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LIFTING PROBLEMS AND THE COHOMOLOGY
OF C*-ALGEBRAS

MAN-DUEN CHOI AND EDWARD G. EFFROS

1. Introduction. Suppose that 4 and B are C*-algebras, J is a closed two-
sided ideal in B, and that n: B — B/J is the quotient map. Given a linear
contraction ¢ : 4 — B/J, a linear map ¥ : 4 — B is a lifting of ¢ if one has
a commutative diagram

e,
(1.1)

A—T-)B/J.

In § 2 we will show that if 4 is separable and satisfies Grothendieck’s metric
approximation property (see § 2 for definition) then ¢ has a contractive lifting
W¥. This had been proved earlier by T. B. Andersen [3, Corollary 8] under the
additional hypothesis that 4 = B/J (for related results see [3; 37; 6]). Since
the authors proved in [13, Theorem 3.1] that nuclear C*-algebras have the
metric approximation property, the result applies to C*-algebras A that are
nuclear and separable. In a negative vein, we give an example in §4 of a
diagram (1.1) with A = B/J a separable non-nuclear C*-algebra, for which
the identity map 4 — A does not have a completely positive lifting ¥ (this
answers a question raised in [13]). We suspect that there does not exist any
bounded lifting, and more generally we conjecture that for C*-algebras,
nuclearity and the metric approximation property are in fact equivalent.

The bounded lifting problem naturally arises in the cohomology theory of
C*-algebras as formulated by Johnson, Kadison, and Ringrose [27; 32]. Let us
suppose that 8 : 4 — B is a *-homomorphism. Then we may regard B, J, and
B/J as A-bimodules. Slightly generalizing an argument of Johnson [27,
Proposition 1.7], we deduce from the lifting result of § 2 that if 4 is separable
and satisfies the metric approximation property, then one has the expected
exact sequence

(1.2) ...—HYA,J)—> H"(4,B) > H"(A,B/J)—>....
A case of particular interest is that in which B = # (H) and J = ¢ (H),

the bounded and compact operators, respectively, on a separable Hilbert space
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LIFTING PROBLEMS 1093

H. (Andersen’s lifting theory is not applicable since Conway [16] has shown
that ¢ (H) is not complemented in & (H), and thus

% (H)

B (H) [ (H) 3 B (H)/H (1)

does not have a bounded lifting.) The resulting exact sequence
.= HYW(A, A (H)) —» H(A, 8 (H)) > H"(4, Z(H) /A (H)) — ...

provides information about H*(4, # (H)/# (H)) and H*(A, # (H)/X (H)).
We have reason to believe that if A is nuclear and separable these groups must
be zero, a result that would be of interest in the cohomological approach to
perturbations of *-homomorphisms (see [33, Theorem 2; 29, Theorem 5.1]).
This in turn seems relevant to extension theory. We note that since the lifting
theorem of § 2 is developed in the context of Banach spaces, (1.2) is also valid
for more general Banach algebras. It has been shown that M-ideals naturally
arise in certain non-commutative Banach algebras (see [25]) which are ap-
parently not C*-algebras.

We are indebted to F. Knudsen for a suggestion that considerably simplified
§ 3. He pointed out that one can disentangle the algebraic and analytic diffi-
culties of the subject by considering short exact sequences of cochain complexes.

We shall use the notations R and C for the real and complex numbers, and
T for the unit circle in C. We say that a subset D of a real (resp., complex)
vector space V is symmetric if aD C D for a = +1 (resp., « € T). If V and
W are normed vector spaces we let Z(V, W) (resp., Z ,(V, W)) denote the
normed vector space of bounded (resp., bounded finite rank) linear maps
V — W, and we denote the Banach dual of V by V*. We let Z ,(V*, W) be
the weak* continuous maps in & ,(V*, W). Given normed vector spaces
Vi, oooy Vo, W, we let Z(V,y, ..., V,; W) be the bounded n-linear maps

with the norm

Il = sup {{lf@n ... o) < |l = 1)

If X is a compact Hausdorff space, we let Cgr(X) (resp., C¢(X)) denote the
Banach space of continuous real (resp., complex) functions on X with the
uniform norm.

2. A lifting theorem for Banach spaces. Suppose that V is a (real or
complex) Banach space and that K is the closed unit ball in V* with the weak
topology. If V is real, we have a natural isometry

V = Affy(K)
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where Affy(K) is the Banach subspace of affine functions in Cr(K) vanishing
at 0 (that one obtains all such functions follows from [31, Lemma 4.3]). It
should be noted that, in this functional representation of V, one has that
flau — bl| £ € if and only if —e < a — b £ e Similarly if V is a complex
Banach space we have the isometry

V = Affp(K)

where Affr(K) consists of the affine functions ¢ in Cg(K) such that «(ap) =
aa(p) foralla € T.

A subspace W of a normed vector space X is an L-summand provided it is
the range of an idempotent linear map e : X — X such that for all p € X.

lpll = llepll + 1lp — epll

(see [19; 2, I§ 3]). The map e is unique and is called the L-projection onto W.
In the following lemma we assume that 17 is a Banach space, W is a weak*
closed L-summand in V* with L-projection ¢, F' = K M W, and that D is a
weak™® closed, convex, symmetric subset of K such thatif p € D, thenep € D.

LeEMMA 2.1. Suppose thai V s real and that « € AffyF, b € AffyK and ¢ > 0
are such that ||all, ||0]] £ 1, and

2.1 e =d)pnrl =se
Then a has an extension o' € AffoK such that ||d'|| £ 1 and
[[(@" = 0)ln]| = 6e.
If Vis complex, the same implication is true for a € AffiprF,b € AffpK.

Proof. We first assume that 1 is real. Consider the function defined on K by

a(p) perF
(2.2)  f(p) = <b(p) + ¢ p € D\F
1+ e p € K\(D U F).

Letting f be the usual lower envelope of f (see [1, p. 4]), we claim that
(23)  alp) £Jp), p€ L.
We define a function ¢, on K by
ay(p) = alep) + 0((1 — e)p).

From [2, I, Corollary 4.2], « 0 ¢ is Borel on K and satisfies the barycentric
calculus. Since

bo(l—e)=0b—boe,
the same is true for b o (1 — ¢) and a,. We have that

24) @) =f@p), peEK
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since if p € D\F, then by assumption ep € D M F and from (2.1)
ay(p) = alep) + b((1 — €)p)
So(ep) + e+ b((1 —e)p) =b(p) + ¢
and if p € K\(D U F), then
ap(p) = alep) +b((1 — e)p) = llepll + [[A — e)pll = [lpll = 1.
The function f is lower semi-continuous since its supergraph
S =1 a): f(p) = o}

is closed in K X R. To see this, note that if one is given real functions g; on
closed sets I'; C K, 1 =1, 2 with g4, A r = €2 m A 1, then

_Ja®), pc

g(®) {ga(P), P € Fo\F1

has supergraph (relative to F; \U F3)
S(g) = S(g1) Y S(ga);

hence if the g; are lower semi-continuous, the same is true for g. Since a (p) =
b(p) + ¢, € DM F,f|r y pislower semi-continuous, and since f(p) < 1 + ¢,
p € F\U D, fis thus also lower semi-continuous.

Given p € F, let P,(K) be the probability measures on K with resultant p.
Then if p € P,(K),

a(p) = ay(p) = nla).

It follows from (2.4) and the lower semi-continuity of f (see [35; 13, proof of
Proposition 2.2]) that

a(p) < min {u(f) : u € P,(K)} = f(p), p € F,

i.e., we have (2.3).
In particular we have that

a(p) <J@p) +e= T+ @), pel;

hence from (2, I, Lemma 5.1], @ has an extension d € Aff,(K) such that
dp) < (f+ 7 (@), p€K

We have that
a(p) = dp) =¢p), peF

where
g= (d+ 4e) N 1.

On the other hand since d < f + ¢ £ 1 + 2¢, ||[d|] £ 1 + 2e and
(1431 d4¢) =d+ (1 +3e)e(l —3d) <d+ 4de;
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hence
(I+3e)7'(d+e) =7
and evaluating both sides at 0,
0 < (I 4+ 3e)te = 2(0).

It follows from [2, I, Theorem 5.4] that ¢ has an extension ¢’ € AffyK such
that ¢’ = g on K. In particular, ¢’(p) <1 on K. or replacing p by —p,
lla’|| £ 1.1fp € D\F,

a'(p) = d(p) + 4e = f(p) + e = b(p) + b,
whereas if p € DN F,

a'(p) = a(p) 20(p) + ¢ = b(p) + Ge
Replacing p by —p we conclude that

(@ =)ol = 6e.

Now suppose that V is complex. Letting Vg (resp., (V*)r) denote the real
Banach space underlying V' (resp., V*), we may regard (V*)g as the Banach
dual of Vg by using the pairing

(v,f) = Re f(v).
In particular the map
Re : AfffK — Aff)K : @« — Re a

is a real linear isometric surjection. Given a¢ € AffyF and b € AffyK satisfying
(2.1), let @, = Re a, by = Re b. Then we may use the real case to find an
extension ¢,/ € AffyK such that ||a,/|| = 1 and

H(“ll - b1)|D|| = be
Letting ¢,/ = Re ¢/, «’ € AfftK, we have that
[[(@" = O)loll = [[(@)" = b)|pl| = be.

The equality follows from the fact that D is assumed closed under multiplica-
tion by « € T, hence we may choose p € D with

1@ = D)ol = (@" = ) (p) = [[(as" = bi)]nll. q.ed.

If V and W are vector spaces, we let V' ® W denote the algebraic tensor
product of V and W. If V and W are normed we regard V' @ Wand V* @ W*
as dual vector spaces. We define

(V® W), =convex hull {v @ w:v € 1V, w € Wiy},

where the subscripts 1 on the right denote the unit balls. The greatest cross-
norm || ||yon V ® Wisthe norm determined by the weak closureof (V ® W),
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(see [20, p. 64]). Equivalently one finds that
[[al| = inf {Z[|oil[ [[wil| - u = X v; @ wy.

On the other hand the least cross-norm || ||y (this terminology is misleading —
see [20, p. 65]) is determined by the polar of (V* ® W*),, or equivalently,

[lul| = sup {p @ q(u) : p € Vi*, g € Wi*}.

We write V ®, Wand V @\ W for V @ W with the corresponding norms,
and V ®, W, V ®\ W for the completions. The map

L (V@ W)k = (V@ W*—>H(V, W*)
defined by
L)@ (w) = gv ® w)
is an isometric surjection. On the other hand the map
L:VW—ZBs (V¥ W)
defined by
L@ ® w)(g) = g@)w
is also an isometry. In particular, if 1 is finite dimensional (but not necessarily

W), we have the commutative diagram

Ve @ WL (e, W)
(v &, WL (v, W),

i.e., we have the natural identification

(V @, W)* = V* @, W*

Interchanging v and N we have the following result of Grothendieck (see
[37, Corollary 5]; we include a non-measure theoretic proof):

LemMA 2.2. If V is finite dimensional, then the natural linear map V¥ @, W*
— (V @\ W)* is an isometric surjection.

Proof. 1t suffices to prove that under the adjoint map
(V ®)\ W)** - (V* ®7 W*)*’

the image of the unit ball is weak* dense in that of the range space. Composing
with the injection V @\ W — (V @\ W)**, it suffices to prove that the same is
true for the resulting map

V@ W— (V* @, Wo*
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We have the commutative diagram

VW —2L g

(V* Q. W*)*“& Q(V*' VV**)

where the rows are isometric surjections. Thus it suffices to prove that each
contraction 7" : V* — W** is a point-weak* limit of contractions 7°, : V* — W.
A simple proof of this result using the fact that finite-dimensional real (resp.,
complex) Banach spaces are approximate quotients of the spaces R* (resp., C*)
with the supremum norm may be found in [21, § 3].

LEMMA 23. If o: V—>W and ¥ : V' — W’ are bounded linear maps, then
the linear map

e @V : VR WoV Q,W:iv®wel  V(w)
satisfies

lle ® ¥I| = [lef! [[¥i].
Proof. Given u € V ® W with u = > v; ® w;, we have
(¢ @ V) (1) = 2 o(vy) ® ¥(wy)
where
Zlle@) ¥ @Il = llell 1]} 2 o] [[wi]
LEMMA 2.4. Suppose that V and W are Banach spaces and that Wy is an
L-summand in W. Letting « : Wo — W be the inclusion map,
1@: VR, W=V, W

15 an isometry onto an L-summand.

Proof. Letting e: W — W, be the L-projection onto Wy, we have from
Lemma 2.3 that both1 ® e: V @, W—V &, Weand 1 @ +: V ®, Wy —
V ®, W are contractive. Since (1 ® e)o (1 ® 1) =1 ® 1, it follows that
1 ® vis an isometry and V ®, W, can be regarded as a subspace of V ®, .
On the other hand, if u = > v, @ w, € V ®, W,

2 ol el = 22 Hfoel | Hlewell 4 22 Hoal[ (11 = e)aw]|

2 [T @ e)@)| + [lu— (1 ® e)ull;
hence 1 ® e is an L-projection.

A subspace J of a Banach space B is said to be an M-ideal if its annihilator
Jtis an L-summand in B* (see (2, I, § 5]). In particular, if J is a closed two-
sided ideal in a C*-algebra B, then it is an M-ideal (the argument given for
[2, I, Theorem 6.12] is also valid for the complex spaces J and B).
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LemMmaA 2.5. Suppose that J is an M-ideal i a Banach space B and that
L C© N are finite dimensional Banach spaces. Given ¢ > 0 and a diagram of

contractions
o

L C)N—(p——»B/]

where n 1s the quotient map and

[[(no¥ — )]l = ¢

there exists a contractive lifting ¢’ of ¢ such that
[(¢" = W)[]| = be.
Proof. We may isometrically identify the diagram
B(L,B/]) 2 BN, B/J)
(2.5) 70 10

B (L, B) > B (N, B)

where ¢« : L — N is the inclusion map, with the diagram

*
reonB/ sl e B/
Il@n 11®17
FR1

L* @\ B &—— N* @\ B.

Taking adjoints, we have from Lemma 2.2 the diagram

Lo, B/ 8L N, B/
(2.6) 1@ o* 1® 7
c®1

L®,B*——  ,N®,DB*

The maps « ® 1 are weak* continuous contractive injections. Thus letting
D’ and K be the closed unit balls of L ®, B* and N ®., B*, respectively,
D’ is mapped weak* homeomorphically onto a symmetric compact convex
subset D of K. From Lemma 2.4 the maps 1 ® »* are weak* continuous iso-
metries. Letting e : B¥ — B* be the L-projection with range J+,

W = the image of (1 ® 7*) = (1 ® ¢)(N ®, B¥)
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is a weak* closed L-summand, and we may identify the closed unit ball of
N ®, (B/J)* with F = K M W. Similarly we identify the closed unit ball of
L ®, (B/J)* with D' N W’ where W = (1 ® ¢)(L ®, B*). We have

@27 (eI ®ed=(>100¢C®1);
hence
W) =(® 1)L ®,B*) "W,
and since « ® 1 is one-to-one D C (« ® 1)(L ®., B¥),
28) LD NW)=DNEL)(W)=DNW=DNF.
We have a diagram of inclusion maps

DNFC——»F

[

D—— K

and we may identify (2.5) with the diagram of restriction maps

(2.9) Afftp(D N F) < Affp(F)

Affr (D) < Affy(K)

(for real Banach spaces, replace Affy by Affy). Since 1 ® e: L ®, B* —
L ®, B* maps D’ onto D' M W', it follows from (2.7) and (2.8) that it maps
D onto D M F, and D satisfies the conditions of Lemma 2.1.

Reinterpreting the hypotheses in terms of (2.9), we are given ¢ € AffyF and
b € AffyK such that ||a||# £ 1, |b]|x = 1, and

l[(@ = D)o nrll = e

Thus from Lemma 2.1 there is an element ¢’ € AffyK such that d/|r = «,
[la']| = 1, and

1@ = D)[pl| = 6e.

Returning to (2.5), &' corresponds to a contraction ¢’ : N — B such that
no¢ = ¢and ||(¢ — ¥).|| £ 6e This proves the lemma.

A Banach space V is said to have the metric approximation property pro-
vided there is a net of finite rank contractions ¢, : V' — V converging to the
identity map in the point-norm topology. The argument used to prove the
following result was motivated by that of Andersen for [3, Proposition 5].

THEOREM 2.6. Suppose that A and B are Banach spaces, A is separable and has
the melvic approximation property, and that J is an M-ideal tn B. Then each
contraction ¢ : A — B/J has a contractive lifting ¥ : A — B.
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Proof. We fix a dense sequence ay, ¢s, ...1in A. We inductively define a
sequence of finite dimensional subspaces Ly € L; C ... with Uj%=oL; dense
in 4 and contractions 6, : A — L, as follows. We let L, = {0} and 6, = O.
Having defined L, and 6; for an integer & = 0, we may use the metric approxi-
mation property to find a finite rank contraction 6,4, : 4 — A4 such that

(210) ll(0k+] — l)lLkll é 2—(k+1).
We then define
Liyi = Ly + 0k 41 (4) + Fap

(where F is the underlying field R or C).

We next inductively construct a sequence of contractions ¥; : L, — B such
that n o ¥, = (p|Lk. We let ¥, = 0. Suppose that we have defined ¥, with
this property for an integer & = 0, and consider the diagram (with the con-

vention L_; = {0})
B
v,
!

L. CL.CLi,C4 ——_‘p——*B/J-

8

We have that

[[mo W06 — )|z, [l = l[(e0b — &)|r,_ |l =27
From Lemma 2.5 we have a contractive lifting
Vep1: Ly — B
such that
(Y1 — ¥ 0 9k)|Lk_ll| <6-27%
If follows from (2.10) (with %k rather than k2 4+ 1) that

H(Wesr — )|, Il S 6-27F + [|[¥,0 (1 — 6)],, || 727"
Fixing k,, it follows that for all 2 = k,,

Of <P| L1

(Y1 — ¥ )|, | = 7-27F

and the maps ¥, converge uniformly on L;,_;. We let ¥®*o=b . [, , — B be
the limit contraction. The maps ¥® are compatible and thus define a contrac-
tion U L; — B. The latter extends uniquely to a contraction ¥ : 4 — B with
no ¥ = ¢. This completes the proof of the theorem.

We conclude this section with a few additional remarks about the greatest
cross norm. If V4, ..., I/,, W are normed vector spaces, we have a natural
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surjective isometry
0: BV, ..., Vs W) =>ZB(Vy @xr... VW)
defined by

0(f)(‘01 ®...Q ‘Z)n) = f(l’], N ,'l),,)
(see [24, p. 342]). Furthermore, we have:

LeEMMA 2.7. Suppose that A and B are Banach spaces. If A and B are separable
or both have the metric approximation property the same 1is true for A ®, B.

Proof. If A and B are separable, let a,, and b, be dense sequences in A and B,
respectively. Then finite linear combinations ) a,; ® b, will be dense in
A ®, B, hence 4 ®, B is separable.

If ¢,: 4 > A, ¥,: B— B are finite rank contractions converging to the
identity maps in the point norm topologies. From Lemma 2.3 the finite rank
maps ¢, @ ¥, are contractions. It is trivial that they converge on 4 ®, B
to the identity map in the point-norm topology. Since they are contractions,
they have unique extensions ¢, ® ¥, which also converge in point-norm to
the identity on 4 ®., B.

3. Cohomology. We recall that a (vector) cochain complex C is a sequence
of vector spaces C*, n = 0 and linear maps §", = —1 (we will often omit the
superscripts on the §’s)

—1 0 1
0,0 b, o8

such that §%"' = 0. (see [26, § IV.1]). For each n = 0, we let
Z"(C) = ker &"
B"(C)
H*(C) = Z*(C)/B"(C).
Thus we have that H*(C) = 0 if and only if C is exact at C", i.e., im §! =
ker 6".
Given cochain complexes C and C’', a cochain homomorphism ¢ : C' — C is

a sequence of linear maps ¢": C"" — C*, n = 0 such that " = ¢"*15. A
diagram of cochain complexes

Il

im §"!

24

B Ael-S

is said to be exact at Cif ker ¥ = im ¢" for each #. Given an exact sequence of
cochain complexes

61 0-cS5cELo oo,
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we obtain a corresponding exact cohomology sequence

*0 q’*o 0 *1
3.2) 0 H'(CY 25 H'(C) 2 H (e AL HY e 2%
(see [26, IV 2]). Using brackets to indicate cohomology classes, these maps are
defined by

ex"((2/]) = [¢"(z)] =2/ € Z"(C),
V' ([2]) = [¥"(z)] 2, € 2(0),
A*([2,]) = [ed'] 2" € 2(C"),
the element ¢,/ € Z"(C’) being determined by any diagram of the form

N & "
Cp —m» 2,

15
n+1

!/ ¢
Cpp1 V> (1

Let us suppose that 4 is a Banach algebra, and that V' is a Banach A-bi-
module, i.e., Vis a Banach space and an algebraic 4-bimodule with

laol| < [lall [loll, [lal| = [loll [lall, o€ 4,v€ V.

The corresponding bounded cohomology chain complex C(A, V) is defined by
letting

M4, V)=V

A, V) =FA4,... ;N =2HA4Q,...R0,A4,1)
and 6" : C*(4, V) — (4, V) is defined for n = 0 by

(6%) (a) = av — wva,

@) (@1, « - vy 1) = arf(as, . ..y tper) + (1) f (@, . .., @p)tps

4+ X (=D ay, .., @i, ey Gg).

We will not use the Banach structure on the vector spaces C"(4, V). We write
H"(A, V) for H*(C(4, V)).

If W is an A-submodule and Banach subspace of V, and n: V — V/W is
the quotient map, we obtain an exact sequence

33) 0—cU, WScu, Y cu, viw

where

" C"(A, W) > C(4,T)
is the inclusion isometry, and

(3.4) V" CM(A4, V) > CHA, V/W)
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is the contraction defined by

Y (f)(ar, ..., a,) = nflay, ..., a).
LemMa 3.1. Suppose that A is separable and satisfies the metric approximation

property, and that W is an M-ideal in V. Then the sequence

) )4
0->CA,W)—>CA,V)—>CA, V/W)—0

1s exacl.

Proof. 1t suffices to prove that (3.4) is surjective. For n = 0, this is trivial.
For n > 0 this is a consequence of Lemma 2.7 and Theorem 2.6.

Applying (3.2) we have
COROLLARY 3.2. Under the hypotheses of Lemma 3.1, one has an exact sequence
0—->H(A,W)—>HYA,V)—>H(A, V/W)—>HUA, W)—>....

If ¢ : A — B is a homomorphism of Banach algebras and 17 is a B-bimodule,
then we may also regard it as an A-bimodule by letting a - v = ¢(a)v and
v - a = ve(a). In particular, suppose that 4 C % (H) is a C*-algebra. Then we
may regard & (H),# (H), and Z (H)/# (H) as A-bimodules. A von Neumann
algebra is said to be approximately finite-dimensional if it is generated by an
increasing sequence of finite-dimensional subalgebras. We note that in par-
ticular, for a C*algebra 4 D¢ (H), the weak closure 4 = % (H) is approxi-
mately finite-dimensional.

CorOLLARY 3.3. If 4 © B (H) is a separable nuclear C*-algebra and the
weak closure A is an approximately finite-dimensional von Neumann algebra, then

H"(A, % (H)/XA (H)) = H"*'\(A,4 (H))
foralln = 1.

Proof. From [30, Theorem 6.1] or [34, Theorem 7.1; 18, Corollary 4.4 —see
Math. Rev. for correction], we have that

H"(A, % (H)) = H (A, # (H))

and the last group is zero (see [34, Theorem 4.5]). On the other hand, since 4
is nuclear it satisfies the metric approximation property (see §1). From
Corollary 3.2, and the above we have the exact sequence

0=H'(A, #H))— H(A, #H)/HA (H)) - H(A,HA (H)) —
H"\ (A, % (H)) = 0;
hence H*(A, % (H) /A (H)) = H""'(4,4 (H)) as desired.

Remark 3.4. In the preliminary version of Connes’ remarkable paper [15],
it is stated that an injective von Neumann algebra on a separable Hilbert

https://doi.org/10.4153/CJM-1977-108-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-108-x

LIFTING PROBLEMS 1105

space must be approximately finite-dimensional. We are convinced (as is the
referee) that this must be the case, but we do not have access to the details.
Assuming that this is true, we may delete the hypothesis of A being approxi-
mately finite dimensional from Corollary 3.3 and Proposition 3.6 below. To see
this, note that from [12] the weak closure must be injective, hence approxi-
mately finite-dimensional from Connes’ assertion.

LemMmA 3.5. Suppose that ¢ : A — B 1s a bounded surjective homomorphism of
Banach algebras such that J = ker ¢ has a bounded approximate identity and that
V is a Banach B-bimodule. Then H (B, V) = H' (A, V) and one has an 1iso-
morphic injection

H2(B, V) S H (4, V).

Proof. Consider the exact sequence

0-CcB V)5 cu, Mbp-o
where ¢ =id : V— V, D = 0, and for each n > 0
& (f)ar, ..., a,) = fleay, ..., ¢a,), D* = coker ¢".

p" is the quotient map, and the boundary maps on D are induced by those on
C(B, V) and C(4, V). Then we have the exact sequence

0=H"(D)— HY(B,V)—> HY(4, V) —> H'(D)
— H*(B, V) — H*(4, V)

and it suffices to prove that H'(D) = Z'(D) is zero. Letting J = ker ¢' and
# .(J, V) be the maps in & (J, V) which extend to elements of & (4, V), we
have an exact sequence

0—CYB, V) C (4, D Z.(J,1V)—>0

where p is the restriction map. Thus we may identify

1
c4, S D' with 4, D Z. U, ).

Given a cycle f € Z,(J, V) we may select f € C'(4, V) with p'(f) = f.
Since p2(6f) = 0, 6f = ©%(g) for some g € C2(B, V). It follows that if &y,

ks € J then
0 = g(0,0)
= &f (ky, k2)
= kif(ke) — fkiks) + f(R1)ke
= —f(kiky).

From the Cohen Factorization Theorem [14, Theorem 1], if 2 € J then
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k = kiks, k; € J; hence
J(k) = f(kiks) =0,
ie., f = 0, and the proof is complete.

We note that for dual modules V, Sinclair has proved that H*(B, V) =<
H"(A4, V) for all n (see [36; 17, § 4]).

ProrosiTioN 3.6. If A C H (H) is a separable nuclear C*-algebra and the
weak closure A is an approximately finite-dimensional von Neumann algebra and
B s its image in B (H) /A (H), then one has maps

H'(B, # (H)/A (H)) = H*(4,X (H)),
H2(B, % (H) /A (H)) < H A, (H)).

Proof. This is immediate from Lemma 3.5 and Corollary 3.3.

We conjecture that if 4 C % (H) is a separable nuclear C*-algebra, then
H*" (4, X4 (H)) = 0, for n = 2. If this is the case it will follow that for a
*_isomorphism ¢ from a separable nuclear C*-algebra B into % (H) /A (H), we
have HY(B, # (H)/4 (H)) = H*(B, ¥ (H)/># (H)) = @, since identifying B
with its image and 4 with the inverse image in & (H), 4 will be separable and
nuclear from [12, Corollary 3.3]. This in turn will imply that given a *-iso-
morphism ¥ : B — % (H)/# (H) which is norm close to ¢, then ¥ will be
equivalent to ¢ in the sense of (7, 8] (see [33, Theorem 2; 29, Theorem 5.1]).
We note that B. E. Johnson has proved that H*(J¢ (H), ¢ (H)) = 0 for
n = 2 [28, Theorem 4.4].

4. Completely positive liftings. A unital C*-algebra B is said to be
injective (resp., separably injective) if given unital C*-algebras (resp., separable
unital C*-algebras) A € S (we assume the unit is the same), any completely
positive map ¢ : A — B has a completely positive extension ¥ :.S — B. We
note that if B C % (H) is injective, then there exists a completely positive
projection of & (H) onto B, hence B is injective in the sense of [10].

LeEmMmA 4.1. Suppose that B is a separably injective unital C*-algebra and that

J is a closed iwo-sided ideal in B. If one can solve the completely positive lifting
problem

B

|

A—B/J

for any separable C*-algebra A and completely positive map A — B/J, then B/J
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1s also separably injective.

Proof. This is immediate from the diagram
—————— > B

\f
A 4 B/J
where the diagonal is a lifting and upper row is an extension of the diagonal.

We let F, denote the free group on two generators and C;*(F,) be the C*-
algebra generated by left translations on H = [2(F;).

LEMMA 4.2. If B is a unttal C*-algebra which has a unital trace and there is a
unital *-isomorphism from C*(Fo) wnto B, then B is not separably injective.

Proof. From [10, end of § 3] there exist unitary vy, vo € C;*(F3) and a pro-
jection ¢ € & (H) such that

(41) e+ 7}1*6'1)1 = 1
€ + 2)2*6‘112 + '112*267J22 é 1.

Let .S be the C*-algebra generated by C*(F2) and e. If B is separably injective,
then there exists a completely positive map ¥ such that the diagram

S
ul

CH(Fy) — B

¥

commutes. Since, in particular,
1= Y(*,) = ¥(@*)¥(v,),
the operators v; are in the multiplicative domain of ¥, i.e.,
W (v*s) = U *)V(s), VY(sv,) = ¥(s)¥(vy)
for all s € S (see [9, Theorem 3.1]). Apply ¥ to (4.1),
V(e) + u*¥(e)us 2 1,
V(e) + us*V(e)us + u*2V(e)us? < 1,

where the operators u; = ¥ (v;) are unitary. Letting = be a unital trace on B
we conclude 27 (¥ (e)) = 1= 37(¥(e)), a contradiction, completing the proof.

The direct sum M of all matrix algebras M, (1 = n < ) is an injective
von Neumann algebra. Letting 7, be the unital trace on M,, we define a trace
7o on M by

70 (r) = lim 7,(7,),

where we are using the generalized limit determined by a free ultra-filter w
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on the positive integers (see [38, § 1]). We have that
Jo=1{r € M:7,(r*r) = 0}

is a norm-closed two-sided ideal in M and M/J, is a type II; factor. We now
appeal to the fact proved by Wassermann (38, § 1.6] that there is a unital
*.isomorphism 7 : C*(F.) — M/J, to conclude

THEOREM 4.3. The diagram

M

l

C*(F) S M/ T,

does not have a completely positive lifting.

Proof. From Lemma 4.2, M /J,, is not separably injective, hence the argument
of Lemma 4.1 gives the desired result.

We let C*(F,) denote the full group C*-algebra of F, (see {22, § 13.9.1]). We

are indebted to L. Brown for the following remarkable result.

LeMMA 4.4. If J is a closed two-sided ideal in a unital C*-algebra B and one has
a *-homomorphism w from C*(F,) into B/J, then one can always find a unital
completely positive lifting in the diagram

7
C*(Fy)—— > B/J.

Proof. Let u,, us € C*(F,) be the unitaries determined by the generators of
F.. Then for each 1,

v [r(?m) T(gi)]

is a self-adjoint unitary in
Mq(B/J) = M2 (B)/M.(J).

We may find unitary pre-images »; € M.(B) for the v,. To see this, let 7/ be
a self-adjoint pre-image of v,;, and let r; = f,(r;/) where f; is any continuous
function from [—||7/||, ||7/||]] into the unit circle such that f(—1) = —1,
f(1) = 1. Letting

L4
i = C; dl
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we have that

[n(ai) n(bi)] =[ 0 W(ui)]-
n(ci) n(dy) w(u*) 0

The assignment

o1 20

““la, ed TLles adl1 0

determines a representation of F,, and thus extends to a *-homomorphism
W, : C¥(F.) — M,(B).

Letting
E: My(B) > B:[biy] = by,

it is evident that ¥ = E o ¥,, is the desired lifting of .

THEOREM 4.5. The diagram

C* (F)
_ X
-~ ¢
(4.2) -7
Cz*(Fz)'i—d—*Cz*(Fz)
where { is the natural surjective *-homomorphism, does not have a completely
positive lifting 6.

Proof. 1f 6 exists, consider the diagram
CF)— Y, m

0 Tof n

CHrFo)———F— M/J
where the top row is a lifting of 7 o ¢ (by Lemma 4.4). Then the map ¥ o6
is a lift of =, contradicting Theorem 4.3.

Remark 4.6. One may also prove Theorem 4.5 by using a result of Berger,
Coburn, and Lebow [5, Theorem 2.2] completing an argument of Douglas and
Howe. Suppose that J is a closed two-sided ideal in a C*-algebra 4 and that
there is a completely positive lifting for the diagram

A

|

AT — AJJ.
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Then given any C*-algebra B, the kernel of the map
A ®m1nB - (A/J) ®min B

is the norm closure of J ® B. Essentially the same argument shows that the
kernel of

A ®minA — (A/J) ®min (A/J)

is the norm closure of J @ 4 + 4 ® J. Thus if the completely positive lifting
in Theorem 4.5 existed, then the kernel of

C*(F2) @umn C*(F2) = C*(F2) Quin C*(F»)
would be the norm closure of
ker { ® C*(F,) + C*(F,) ® ker ¢.
However, Wassermann has shown this is not the case (38, § 2.8].

Remark 4.7. It is tempting to conjecture that C;*(F;) does not satisfy the
metric approximation property. Owing to Theorem 2.6, it would suffice to
prove that (4.2) does not have a contractive lifting. Perhaps it is relevant that
we can prove that there does not exist even a positive extension ¥ in the proof
of Lemma 4.2.

Remark 4.8. 1t would seem likely that the Calkin algebra % (H) /¢ (H) is
not separably injective. If this is the case, we will have a *-isomorphism from
a separable C*-algebra into the Calkin algebra which does not have a com-
pletely positive lifting. Such an example would be of considerable interest in
extension theory.

Added 1 proof. Extending the technique of § 4, Joel Anderson has proved
that the Calkin algebra is not separably injective.
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