that there are universal
family 7; on each U; x X and Fi|(v,nv,)xx = Fjlv,nu;)xx - Since the action
of OF; to det py,(F;®a) is trivial, we get a line bundle & () on My (r, c1, A).
Thus we obtain a homomorphism

(3.32) k:K(r,c1,A) — Pic(Mg(r,c1,A)).

We note that there is a commutative diagram:

K(r,c1,A) —— Pic(Mpy(r,c1,A))

(3.33) chJ J

H(T, C, A) L H2(MH(T7 C1, A),Z)

Let K2 be the subgroup of K(r,c;,A) generated by kp — ko, P € X and
N the kernel of the Albanese map K2 — X. Since ker(ch) is generated by
Ox(D) — Ox, Ox(D) € Pic’(X) and kp — kg, P € X, (3.28) and (3.29)
implies that & induces an isomorphism ker(ch)/N — Pic®(Mg(r,c1,A)).
By using Theorem 3.1 (3), we get the following theorem, which is similar
to [Y2, Thm. 0.1].

THEOREM 3.6. Under the same assumption as in Theorem 3.1, the
following holds.
(1) ag, : My (r,c1,A) — X x X is an Albanese map.
(2) & : K(r,e1,A)/N — Pic(Mg(r,c1,A)) is injective.
(3) Pic(Mpu(r,c1,A))/ag, (Pic(X x X)) is generated by #(K(r,c1, A)).
(4) af, (Pic(X x X)) N&(K(r,c1,A)) 2 X x X.

§4. Appendix

In this appendix, we shall show the following. We shall also show that
My (ryc1,A) =2 X x X, if dim Mg (r,c1, A) = 4.

PROPOSITION 4.1. Let L be an ample line bundle on an Abelian sur-
face X. We assume that x(L) = (c1(L)?)/2 and r are relatively prime.
Then My (r,ci(L),A) = My (r,L,A) x X, where My (r,L,A) is the mod-
uli space of sheaves of determinant L. In particular, P(Mg(2,L,A),z) =

P(Hilb%2, 2) for a general polarization H.
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Proof. For a stable sheaf E € My(r,ci1(L),A), )\( ) denotes the point
of X which correspond to the line bundle det(E)® L. Let ¢1, : X — X be
the morphism sendlng r€XtoT;L®L™! and ¢ : X — X the morphism
such that ¢y o p = n)?, where T, : X — X is the translation defined by x
and n? = x(L)? = deg ¢, Since (r,n?) = 1, there are integers k and k’ such
that 7k 4+ n2k’ = 1. We denote the Poincaré line bundle on X x X by P.
Let A: My (rye1(L),A) — Mg (r,L,A) X X be the morphism sending F' €
My (r,c1(L),A) to (Tjk’zpo)\(F)(F & ,P,k)\(F)), A(F)) and B : Mg(r,L,A) x
X — My(r,ci(L), A) the morphism sending (E,z) € My(r,L,A) x X to
T}ox) E © Pha- For an element (B, z) of My (r, L, A) x X, det(T} ) B ©
Pkac) = T]:Qp(x)L Q@ Prkz = L ®Pk/¢)Lotp(x) Q@ Prkz = L ® P(an’-‘rrk)x =LQPy.
Hence A o B((E,x)) = x. Then it is easy to see that Ao B and B o A are
identity morphisms. Hence A : My (r,c1(L), A) — My (r,L,A) x X is an
isomorphism. 1l

Let D(X) and D(X) be the derived categories of X and X respec-
tively. Let S : D(X) — D(X) be the Fourier-Mukai transform [Mu4]. Then
the morphism « := ap, defined in 3.4 satisfies that a(E) = det S(E) ®
(det S(Ep))~!. Thus ag, is also defined by Fourier-Mukai transform. By
using [Mu4], we shall treat the case 2rA = 2 (at least, Mukai treated the
case where X is a principally polarized Abelian surface).

PROPOSITION 4.2. Let L be an ample divisor. If 2rA = 2, then for
a general polarization H, the Albanese map o : My(r,L,A) — X is an
isomorphism.

Proof. Since rcy — (r — 1)(L?)/2 = 1 and x(L) = (L?)/2, r and x(L)
are relatively prime. We shall choose an element E of My (r, L, A) and let
¢€: X x X — M(r,c;(L),A) be the morphism sending (z,y) € X x X to
TrE®P,y. Then Ao&(x,y) = ¢r(x)+ry. Let f : X — X x X be the morphism
such that f(z) = (ra, —¢r(x)). Since # ker ¢, = x(L )2 and r are relatively
prime, f is injective. Let g : X — X x X be the morphism such that g9(y) =
(K o(y), ky). Then fxg:XxX— X x X is an isomorphism. In fact, if
(ro+K p(y), —61 () +hy) = (0,0), then 6y (ra+Kp(y)) = roy (x)+nk'y =
0. Hence y = (n?k’ 4+ rk)y = 0. Since f is injective, z = 0, which implies
that f x ¢ is injective. Therefore f x g is an isomorphism. Then we get a
morphism £of : X — M(r, L, A). Replacing FE by E® L®™, we may assume
that there is an exact sequence 0 — O?E(T_l) —F —> I;®L — 0, where I
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is the ideal sheaf of a codimension 2 subscheme Z of X. By our assumption
on Chern classes, 1/r = A(FE) = deg Z — (r — 1)/rx(L). For simplicity, we
denote det S(-) by d(-). Then we see that §(T; E®@Py) = 0(Ir_, () @T;L®
Py) = 5(IZ—(degZ)z ®L® P¢L(z)+y) =L ® P¢L(m)+y) ® P—Z—l—(degZ)ac =
det TgL(g;)er(S(L))@,P—Z-i-(deg Zyx = 5(L)®P¢5(L)(¢L(z)+y)+(deg Z)z—Z- Hence
aofo f(xr) =aofo f(0)+(r—1)psr)o¢L(z)+r(deg Z)z. By the proof of
[Mu4, Prop. 1.23], ¢5)(¢r(x)) = —x(L)x. Since rdeg Z = 1+ (r—1)x(L),
we get that aofo f(z) = aofo f(0)+z. Thus aofo f(x) is an isomorphism.
Therefore we get that o : My (r, L, A) — X is an isomorphism. U

COROLLARY 4.3. Mpg(r,c1,A) = X x X, if dim Mg (r,c1,A) = 4.

REFERENCES

[A-K] A. Altman and S. Kleiman, Compactifying the Picard scheme, Adv. in Math., 35
(1980), 50-112.

[A] M. F. Atiyah, Vector bundles over an elliptic curve, Proc. Lond. Math. Soc. (3)
VII, 2 (1957), 414-452.

[A-B] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces,
Philos. Trans. Roy. Soc. London Ser. A, 308 (1982), 523-615.

D] J.-M. Drezet, Points non factoriels des variétés de modules de faisceaur semi-stable
sur une surface rationelle, J. reine angew. Math., 413 (1991), 99-126.

[D-N] J.-M. Drezet and M. S. Narasimhan, Groupe de Picard des variétés de modules de
fibrés semi-stables sur les courbes algébriques, Invent. Math., 97 (1989), 53-94.

[F] R. Friedman, Vector bundles and SO(3)-invariants for elliptic surfaces III,
Preprint (1993).

[G-H] L. Gottsche and D. Huybrechts, Hodge numbers of moduli spaces of stable bundles
on K8 surfaces, Preprint (1994).

K] D. Knutson, Algebraic Spaces, Lecture Notes in Math. 203, Springer-Verlag.

L] S. G. Langton, Valuative criteria for families of vector bundles on an algebraic
varieties, Ann. of Math., 101 (1975), 88-110.

[L-B] H. Lange and Ch. Birkenhake, Complex Abelian Varieties, Springer-Verlag.

[Lil] J. Li, The first two Betti numbers of the moduli spaces of vector bundles on sur-
faces, Preprint (1995).

[Li2] J. Li, Picard groups of the moduli spaces of vector bundles over algebraic surfaces,
moduli of vector bundles, Lect. Notes in Pure and Applied Math. 179, Marcel
Deckker, pp. 129-146.

[Mal] M. Maruyama, Moduli of stable sheaves 11, J. Math. Kyoto Univ., 18 (1978),
557-614.

[Ma2] M. Maruyama, Moduli of algebraic vector bundles, in preparation.

[Mul] S. Mukai, Semi-homogeneous vector bundles on an abelian variety, J. Math. Kyoto
Univ., 18 (1978), 239-272.

https://doi.org/10.1017/50027763000025319 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025319

102
[Mu2]
[Mus3]
[Mud]
[Mu5]
[O]
[S]
[Y1]
[Y2]
[Y3]

[Y4]

K. YOSHIOKA

S. Mukai, Symplectic structure of the moduli space of sheaves on an abelian or K3
surface, Invent. Math., 77 (1984), 101-116.

S. Mukai, On the moduli space of bundles on K38 surfaces I, Vector bundles on
Algebraic Varieties (1987), 341-413.

S. Mukai, Fourier functor and its application to the moduli of bundles on an
Abelian variety, Adv. Studies in Pure Math., 10 (1987), 515-550.

S. Mukai, Moduli of vector bundles on K38 surfaces, and symplectic manifolds,
Sugaku Expositions, 1 (1988), 139-174.

K. O’Grady, The weight-two Hodge structure of moduli spaces of sheaves on a K3
surface, Preprint (1995).

C. Simpson, Moduli of representations of the fundamental group of a smooth pro-
jective variety 1, Publ. Math. LH.E.S., 79 (1994), 47-129.

K. Yoshioka, The Betti numbers of the moduli space of stable sheaves of rank 2 on
P2, J. reine angew. Math., 453 (1994), 193-220.

K. Yoshioka, The Picard group of the moduli space of stable sheaves on a ruled
surface, J. Math. Kyoto Univ., 36 (1996), 279-309.

K. Yoshioka, Chamber structure of polarizations and the moduli of stable sheaves
on a ruled surface, Internat. J. Math., 7 (1996), 411-431.

K. Yoshioka, Numbers of I ,-rational points of moduli of stable sheaves on elliptic
surfaces, moduli of vector bundles, Lect. Notes in Pure and Applied Math. 179,
Marcel Deckker, pp. 297-305.

Department of Mathematics
Kobe University
Kobe, 657-8501

Japan

yoshioka@math.s.kobe-u.ac. jp

https://doi.org/10.1017/50027763000025319 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025319

