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We consider the well-posedness of a stochastic evolution problem in a bounded
Lipschitz domain D C R? with homogeneous Dirichlet boundary conditions and an
initial condition in L2?(D). The main technical difficulties in proving the result of
existence and uniqueness of a solution arise from the nonlinear diffusion-convection
operator in divergence form which is given by the sum of a Carathéodory function
satisfying p-type growth associated with coercivity assumptions and a Lipschitz
continuous perturbation. In particular, we consider the case 1 < p < 2 with an
appropriate lower bound on p determined by the space dimension. Another difficulty
arises from the fact that the additive stochastic perturbation with values in L2(D)
on the right-hand side of the equation does not inherit the Sobolev spatial regularity
from the solution as in the multiplicative noise case.
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1. Introduction

1.1. Statement of the problem

Let (Q,F,P) be a complete, countably generated probability space (e.g. the
classical Wiener space), D C R? be a bounded Lipschitz domain, 7' > 0, Qp :=
(0,T7) x D. We are interested in a result of existence and uniqueness of the solution
to

du — div(a(z,u, Vu) + F(u))dt = 2dW(t) in Q2 x Qr,
u=0 on Qx (0,T) x 0, (1.1)
'LL(O, ) = Ug (S L2(D)

The nonlinear diffusion-convection operator of Leray—Lions’ type is defined as the
sum of a Carathéodory function a : D x R4t — R? satisfying appropriate growth
and coercivity assumptions which will be given below and F : R — R Lipschitz con-
tinuous with Lipschitz constant L > 0, such that F(0) = 0. On the right-hand side,
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® € L?(Q;C([0,T); HS(L?(D))) is progressively measurable, where HS(L?(D)) is
the space of Hilbert-Schmidt operators from L?(D) to L?(D). W is a cylindri-
cal Wiener process in L?(D) with respect to a filtration (F)se(o,7], denoted (F7)
in the sequel, satisfying the usual assumptions. More precisely, W is defined in
the following sense (see, e.g. [3]): for a fixed orthonormal basis (e, )nen+ of L?(D)
and a sequence of independent, real-valued (F;)-Brownian motions (8, )nens, we
define for any ¢ € [0,7] and u € L2(D), (W(t),u) :=> 1" (€, ) 2(p)n(t). One
can check (see, e.g. [3, p. 85]) that for any u € L?(D), (W,u) is a real-valued,
(Ft)-Wiener process such that E [(W(t),u)(W (s),v)] = min(t, s)(u, v) L2(p) for any
u,v € L*(D), for all s,t € [0,T]. W can be represented in the following way: for any
sequence (a,) € ['(R") it is easy to check that W (t) :== > °7 | \/an(€n/\/an)Bn ()
is a @-Wiener process with positive definite, symmetric and nuclear covariance
operator @ = diag(a,) in the (bigger) Hilbert space

U= Q VAL (D)) (1.2)

which is obtained as the completion of L?(D) with respect to the norm || -|¢

induced by the scalar product (u,v)y = (Q/?u, Ql/zv)Lz(D). However, the stochas-
tic integral fot &dW (s), t € [0,T], can be defined independently of the representa-
tion of W and the choice of @ by ® AW (t) :=>_°7 | ®(e,,) dBa(1).

n=1

1.2. Motivation and former results

The technical novelties of this contribution arise from the stochastic forcing
of the nonlinear diffusion-convection operator u — —div(a(z,u, Vu) + F(u)). The
diffusion part w— —div a(z,u, Vu) is a monotone operator with p-growth and
coercivity conditions for 2d/(d+ 1) < p < co where d € N* is the space dimen-
sion (see §1.3 for more details). In particular, the assumptions include a class
of p-Laplacian operators with 1 < p < 2, p appropriately bounded away from 1.
In contrast, the convection part u+— —div F'(u) is, in general, not monotone but
strongly continuous. It is well-known that a semigroup representation of the solu-
tion in the sense of [3] is not available in this nonlinear case. Moreover, classical
well-posedness theory for monotone SPDEs (see, e.g. [11]) and for locally monotone
SPDEs (see [10]) does not apply for a general perturbation of the type —div F'(u)
for Lipschitz continuous F' : R — R?. Therefore, our aim is to show well-posedness
results by using a semi-implicit Euler-Maruyama time discretization (i.e. implicit
in the operator part and explicit in the noise one). From the a priori estimates, we
get weak convergences of approximate solutions with respect to (w, ¢, x), but com-
pactness arguments can be applied uniquely with respect to the variables (¢, x). It
is therefore not possible to identify the limit of the convection part of the operator.
However, it is possible to show the existence of a martingale solution by adapt-
ing argumentations based on convergence in law and Skorokhod’s representation
theorem. Then, since a pathwise uniqueness result can be obtained by using a L'-
contraction principle, the existence of a strong solution follows by the argument of
convergence in probability of Gyongy and Krylov [8]. Those techniques are well-
known for evolution problems with a multiplicative stochastic perturbation and
have been applied in, e.g. [4, 6] and by many other authors in the last few decades.
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In our case, this method allows to pass to the limit in the nonlinear convection oper-
ator. Taking advantage of the additive character of the stochastic perturbation, we
can recover the stochastic integral by using a result detailed by Debussche et al. in
[4]. Since the stochastic integral takes values in L?(D), it does not inherit spatial
Sobolev regularity of the solution. Therefore, the compactness arguments are more
subtle than in the case of a multiplicative stochastic perturbation as considered in
[17] for the operator u +— — div(|Vu[P~2Vu + F(u)) with p > 2.

1.3. Assumptions on the nonlinear operator

The vector field a: D x R x RY — R?, (z, )\, €) +— a(z, \, &) is a Carathéodory
function in the sense that the mapping (X, &) — a(z, A, €) is continuous for almost
every * € D and x — a(-,\, &) is measurable for every (), ¢) € R x R%. In the
following, let 2d/(d+ 1) <p < oo and p’ =p/(p—1). We impose the following
conditions:

(A1) a is monotone with respect to its last variable only,

[a(x7Aa§) - Cl(.]?, /\ﬂ?)] ' (6 - 77) > 0
for all A € R, &, € R? and almost every x € D.

(A2) There exists xk € L*(D), some constants C} >0, C2>0, C3>0 and a
nonnegative function g € LP (D) such that

a(x7)‘7§) 5 > K(.%‘)—Fc(i‘ﬂp? (1'3)
la(z, A\, )] < CREP™ + GNP~ + g() (1.4)

for all A € R, £ € R? and almost every = € D.

(A3) There exists a constant C* > 0 and a nonnegative function h € L (D) such
that

la(z, A, €) = alz, A, €)| < [CLlE[P " + h(x)][ A = Ao
for all A1, Ao € R, for all £ € R? and almost all z € D.

From assumptions (A1)—(A2) it follows that the nonlinear operator
A:WeP(D) — W (D), u— Au) := —div a(z,u, Vu)

is well-defined, hemicontinuous and pseudomonotone (see [12, lemma 2.32]). From
assumption (1.3) of (A2), it follows that A is coercive.

Since p > 2d/(d+ 1) > 2d/(d + 2), this implies that p* := dp/(d — p) > 2 when
p < d and Wy (D) is compactly embedded into L2(D). In addition, the stricter
condition p > 2d/(d + 1) implies that p’ < p*. Therefore, L?" (D) is continuously
embedded in L” (D) and the operator u € Wy (D) — — div(a(z, u, Vu) + F(u)) is
well defined. An example of an operator satisfying (A1)—(A3) is given by A(u) =
— div(p(z, u)|Vul[P~2Vu) for a strictly positive, Lipschitz continuous (with respect
to the second variable) and bounded function ¢.
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1.4. Strong solutions
Let us recall the notion of strong solution to (1.1):
DEFINITION 1.1. A (strong) solution to (1.1) is a predictable process u €

L2(Q;C([0, T); L3(D))) N LP(; LP(0, T; Wy P (D))) such that u(0,-) = ug in L*(D)
and

t ¢
u(t) —ug — / div(a(z,u, Vu) + F(u))ds = / O dW (s),
0 0
in L?(D) for all t € [0,7], a.s. in .

1.5. Main result and outline

THEOREM 1.1. For any wug € L?(D) and any progressively measurable ® €
L2(Q;C([0,T); HS(L?(D))) there exists a strong solution to (1.1).

The proof of theorem 1.1 is contained in the following section. It is based on
an approximation procedure by a time discretization of (1.1) introduced in §2.1.
Since there is a lack of compactness with respect to w € €2, we use the theorems
of Prokhorov and Skorokhod to obtain a.s. the convergence of the sequence of
approximate solutions [2].

2. Proof of theorem 1.1

2.1. Time discretization

For N e N*, let 0 =tg < t; <... <ty =T be an equidistant subdivision of the
interval [0, T] with 7:= T/N =t 41 —tx forall k =0,--- , N — 1. For uy € L?(D),
u® = ul given by lemma A.1 and @ := ®(¢;) for k=0,..., N — 1, we introduce

the semi-implicit Euler-Maruyama scheme

uFt — b — rdiv(a(z, T VAP £ FuFTY) = &AL W, (2.1)
where @Ay 1 W i= O(tg) (W (thy1) — W(ty)) for k=0,...,N — 1.
LEMMA 2.1. For any 7 > 0 and any given F-measurable u* € L%(D), there exists a

unique F-measurable function u*+!: Q — Wol’p(D) satisfying (2.1) in L?(D), for
a.e. w € Q. If moreover u¥ is F;, -measurable, then u*+1 is Fiiyr -measurable.

Proof. The operator A, : Wy*(D) — W~ (D) defined by

(AT(u),v>W_1,p/7W01,p = (u,v)2 + T/D(a(a:, u, Vu) + F(u)) - Vo dx

for u, ve VVO1 P(D) is a pseudomonotone operator, since it is the sum of a
pseudomonotone operator and a strongly continuous perturbation (see, e.g. [12,
corollary 2.12, §2.4.3]). Thanks to (A2), condition (1.3) and Gauss—Green’s
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theorem, A, is coercive, i.e.

(Ar (W) Wy rv () wi#0) _ +oo.

Hu”wc}vf’(mﬂoo Hu||W01=P(D)

Let V C Wy*(D) be bounded, i.e. sup,cy ||u||W01,p(D) < Cy for some constant
Cy = 0. In the following, C; > 0, for i = 1,2,3... will be constants. For any u € V'
and any v € WP (D) such that ||v||W01,p(D) < 1 we have

‘<AT(U)7’U>W—1J",W01"’| < Il + 12 + 13. (22)

Using Cauchy—Schwarz inequality and the continuous embedding of WO1 (D) into
L3(D) for p > 2d/(d + 1), we have

I = |(u, 0)2] < lull2llvllz < Cillullyirpylollwirpy) < 10 (23)

From (1.4) of (A2), Young’s and Poincaré’s inequalities it follows that

I, = T/ la(x,u, Vu) - Vo| da
D

T ’ T
< ZCs [ 1Vl P+ gl dot Dol
T P oy T P v
< ZCulllulfyynpy + lol) + 5 < Co(CE + gl + 1. 24)

We recall that thanks to the condition p > 2d/(d + 1), it follows that LP" (D) is
continuously embedded into LP (D) and therefore we can estimate

T ’ T
h=7 [ FaVelds < T [ PP o+ Dol

T ’ / T
< ZLP s + = < Ol
p p

A Zf) < Cul|lul| +1) < Cu(CP +1), (25)

.
Wy P(D)

where L > 0 is the Lipschitz constant of F. From equations (2.2)—(2.5) it follows
that A, is bounded and, by Brezis’ theorem (see, e.g. [12, theorem 2.6 on p. 33]),
A, is onto W1 (D). In order to show that A, is injective, we fix f € W12 (D)
and assume that there exist u1, ug € Wy**(D) such that A,(u;) = A, (ug) = f in
WP (D). Then, for the non-decreasing Lipschitz continuous approximation of the
sign function (signs)s>o defined for all » € R by signs(r) = max(—1, min(1,7/9)),
the chain rule for Sobolev functions yields J; + Jo + J3 = 0, where

J = / (u1 — ug) signg(ug — us) dz,
D

Jy = / signs(u1 — ug)(a(x,u1, Vur) — a(z, uz, Vug)) - V(u; — uz) dx,
D

Ta = [ st =) (F(u) = Plu) - Vs = 2) da
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It follows immediately that lims_ g+ J1 = fD |uy — uz| dz. Now we write Jy = Ja 1 +
Ja,2, where, by (A1),

Jo1 = / sign’s(u1 — ug)(a(z,u1, Vur) — a(x,u1, Vug)) - V(uy — uz)dz >0
D
and by (A3)

|J2,2] < / signs(u1 — ug)|a(z,ur, Vus) — a(z, uz, Vu)||V(u1 — ug)| dz
D

1
< 7/ (CalVualP~" + h(x))ur — usa||V (w1 — ug)| da
o Jug—ug|<d}

1/p'
C </ [Vus|? + h(z)? dx> </ |V (up — ug)l? dx)
D {lur—uz|<d}

Since V(u; —u2) =0 a.e. in {u; = us} for Sobolev functions, lims .o+ |J22] =0
and limsups_,o+ J2 = 0. Since F' is Lipschitz continuous with Lipschitz constant
L > 0, we have

1/p

1

|J3] <
6 s —ua <5}

Lluy — ug||V(u; — ug)| de,

thus limgs_ g+ J3 = 0. Combining the above results, we obtain u; = us.

It is left to show that A;': W~ (D) — W "*(D) is demi-continuous. For
f e Wb (D) and u such that A,(u)= f, using Gauss-Green’s theorem on the
convection term, we get (f,u >W_1,p/(D))W(},p(D) = |Jul3 + 7 [, a(z, u, Vu) - Vuda.

By [pa(z,u,Vu) - Vudz > —||x|[1 + C;|[Vull5 and therefore, using
Young’s 1nequahty, for any 6 > (0 we get

lall3 = 7lllh + 7CHIVUlE < F s (o) ity

7'6 7o
||f\|W L +;HVU\|§ (2.6)

with a constant Cy 5 > 0. Let (f,) € W=7 (D) be a sequence converging to f in
W12 (D). For all n € N*, we define

Up = A7 (f). (2.7)
From (2.6) it follows that there exists a not relabelled subsequence of (uy), u €

Wy*(D) and B in L?' (D)% such that u, — u in Wy (D), u, — u in L?(D) thanks
to p* > 2 and a(z, u,, Vu,) — B in L (D)? for n — co. Using these convergence
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results and (2.7), we get

Jull? + 7 lim sup / a1y, V) - Vi da
D

n—00

= (fy W) w10 (D) w2 (D) = ||u\|§+T/DB-Vudx. (2.8)
Thus, from (2.8) it follows that

lim sup (A, (uy), w, — u>W,1,p/(D)7W01,p(D)

n—oo

= limsup/ a(x, up, Vuy,) - Vu, de — / B-Vudx=0 (2.9)
D

n— 00 D

and since A, is pseudomonotone, (2.9) implies A;u = f.

Consequently, u, = A7 (f,) = A7Y(f) =u in WyP(D), a priori for a sub-
sequence. Since u is unique, it follows that the whole sequence (u,,) converges to u
weakly in WP (D) for n — oo and A" is demi-continuous.

By assumption, ®; Ay 1 W + u” is F (resp. F,..,) measurable, thus

Uk41 = A;l((bkAk_HW + uk)

is weakly F (resp. Fi,,,) measurable, thus measurable by the theorem of Pettis
(see [18, V. 4, p. 131]) since W, ?(D) is separable. The lemma is proved. O

2.2. Estimates

LEMMA 2.2. For ug € L*(D), and k=0,...,N — 1, let u*T' be the solution to
(2.1). Then,

1
E (a3 — 0 3) + Bl — o3 + 7CIE VUL

N |

<7llwllh + 7Bk Fs (22 (py)- (2.10)
Proof. Taking u**1 as a test function in (2.1), we get

(Pt — P WPy — r(div(a(z, uF T Vert) + Fub ), uk“)W,l,p,(D)’WOl,p(D)

= (q)kAk—i-lW Uk+1)2 sSh+h+13=1, (211)

where I := (u" — ¥, uF 1)y = S([[uF 5 — [[uF]3 + [[u* ! — u¥]3), and, using
(A2), I =1 [}, a(x,u* T Vuk ) - Vudz > —7||k||; +TC;||VU||£.
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From Gauss—Green’s theorem it follows that

Iy = T/ F(ufty . vub Tl de = 0,
D

and we still have to estimate Iy = (®pAp W, uF Tt —uk)y + (@1 Ar W, uF)s.
Combining (2.11) with the above estimates and taking expectation we arrive at

B (a2 — b2 + b+ — b 2) + 7OVl
< 7|kl 4+ E(@pAp i W, u"H — uF)g + B(@pAg 1 W, u¥)s.
Since u* is F;, -measurable and W (t11) — W (ty) is F;,-independent, we have
E(®rAk 1 W, u")g = E(uF, B [®r(W (tri1) — W (tk))|Fr,])2 = 0.

Using Holder’s and Young’s inequalities it follows that for any o > 0

1(1 b ?
E(®pAp W, uf Tt — k), < 3 (IE‘ / OpdW(t)|| + aE[utt — uk||§> .
Q@ 23 2
(2.12)
By Itd’s isometry, setting o = % in (2.12) yields
E((PkA]H,lVV, ’U,k-"_1 — ’U,k)
et 2 1 k+1 k|2
<E [ 10 saaoy o+ BT -3
tr
1
= TEH(I)]C”%IS(L?(D)) + Z]EHUHI — "3,
and therefore (2.10) holds. O
DEFINITION 2.1. For N € N*) 7 >0, we introduce the right-continuous step
function
N-1
uk+1X[tk,tk+1)(t>7 t € [O7T)7
k=0

the left-continuous, (F)-adapted step function

N—

H

(bk}X(tk tk+1 ) (S (07T]7
k=0

the continuous, square-integrable (F;)-martingale

My(t) = /Ot Oy dW(s), te[0,T)
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and the piecewise affine functions

N1
~ - ykHL ok . ~ s
un(t) :== E — (t—tr) +u™ ) X)), £ €10,T), un(T) =u",

N-1
M, <MN(tk+1)T MN(tk) (t — tk) + MN(tk)> X[tk,thrl)(t)’ te [Oa T]'
k=0

LEMMA 2.3. There exist a generic constants K; > 0,1 =1,...,6 not depending on

the discretization parameters such that

—

N—

E|juf ! —u¥)2 < K7, (2.13)
k=0
n|2 < )
max Bz < Kz, (2.14)
T T
B[ uklBd< K ad B [ aylBas K (2.15)
0 0
T T
]E/ IVul |2 dt < K5 and E/ Va2 dt < K. (2.16)
0 0

Proof. We fix n € {1,..., N}, take the sum over 0,...,n — 1 in (2.10) to get

n—1 n—1
1 1 1
§]E||un||§ - §EHU0H§ T3 Z Ellu* —u*|3 + Cy Z TE|[Vur b
k=0 k=0
n—1
< ZTEHCI)/CH%IS(LQ(D)) +T|&]- (2.17)
k=0

From (2.17) and lemma A.1 (see appendix) it follows that
1 1 n—1 T
FEIC I+ 7 BN o1 +CF [ BIva
k=0
1
< §EHU0||§ + TE| |2 (0,77 5(22 () + Tllelh

and we get (2.13), (2.14) and the first inequality of (2.16). Now, from (2.14)
it follows that EfOT lu |3 dt < Tmaxg—1, . nE|u*||3 < K3. Since there exists a
constant C' > 0 such that EfOT lan||3dt < CT ZkN:OEHukH%, we have shown both
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inequalities of (2.15). Thanks to lemma A.1 it follows that

T N—-1 ity \V/ k+1_v k P
]E/ HvaNngdt:EZ/ VU VU )+ Vb de
0 =0 T P
-1
tt
<E Z (/ Pl gy k+1updt+/ ’““||Vukpdt>
k=0 tg
N-1
—TZHV’f“P VaF|2) < O+ LVl
: W+ [V 7)< © 4 Tl
and this yields the second inequality of (2.16). O

LEMMA 2.4. There exists a constant K > 0 such that

E "2 <K, 2.1
max "3 (2.18)

=0,...,

In particular, from (2.18) it follows that there exists a possibly different, but not rela-
belled constant K = 0 such that Esup,¢o 7 lun|3 < K and Esup;¢o 7y lunll3 < K
for all N € N*.

Proof. Taking u**! as a test function in (2.1), using (A2), Gauss-Green’s theorem
on the convection term and Holder’s and Young’s inequalities we get

4B — a3 < 2rlall + [ Bk WIE + 2@ b Wyub)s. (2.19)

Summing over k =0,...,n— 1 with n € {1,..., N} in (2.19) and applying we get

n—1 n—1
™13 = 113 < 2T (|sll + D 1@k At W5 +2 D (Pelysa W, ub):
k=0 k=0
and therefore, applying lemma A.1, taking the maximum over 0,...,n and then
taking expectation we arrive at
N—-1
E max u"[3 < [luoll3 + 2T k]1 + D E[®kAa W3
— Yy 7 k 0
n—1
—|—2E< max Z <I>kAk+1Wu )2 )
= HU0H2+2THI€||1+I1+IQ7 (2.20)
where, by It6’s isometry, I = ]E||ft’“+1 O AW ()13 STENRIZ (0. 17.55(22 (D)))-

We have ZZ;S(@kAk-HWa uk)y = fo (@, uby)2 AW (t), where uly is the piecewise
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constant, left-continuous function defined by ul(t) =u* for t € (t,trr1],
k=20,...,N —1. Thus,

tn
I, =2F max / (B, uly)2 dW(t) < 2E  max
0

/ " @y dW(t)\ .

n=1,..., n=1,...,N
(2.21)
Now, by Burkholder’s and Holder’s inequalities it follows from (2.21)
- 1/2
I, < 6E </o (@ n, ui)2llFrs 22 (D)m) dt)
< 6E L_TgaXN HunHQﬁH(I)||C([O,T];HS(L2(D))):| : (2.22)

Using Young’s inequality with « > 0 from (2.22), it follows that

" 3T
I; < 30E max [u™|3 + ?EH(I)H?Z([O,T];HS(LQ(D)))

.....

Plugging the estimates for I; and I into (2.20), choosing « > 0 such that
1 — 3a > 0, the assertion follows. O

LEMMA 2.5. There exists K > 0 not depending on N € N* such that

T d Py pl
]E/ —(Uy — My) dt < K. (2.23)
o lldt W14/ (D)
Proof. We fix k=0,...,N — 1. For all t € (t,tg4+1),
d, . = .
37 (v = My) = div(a(z, bt V) 4 F(uP ). (2.24)

For any v € W' (D), using (A2) we get
/ [(a(z, w1, VU ) 4 F(u*Th) - Vol da
D
< [ (CHTAT 4 G P (o) + LIV do = o +
D

(2.25)

where L > 0 is the Lipschitz constant of F. Thanks to Young’s and Poincaré’s
inequalities, a positive constant C; exists such that

I = / (CVuF TP 4 C3 PP~ 4 g(2))| Vo] dz
D

Cy / 1
< ?(IIVu'““H,’Z +llgll) + ];Ilvll (2.26)

-
Wy ?(D)
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Since p* >p/, L (D) C L' (D) with continuous injection. Therefore, using
Holder’s, Sobolev’s and Young’s inequalities, we get

C! 1 /
= L/ W Vol do < Z2{|VuF 2 + = fu]?
D p p

() (2.27)

for a constant Cy > 0. Using (2.24), (2.25), (2.26) and (2.27) and taking expectation
it follows that

T
E/
0

TC o,
:7||g||p/+T+OE/O [Vl |2 dt (2.28)

P TC3 N-1
dt < —>|glly + T + CsEr > [ VurH||p

d. . —~
a(UN — My)
WL’ (D) k=0

for a constant C'3 > 0. Now, the assertion follows from (2.16) of lemma 2.3. O

LEMMA 2.6. There exists a constant K > 0 such that
T
IE/ |uly — Un||3dt < KT (2.29)
0

Proof. We have Efo lun — |3 dt = 7/32 EHuk“‘l u¥||3 and the assertion
follows from (2.13) of lemma 2.3. O

LEMMA 2.7. There exists v > 0 and K > 0 not depending on N € N* such that

2
< K77, (2.30)
12(D)

E sup sup
ke{0,...,N—1} s€[ty,try1]

/ AW ()

Proof. We fix k € {0,...,N — 1} and s € [ty, txy1]. Then we have

where C' > 0 is a constant that may change from line to line. Now, from [7], [14,
example 2.4.1] for any ¢ > 1 and « > 1/q, it follows that

T T 1/q
- W (t) = W(r)|l{
_ < a—1/q ” U
[W(s) = W(t) v < CT (/0 /0 et dedr

— Oroe—Vaxl/a

2

/ oy AW ()

123

< C|Pkl1F2(p) W (s) = W (t)lI7, (2.31)
L2(D)

where U is defined in (1.2) and X := fo fo (W) = W(r)|IE) /[t = rj*att) dedr
is a real-valued random variable. Consequently,

|W(s) — W (t)||3 < Crie-Va x2/a, (2.32)
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Plugging (2.32) into (2.31), we get

s 2
sup sup / O dWV (1)
ke{0,...,N—1} s€[tp tps1] 1 tx L2(D)
<C ( sup |q>k|%IS(L2(D))> sup sup  [|W(s) — W (t)|7r
ke{0,...,.N—1} ke{0,...,N—1} s€[tr,try1]
< Cr X% sup ||<I>(t)||2L2(D) (2.33)
t€[0,7)

forany ¢ > 1, a > 1/q, v :=2(ae — 1/q) > 0. For ¢ > 2 with Jensen’s inequality, it
follows that

q 2/q
E(X?/1) < (B(X))" = ( / / E||V1T|aq+(1)'Udtdr> S

Since E||W(t) — W (r)||§; < C|t — 7|92, for some ¢ >0 one gets, for ¢ >2 and
ae(1/q,3)

T T
X) < C/ / |t —r|?/?721 4t dr < +oc0. (2.35)
o Jo
Taking expectation in (2.33) and using (2.34) and (2.35), (2.30) holds true. O

As a consequence, we can estimate the difference between the piecewise affine
and the time-continuous approximations of the stochastic integral:

LEMMA 2.8. There exist constants v > 0, K > 0 such that, for all N € N*,

E sup ||Mn(t)— My@®)|2 < K7 (2.36)
t€[0,T]

Proof. We fix N € N*. For k € {0,...,N — 1} and t € [ty, tp41)

¢ t—t) [T+
/ O dW (s) — / Oy AW (s)

tk T tk

2 tht1
/ Oy AW (s)

tr

2

M (t) = Mn (0] = ]

2
2

/t Oy dW(s)

ti

<

"

2 2

and therefore

2

sup ||My(t) — My(t)][3 <2 sup sup
te[0,7] k=0,...,N—=1t€[ty,tr4+1)

/ " dil(s)

ty

2

and the assertion follows from lemma 2.7. O
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2.3. Convergence of approximate solutions

2.3.1. Tightness In the multiplicative noise case, the stochastic integral inherits the
spatial Sobolev regularity from the solution. In the additive noise case, this is not
possible and the compactness argument for processes with values in L?(D) is more
subtle.

LEMMA 2.9. limy oo My = limy_.co My = [; ®dW(t) in L*(Q;C([0,T); L*(D))

Proof. From Burkholder-Davies—Gundy’s inequality it follows that

E sup

2 T
gE/\@nygm. (2.37)
[0,7] 0

2

/t By — dAW(s)

0

Since @ — ® for N — oo in L?(2; L2(0,T; HS(L*(D))), the right-hand side of
(2.37) converges to 0 when N — co. Now, the convergence result for (My) is a
direct consequence of lemma 2.8. g

LEMMA 2.10. For N € N*| let uy be the law of
Xy = (un,un — My, Mn, My, ®n, W).
Then, (un)Nen= 18 a uniformly tight sequence.

Proof. By lemma 2.9, My converges to Jo @AW (s) in L*(Q;C([0,T]; L*(D))), thus
also in law. Since C([0, T; L?(D)) is a Polish space, from the theorem of Prokhorov,
it follows that for any € > 0, there exists a compact set K! C C([0,7T], L?(D)) such
that P[My ¢ K] < ¢, for all N € N*. For the same reason, P[My ¢ K!] < ¢ for all
N € N*, for the same compact set. Since ® — ® in L?(Q; L2(0,T; HS(L?*(D))))
for N — oo, with similar arguments, it follows that for any e > 0, there exists a
compact set K2 C L(0,T; HS(L*(D))) such that P[®y ¢ K2] < € for all N € N*.
Moreover, for any € > 0, there exists a compact set K3 C C([0,T];U), where U is
defined in (1.2), such that P[W ¢ K32] < e. From lemmas 2.4 and 2.5, it follows that
iy — My is bounded in L2(Q;C([0,T); L*(D))) and (d/dt)(uy — ]/\/[\N) is bounded
in L (Q x (0,T); W= (D)), thus (iy —]/\/[\N) is bounded in L™n{22'}(Q: W),
where

W= {u € L*(0,T; L*(D)) %u e L7 (0, ;W (D ))}

and this space is compactly embedded into C([0, T]; W "' (D)) by [13, corollary 1].
Therefore, from Markov inequality, it follows that for any e > 0, there exists M, > 0
and K2 = By (0, M,) such that Pluy — My ¢ K2] <e, for all N, with the addi-
tional information that K* is a relatively compact set in C([0,T]; W~1#' (D)).
Thanks to lemma 2.3, (uy) is bounded in LP(Q, LP(0,T; Wol’p(D)))7 thus again,
using Markov inequality, we obtain: for any € > 0, there exists M > 0 such that
P[||ﬁN||Lp(o,T;W01,p(D)) > M] < e for all N € N*. Then, for ¢ >0, we can define
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Ke i= B(0, M) 0 rawioe oy X K& x K x K} x K2 x K2 and
1Ly V¥
K. := (B(O,M)L,,(O rawie oy K+ Kg]) x KYx K} x K! x K2 x K2,
'Ly V¥

Consequently, if puy is the law of Xy = (an,uny — M\N,MN,]\/ZN,{)N,W), on one
hand we have

v (Ko = PXRH(K)|
_ p[{aN € B0, M) 1, gt oy} 0 {in — My € K2} 0 {My € K1}
N{My € K} n{@y € K2} N {W € KI}]
= 1= P[{an ¢ B0, M) o ooy} U {iin — My ¢ K2}
U{My ¢ K} U{My ¢ K!}U{®y ¢ K2 U{W ¢ K7}
>1— 6¢
for all N € N*. On the other hand, since uy = Uy — J/W\N + ]/\/[\N,
v (Ko = P[XFHK)|
— p[{aN — My + My € B(0, M) g g #(py)} 0 {in — My € K2}
N{My € KN} n{My € K} n{®y € K2} n{W € Kf}}
_ p[{aN € B0, M) oo powin(pyy NV (K2 + KD} 0 {ay — My € K2}
N{My e KN} n{My e Kyn{by e K2} N {W KS}}
= P(X3'(K0) = i (Ko).

Note that by [13, lemma 9], B(0, M) oo Twie(py) " (K? + K}) is relatively com-

pact in L2(0, T, L*(D)) since K* + K is relatively compact in L?(0,T; W~1#'(D))
and W, ?(D) is compactly embedded into L2(D). Thus, (uy) is a uniformly tight
sequence. 0

PROPOSITION 2.11. The sequence (vn) of laws induced by
Yy = (uly — Uy, dn, iy — My, My, My, @5, W)
on the product space
X = L3(Qr) x LA(Qr) x C([0,T; W7 (D)) x €((0,T); L*(D))
x C([0,T]; L*(D)) x L*(0,T; HS(L*(D))) x C([0,T}; U),

where U is defined in (1.2), is tight and therefore, passing to a not relabelled
subsequence if nmecessary, there ewist probability measures vi on L*(Qr), va on
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C([0,T); W= (D)) and a probability measure

Ve (O,ul,yg,ﬁ (/0 <I>dW(s)> v (/0 @dW(s)) ,£((I>),£(W))

on X such that vy = v, i.e., imy_o [, fdvy = [, fdv for all f € Cy(X).

Proof. Note that for all N € N*, vy = (L(u}y — un), pv) and the tightness of (un)
follows from lemma 2.10. The tightness of (L(uy —un)) is a direct consequence of
lemma 2.6 and the converse part of Prokhorov’s theorem. O

2.3.2. Compactness Now, we are in position to apply the theorem of Skorokhod: by
Appendix A.3, there exists a new probability space (', ', P')! such that, passing
to a subsequence if necessary, (Y ) converges almost surely in X'. Without changing
the notation of random variables with the same law in order not to overload the
presentation, the semi-implicit Euler scheme (2.1) is satisfied on ©’.2 Moreover,
remark A.1 and in particular the a priori estimates developed in lemmas 2.2 to 2.6
hold true on (Q', ', P’). Thus, on (Q', F', P'),

e there exists a L?(Qr)-valued random variable u., such that £(u.,) = £(r;) and
limpy oo Un = Uso in L2(Q7) a.s. in Q. Then, lemma 2.4 and Vitali’s theorem
yield the convergence of (i) to us in L(Q; L3(Qr)) for all 1 < £ < 2.

o (uly — Un) converges a.s. to 0 in L?*(Qr) and one proves similarly, or by using
(2.29), that limy 0o uly = Us in L2(Qr) a.s. in Q" and in LE(Y; L2(Qr)) for
all 1 </ < 2.

e In particular, the above convergence holds in L(€’ x (0,T); L?>(D)) and, up to
a subsequence if necessary, (u’y(w,t)) converges to u(w,t) in L*(D), a.e. in
Q' x (0,7).

e There exists a C([0,T]; L?(D))-valued random variable My, such that £(M,)
= L([; ®dW(s)) and limy e My = limy .o My = Mo in C([0,T); L*(D))
a.s. in . Using remark A.1, lemma 2.9 and the lemma of Brezis-Lieb (see
appendix), we also obtain the convergence in L?(Q';C([0,T]; L?(D))).

e There exists a C([0,7]; HS(L*(D)))-valued random variable ®., such that
L(D) =L(P) and limy_.oo Py = P in L?(0,T; HS(L*(D))) a.s. in Q.
Again, remark A.1 and Brezis-Lieb’s lemma yield the convergence in
L2(QY; L2(0,T; HS(L*(D)))).

e Further, there exists a C([0,T]; W~1#'(D))-valued random variable By, on €
such that £(Bog) = 5 and limy s (tiy — My) = Beo in C([0,T); W17 (D))
as. in @ and in LY(Q,C([0,T); W-1#(D))) for any 1< 7 < min(2,p') by
Vitali’s theorem. Thanks to the previous convergence results, (uy) = (uny —

My +]\/4\N) converges a.s. in C([0,T]; W~ (D)). Thus, Boy = tiee — Mo,

IThis can be (0, 1) with the Lebesgue o-field and measure and expectation denoted E'.
2Note that, because of Skorokhod’s theorem, W needs to be indexed by N in €.
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Uso € C([0,T]); W12 (D)) and lemma 2.4 with Vitali’s theorem yield the
convergence of Uy to us in LY(Q;C([0, T]; W=1P (D)) for all 1 < £ < 2.

e Finally, there exists a random variable W, with values in C([0,T];U), such
that L(Ws) = L(W), limy 0o Wy = Ws in C([0,T];U) a.s. in ' and in
L2(Y;C([0,T); U)) thanks to remark A.1 and Brezis-Lieb’s lemma.

2.3.3. First identifications at the limits Note that Wy is (FV)-measurable, where
(FN) is the filtration generated by Wy and, for any h € U, ¢ € [0,7],0 < s < t and
all ¢ € Cp(C(]0, s]; U))

E'[(Wn (t) = W (s), h)u(Wn)] = E[(W(t) = W (s), h)up(W)] =0,

since W is a (F;)-martingale. Thus, Wy is a (F7 )-martingale satisfying Wy (0) = 0
for all N € N*. With similar arguments, one can show that < Wy >;=t@Q for
all t €[0,7] and all N € N*, where @ is the covariance operator of W. From
Levy’s theorem (see [3, proposition 3.11, p. 75]) it follows that Wy is a cylin-
drical Wiener process with values in L?(D) with respect to (F{¥). In particular
(Y, F' (FN),P',Wy) is a stochastic basis in the sense of [4, lemma 2.1, p. 1126].
We recall that we recovered the time discretization scheme in €’ and therefore the
following approximate equations hold true: for all N € N*, we have

¢
(My —un)(t) —ug — / div(a(z,uy, Vuy) + F(uy))ds =0 (2.38)
0
in W=1¢" (D) for all t € [0,T], a.s. in . Thanks to lemma 2.3, we have the following
weak convergences:

LEMMA 2.12. Up to a subsequence, ufy — U weakly in LP(Q'; LP(0,T; Wy *(D)))
for N — o0o. Moreover, there exists G € L¥' (¥ x Qr) such that a(z,uly, Vuly) — G
weakly in L (' x Qr).

Now we are ready to pass to the limit in the approximate equations:

ProrosIiTION 2.13.
t
Uso () = up + / div(G + F(uwo)) ds + Moo (t) (2.39)
0

holds in L?(D) a.s. in Q' for all t € [0,T].

REMARK 2.1. Using lemma 2.4, one gets that (i) is bounded in L?(€Y'; L>°(0, T’
L?(D))), thus in L2 (Q; L°°(0,T; L*(D))) where w stands for the weak-* measur-
ability. Since [5, theorem 8.20.3, p. 606]

L2 (Q; L®(0,T; L*(D))) ~ (L*(; L'(0,T; L*(D))))

the theorem of Banach—Alaoglu yields uo, € L2,('; L>°(0,T; L?(D))). On the other
hand, since Uy converges to ua, in LY(Q;C([0,T); W12 (D))), it follows that
Uso 1s a random variable with values in the space of weakly continuous functions
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Cw([0,T); L*(D)) [15, lemma 1.4, p. 263]. In particular, u(t) € L?(D) a.s. in '
for all t € [0, T). Therefore, (2.39) holds in L?(D), a.s. in €/, for all ¢ € [0, T].

Proof of proposition 2.13. We fix ¢ € Wol’p(D), £eD(0,T), Ae F and use YEx
as a test function in (2.38). Integrating over Q' we arrive at

T
d —~
[ ] (5 @ - Tno.) carap’
aJo \dt W1’ (D), Wi (D)

T
+/A/0 /D(a z,ul , Vuly) + F(uly)) - V& do dt dP' = 0. (2.40)

Let us write (2.40) as I} + I + I3 = 0, where

T
h :/ / <d(aN_MN)(t)>¢> ¢dtdpr!
AJO dt Wﬁldul(D),W(‘}’p(D)
Td -
:/A/o g (@ = My) (1), )10 (), wior ()€ At AP

T
7/A/0 <(aN - MN)(t)a¢>W—1,p’(D)7W01’P(D)§t dtdpla

Igz//T/ a(z,ul, Vuly) - Vyédz dtdP’,
Iy = / / / )- Ve da dt AP

Since iy — My converges to Us, — Moo in LZ(Q’;C([O,T]; W12 (D)), it follows
that

T
lim I, = /A / (e — M) (1) ) 1. oy it (el dE AP,
0

N —o00

We recall that, by remark 2.1, (us — Moo)(t) € L?(D) for all t € [0,T], a.s. in Q.
Thus

Jim 1, = / / / Une — Moo)0y&ab dz dt d P (2.41)

According to lemma 2.12 a(z, uy, Vu'ly ) — G weakly in L (Q x Qr)® and therefore

Jim 1, = / / / G- VyEdrdtdP. (2.42)

L > 0 being the Lipschitz constant of F', we have, thanks to (2.16)

T T
E/O ||F<uN)H”1p(D)dt<LE//O |Vl |2 dt < C

where C' > 0 is a constant not depending on N € N*.
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Consequently, there exists H € LP(V'; LP(0,T; (Wy ' (D))?)) such that F(u}) —
H weakly in LP(QV; LP(0,T; Wol’p(D)d)). Since u’y — us in LY(Q x Qr; L2(D)?),
F(ul) — F(us) holds in LY(Q x Q7; L?(D)) and H = F(us). Now, by Sobolev

embedding, it follows that F(ul) — F(us) weakly in LP(Q; LP(0,T; LP" (D)%)).
Since p’ <p*, we conclude that F(ul) — F(us) weakly in LP(Q'; LP(0,T;
L' (D)%)). Therefore, it follows that

lim 13_// /Fuoo V€ dzdtdP’. (2.43)

Now, from (2.41)—(2.43) it follows that

—/ /T/ (Uoo — Moo)ést) + (G + F(us)) - Vb€ da dt dP’ = 0 (2.44)
0 D

for all A € F, &€ € D(0,T) and all ¢ € Wy (D).

From (2.44) it follows that (d/df)(uee —Ms)—div(G + F(uoo)) =0 in
LY (0,T; W=7 (D))), a.s. in Q. We recall that us, € C([0,T]; W1 (D)) a.s. in
) and since, a.s. in ', M, € C([0,T]; L?>(D)), we have

Uoo(t) — Uso(0) — /0 div(G + F(uco)) ds = Moo (t) (2.45)

for all t € [0,7] in L*(D) a.s. in Q. O
REMARK 2.2. Note that for any ¢ € [0, 7],
8 LX(Q5C([0, T); WHP(D))) — LA WD), w e u(t)

is continuous and therefore o (0) = limy o0 Un (0) = ug in L2(Q; W12 (D)).

4. Martingale identification argument

We denote the augmentation of the filtration o(We(s), Poo($), Uoo($))ocs<ts t €
[0,T] by (F7°). In the following two lemmas, we will show that W is a cylindrical
Wiener process with values in L?(D) with respect to (F7°). To this end, we first
show that W, is a (F7°)-martingale. Since s is in C([0, T]; W12 (D)) a.s. in
it is a stochastic process and therefore (F7°) is well defined.

LEMMA 2.14. W is a (F{°)-martingale.

Proof. By definition of (F;°), W4 is adapted to (F;*°). For all ¢t € [0,T], 0 < s < 1,
b € Cy(C([0, 8], U) x L2(0, s; HS(LA(D))) x L2((0,5) x D) and h € U
E[(Woo () = Woo(5), h)uth(Woo, Poo, o)
= Jim E[(Wyx(t) - Wn(s), )ud(Wy, ®n, uiy)]

= lim E[(W(t) = W(s), h)up(W, ®n,uly)] = 0

N —o00

since ®n and wu}, are (F;)-adapted processes for all N € N* and W is a
(Fi)-martingale. O
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LEMMA 2.15. W, is a cylindrical Wiener process with values in L*(D) with respect
to (Fp).

Proof. Since we already know that W, is a (F7°)-martingale with W, (0) =0,
according to [3, theorem 4.4, p. 89], it is left to show that

K Wy >=tQ foralltel0,T], (2.46)

where @ is the covariance operator of W. Recall that < Wy >;=1tQ for all
t€]0,7] and all N € N*. Let U be the Hilbert space defined in (1.2) and (g;)
be an orthonormal basis of U. For all ¢t € [0,T], 0 < s <t, ¢ € Cp(C([0,s];U) x
L2(0,s; HS(L*(D))) x L?((0,5) x D) and n,m € N*, combining the convergence
results from the previous section with the dominated convergence theorem of
Lebesgue, it follows that

E/[((Wooagnvgm)(t) - (Woo,gn;gm)(s) - ((t - S)Q(Qn),gm)U)T/J(Wooa (I)OO’U’OO)]
= Jim B [(Wx, gn, gm) (8) = (W, Gns G ) (5)

—((t = $)Q(gn), gm)v )V (Wi, B, uy )]
= NIEHOOE[((W g'mgm)(t) - (VV7 gn;gm)(s)

- ((t - 8)@(971)7 Qm)UW(W, (DN; uTN)] =0,

where (W, gn, gm) (1) := (W (), gn)u (W (r), gm)v for W(r) e U, r €[0,T], thus
(2.46) holds true. In particular, (', F’, (F5°),P’,W4) is a stochastic basis in the
sense of [4, lemma 2.1, p. 1126]. |

From § A.3 of the appendix it follows that ®y is a (F/¥)-predictable process with

values in HS(L?(D)) and that My(t) = fot O dWi(s). In order to pass to the
limit, we recall the following lemma:

LEMMA 2.16. [4, lemma 2.1, p. 1126] Let (2, F,P) be a fized probability space,
W a cylindrical Wiener process on (0, F, P) with values in L?(D) with respect
to a given filtration (F;) and X a separable Hilbert space. Consider a sequence of
stochastic bases S, = (Q, F, (F*), P,W,,), that is a sequence so that each W, is a
cylindrical Wiener process with values in L*(D) with respect to (F}'). Assume that
(Gy) is a collection of HS(L?*(D); X)-valued, (F}*)-predictable processes such that
G, € L2(0,T; HS(LA(D): X)) a.s. in Q and G € L2(0,T; HS(L*(D); X)) is (F,)-
predictable. If W,, — W in probability in C([0, T];U), where U is given in (1.2) and
G, — G in probability in L?(0,T; HS(L?*(D); X)), then

lim [ G dW,(s) = / G AW (s)
0

n—oo 0

in probability in L?(0,T; X).
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Consequently, we have M (t) = fot Do, AW (s) for all £ € [0,T], a.s. in ' and
therefore

Uoo (t) = o —|—/0 div(G—l—F(uoo))ds—i—/o D, AW (9) (2.47)

in W-L¢'(D), for all t € [0,T], a.s. in . By lemma 2.4 and It6’s formula (see,
e.g. [10, theorem 4.2.5]), it follows that u, is a square-integrable, (Fy°)-adapted,
continuous process with values in L?(D), and (2.47) holds in L?(D) a.s. in Q.

2.5. Monotonicity argument
LEMMA 2.17. G = a(2, tao, Vo) in LP (' x Qr)?.

Proof. Taking u**! as a test function in the discretized equation (2.1) in Q’, using
Gauss—Green’s theorem for the convection term and taking expectation we get

1
B (S = Ju (13 + uh = u®[13) + 7B /D a(z, w1, Vut ) Vurt da
=F (Mp(tpr1) — My (tg), u"1)s. (2.48)
Since E'(My (tg+1) — M (t),u*)2 = 0, using Young’s inequality in (2.48) we get
E' (|13 — [u*)3) + QTIE'/ a(z, uf T Vur )  vurt da
D

S E'|My (tes1) — Mu (te) 3. (2.49)

Summing over k =0,..., N — 1 in (2.49) it follows that

T
B (Jan (DI - w13 +2 [ [ a<x,u§V,w§v>-w§dedt]
0 D
N-1 trsn 2
-Y F / Sy dWn(t)| <0 (2.50)
k=0 tk 2
where, by Itd’s isometry,
N—-1 tha1 2 N-1 tht1
Z E' / Oy dWnN(t)|| = Z ]E// 1@ N 1552 (py) At
k=0 tk 2 k=0 tk
T

By equality of laws, from (2.50) and (2.51) it follows that

]E/

T
lan (D)3 — )3 + 2 / /D ale, . Vidly) - Vil dscdt]

T
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On the other hand, Itd’s formula and (2.47) yield

T
oo (T)]I2 — ||uo||§+2/ / G- Vu dedt
0 D

T T
_ /0 [®no 2512y At + 2 /0 (e, oo AW (1)), (2.53)

a.s. in ', therefore

T T
E' [[fue (D)2 — [fuol3 + 2 / /D G- Vuoe dedt| —E / |®cc 31512 oyt = 0.

From the above equation and (2.52), it follows that (u® = v is given by lemma A.1)
T T
Elun@If+28 [ [ G- Vudodt B [ [@nlrsuaoy e
o Jp 0
T
ZIE’HGN(T)||§+2E'/ / a(z,uly, Vuly) - Vuly dz dt
o Jp

T
_E / 1@ 811275220 A + luoll? — 143113 (2.54)

hence

T
QIE’/ /G-Vuoodmdt
0o JD

T
> E (|an (T3 = lluse (T)|3) + E,/O 1@ 752 (py) — 1 ®oollErs(r2(py) At

T
+ QE’/O /D a(z,uly, Vuly) - Vuly dz dt + |luoll3 — [lug 13- (2.55)

Since Gy converges to us in LE(Q;C([0,T]; W12 (D))) for some 1 < £ < 2, for
any t, Gy (t) converges to uso(t) in LY(Q; W17 (D)). On the other hand, the
sequence Uy (t) is bounded in L?(Q' x D) and one is able to conclude that iy (t)
converges weakly to uo(t) in L2(Q x D). Therefore, by lower semi-continuity,
lim inf o0 E'||Un (T)]|2 = E'||use (T)]|3 and since

T T
E/ / 1@ 250050y A — / 1®oo 1120 (2.56)

for N — oo, it follows that

T T
]E’/ / G- Vug dzdt > limsup]E’/ / a(z,uly, Vuly) - Vuy dedt
o Jp o Jp

N—o0

+ lim inf B [[iy (T)[3 — B'[|uoe (T3

T
> lim sup ]E’/ / a(z,uly, Vuly) - Vuly dedt.  (2.57)
o Jp

N—o0
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The next step is to prove that

T
E’/ /G-Vuooda:dt hmlnfE/ / (x,uly, Vuly) - Vuy dzdt.  (2.58)
o Jp

Following the proof of [12, lemma 8.8, p. 208], for any N € N* and almost every
(w,t) € Q' x (0,T), we define

En(w,t) = / a(z,uly, Vuly) - V(uy — ts) dz
D

and observe that by (A2) and Young’s inequality, there exist 6, C' > 0 such that

En(w,t) > /\VUNV’dxf (/ |Vuoo|pdx+1) (2.59)

for any N € N*, a.s. in ' x (0,7).

As a direct consequence of (2.59), we get that liminfy_,o En(w,t) > —o0
a.s. in Q' x (0,7). If we can show that liminfy_ . En(w,t) =0, a.s. in Q' x
(0,7), then (2.58) would follow from Fatou’s lemma. Assume that for a given
(w,t), iminfy_ o En(w,t) =a < 0. This yields the existence of a subsequence
N’ (depending on w and t) such that limy/ . Env (w, t) = a < 0, thus &y (w,t) <
a/2 < 0 after a certain time, considered in the next few lines as the starting point of
the sequence. Then, (2.59) ensures the boundedness of u’, (w,t) in W, *(D). Since
uf(w,t) converges t0 uoo(w,t) in L*(D), one is able to conclude that uly, (w,t)
converges also weakly in VVO1 (D). Since the nonlinear operator

A:WEP(D) —» W (D), u— Au) := —div a(z,u, V)
is pseudomonotone, a = liminf /o En7 (w, t) > 0. This is a contradiction and one

concludes that liminfy_ . En(w,t) > 0, for almost any (w,t) in Q' x (0,7) and
therefore (2.58) is true. As a consequence of (2.57) and (2.58),

N—oo

T T
lim ]E'/ / a(z,uly, Vuly) - Vuly dedt = E’/ / G- Vusdzdt (2.60)
o Jp o Jp

and, for any EE LP(Q x Qr),

lim IE’/ / (z, Uy, Vi) - (Vuly — €) dzdt = ]E'/ /G (Voo — &) daz dt.

N —oc0

(2.61)
Since for almost any (w,t) in Q' x (0,7, liminfy_,o En(w,t) = 0, one gets that
Impy_oo &y (w,t) =0 a.s. in ', where —r~ := min(0,r) for r € R. As by (2.59),

0> ¢y >-C (/ [ Vtoo [P da + 1) € LN(Q' % (0,7)),
D

one concludes that {5 converges to 0 in L' (€2’ x (0,7)). From (2.61) in particular we
get limy oo F/ fOT &n dt = 0, and therefore (€x) converges to 0 in L'(Q' x (0,7)).
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Up to a subsequence denoted by N’, one can consider that limpy: .o En = 0 a.s.
in ' x (0,T) and that there exists © € L*(€' x (0,T)) such that |{n/| < © for all
N e N* ae. in Q' x (0,7).

Since uly — usx for N — oo in L*(D) ae. in Q' x (0,7), (2.59) with the
above majoration by © yield the boundedness of u}y, (w,t) in Wol’p(D), thus
Uhr (W, 1) = oo (w, 1) in Wy P(D) and uly, (w,t) — teo(w,t) in LP(D) for almost
every (w,t) € Q' x (0,T). By assumption (A2), for any e LP(Q x Q7)%, the prop-
erties of Nemytskii’s operators yield a(x, uly, (w,t), &) = a(z, uso (w, 1), ) in L¥' (D)
for almost every (w,t) € Q' x (0,7) and for N' — oo, so that

lim a(z,uly, &) - (Vuly, — &) da = / (2, Uoo, &) - (Viine — ) dz (2.62)
D

N’'—o0 D

a.e. in ' x (0,7). The same assumption ensures, for almost every (w,t) € ' x
(0,T), the boundedness of the sequence (a(x, uhy, (w,t), V', (w,t))) in LP (D) and,
up to a subsequence denoted N” (depending a priori on (w,t)), the weak con-
vergence of a(x, uhy, (w,t), Vi, (w,t)) to some O(w,t) in LP (D). By assumption
(A1),

—

0< / (a(x, U, Vi) — alz, o, ) - (Vi — €) da.
D

Then, thanks to the above convergence, (2.62) and limy'—.. {nv = 0, one gets that
0< [0 —a(z,ux,§)) - (Vs — &) dz and Minty’s argument yields

O(w,t) = a(z, tso(w, 1), Voo (w, 1)). (2.63)
This implies a(z, uf (w,t), Vil (w,t)) = a(x, teo (w, t), Voo (w, t)) weakly in
L¥ (D), where N’ can be chosen independently of (w,t) € ' x (0,T). Since

Hm /oo E7 (w, £) = 0, from (2.63) it follows that for any given & € LP(2 x Q7)<
for almost every (w,t) € ' x (0,7T),

Nl/im a(z, uh (w, ), Vi (w, 1) - (Vi (w, 1) — E(w, 1)) da

= / (T, oo (W, 1), Vitog (W, 1)) - (Voo (w, 1) — E(w, 1)) da. (2.64)
D
Similarly to (2.59), for £ € LP(Q x Q1),

/ alz, uhy, Vuiy) - (Vuhy — &) de > —C (/ I€]P da + 1> (2.65)
D D

a.e. in ' x (0,7), for all N € N* and, by Fatou’s lemma, from (2.64) and (2.65) it
follows that

—

T
lim inf IE'/O /D a(x,uy, Vuy,) - (Vuly, — &) dadt

N'’'—o0

T
> IE'/ / (T, Uog; Voo ) - (Ve — &) da dt. (2.66)
o Jp
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Back to (2.61), (2.66) yields

T
E’/ /G-(Vuoo— ) da dt > // (2, o, Voo ) - (Viioe — &) da dt
0 D

for any £ € LP(Q x Qr), and therefore it follows that G = a(-, Uso, Vil ). O

3. Uniqueness and existence of strong solutions

In this section, we show the existence of strong solutions adapting the argument of
Gyongy and Krylov (see [8]). First, we show a pathwise L!-contraction principle:

PROPOSITION 3.1. Assume that for a given stochastic basis (Q, F, (F), P) and for
an arbitrary ® € L?(Q x (0,T); HS(L*(D))) there exist solutions uy, us to (1.1)
with respect to the initial values ugr and ugy in L*(D) respectively. Then,

‘/D |’U,1(t) — ’LLQ(t)‘ dx < /D |U01 - U02| dx (31)

for allt € [0,T], a.s. in Q.

Proof. For § > 0, consider 7y, the Lipschitz approximation of the sign function
deﬁned by 775( ) = max(—1,min(r/d,1)). Now, for 6 >0 and r € R we define
Ns(r fo ns(s) ds. Subtracting the equation for us from the equation for wq,
the noise terms are eliminated and one gets pathwise the PDE

Ot (uy — uz) — divia(-,u1, Vuy) — a(-, ua, Vug) + F(u1) — F(usz)] = 0.

Testing the equation with ns(uy (t) — uz(t)), we get Iy = I + I3 for all t € [0, 7] a.s.
in 2, where

11:/N5 up — u)(t dl‘—/N(S (uo1 — uo2) dz,

I / / a(z,u1, Vur) — a(z,uz, Vus) - V(us — ug)ns(us —uz)dads, (3.2)
0

I3

7/ / (F(Ul) - F(UQ)) . V(Ul - u2)77(/5(u1 - UQ) dx dS,
0 JD

and n§(u1r — u2) = 1/0X {juy —us|<s} = 0 for any 6 > 0. Now we write Iy = o1 + I22
where, by (A1)

¢
I = —/ / (a(z,u1, Vur) — a(z,ur, Vuz)) - V(ug — uz)ns(us — uz)dzds <0
0o JbD
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Using (A3) and Holder’s inequality we get

t
[I2,2| = / / (a(x, w1, Vug) — a(x, uz, Vug)) - V(uy — ug)ns(uy — ug) deds
0 D

t
< / / (CalVuolP ™! + h(x))|ur — uz||V (w1 — ug)|ns(ur — up) dads
0 D

1/p
<C / |V (up —ug)P da ds ,
{lur—uz|} <

where C' > 0 is a constant not depending on ¢ > 0. Therefore, lims_ o+ f22 =0
and consequently it follows that limsups_ o+ [2 <0 for all ¢ € [0,7], a.s. in .
Since Nj(u1 — ug)(t) converges to |(u; — ug)(t)| for § — 0%, and | Ns(u1 — u2)(t)| <
|(u1r — uz2)(t)] for all § > 0, it follows that

lim [ = / [ua (t) — ua(t)| dz —/ [ugr — up2| dz (3.3)
D D

§—0t

for any ¢t € [0,T] a.s. in Q. For L > 0 being the Lipschitz constant of F' we have

1
|I3] < 5 |F(u1) — F(u2)| [V(u1 —ug)|dzds
{lur—u2[<d}
L
< lur — ug| [V (u1 — uz)|dzds

0 J{jur—usz|<s}

< L/ [V (uy — ug)| dzds,
{lur—ua|<d}

and it follows, by arguments similar to the ones on p. 6, that lims_ g+ I3 =
f{ulzm} [V(u1 —ug)|dzds =0 a.s. in Q and the result holds true. O

In particular, proposition 3.1 implies that whenever a solution (in the sense of
definition 1.1) to (1.1) exists, it is unique. The following lemma (see, e.g. [8, lemma
1.1, pp. 144-145]) contains a suitable necessary and sufficient condition for strong
convergence:

LEMMA 3.2. Let V be a Polish space equipped with the Borel o-algebra. A sequence
of V-valued random variables (X,,) converges in probability if and only if for every
pair of subsequences (X;) and (X,,) there exists a joint subsequence (X, , Xm,)
which converges for k — oo in law to a probability measure p such that p({(w,z) €
VxV]|w=z})=1L1

LEMMA 3.3. The sequence of piecewise affine approzimations (Uy) converges in
probability on (2, F, P) and there exists a strong solution to (1.1).

Proof. We apply lemma 3.2 to prove the assertion. Let (), and (ur,) be a pair of
subsequences of (uy). Then, repeating the arguments of §2.3, it follows that the
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random vector (Y 1) defined by

- . PN — — - P — —
(UK —UK,UK,UK 7MK,MK,MK,(I)K,UL —Uur,ur,ur, 7ML,ML,ML,(I)L,W)

is tight on the appropriate product space, and therefore relatively compact; thus we
can extract a joint subsequence (Y, r;) which converges in law. Thus, in particular,
there exist probability measures p1, po such that (1, po) = lim; oo L(Uk;,Ur;)-
Now we continue as in §§2.3, 2.4 and 2.5: passing to a new probability space
(Y, F', P") and not changing notation for random Variables with the same law,
we find random variables ul , w2, such that L(ul) = p1, Lu%)=ps and,

since we have the strong convergences of MN,MN and ®p, it implies that
MK Mk, ,ML , My, and @k, Py, are converging to the same limits and

t t
ul () —ug — / div(a(z,uly, Vul,) + F(ul,)) ds = / Do AW ()
0 0

for i = 1,2, where Wy, is a cylindrical (F;°)-Wiener process and (F7°) is the
augmentation of the filtration o(®(s), Weo(s), ul,(s),u,(s))o<s<t, t € [0,T]. Now,

from proposition 3.1 it follows that ul, =2, in L2(';C([0,T|L?*(D))) and for the
joint law (p1, p2) on C([0,T]; W17 (D))? it follows that

(1, 2) (1w, 2) € (O T W1 (D)) x €([0, T} W1 (D)) | w = 2}) =1

and the convergence in probability of the sequence (uy) follows from lemma 3.2.
Again, since we have the strong convergence of M, N, My and @ in €, it is possible
to recover the steps of the proof of existence of a solution in €2 and therefore a
strong solution exists. O

Appendix A. On the regularization of the initial condition

LEMMA A.1. For any positive T, there exists uf € Wy'P (D) such that (uf) converges
to ug in L?(D) for T — 0T and satisfies %||u6|\%2(D) + 7| Vuglh < %HuoH%z(D).

Proof. Denote by u” the unique solution in Wol’p(D) to the problem ™ — 7A u” =
ug. Using the solution u” as a test function in the equation, one gets

1 1
lu™l[Z2py + TlIVuT I} = /D uou” dw < Slluol7z (o) + 51471720,

and consequently, up to a not relabelled subsequence, (u™) converges weakly in
L*(D) to a given v with the additional information that ||u™||z2(py < |[uollr2(p)-
Therefore, for any ¢ € D(D), one has

/uogpdxz/ U,T(pdl'—FT/ |Vu7|p72VuTV<pdx—>/ vodx
D D D D

and therefore (u™) converges to v = ug in the sense of distributions and weakly
in L2(D). As a consequence, the whole sequence (u”) converges to ug weakly in
L?(D) and strongly in L?(D) thanks to the uniform convexity property and the
above inequality. Therefore, uj := u” for all 7 > 0. O
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A.1. The lemma of Brezis—Lieb

LEMMA A.2. Let (Q,F,P) be a probability space (u,) C L*(Q; X) where X is a
separable Banach space such that u, — u in X a.s. in Q for some u € L*(Q; X)
and sup,, E||u,||% =: M < +o0. Then,

Tim E([lun||% — flun — ull%) = Efulk. (A1)

In particular, without using any argument of uniform convezity, a.s. convergence of
(upn) tow in X and lim, . E|ju,||% = E|ju||% vields the convergence of (uy) to u

in L?(Q; X).

Proof. For n € N* and € > 0 we define X, := ‘||un||§( — |Jun —ul% = ull%|, Y =

n
(X — €llun|%)T. For all n € N* we have
Xo < lullk + [llunllx = lun = ullx |(lnllx + ln = ullx)
< Nl + lullx lunllx + llun = ullx)

1
< ullie + 2lullxllunllx + lelk < lullk + Zlulk +eluali + llul%

1
= (2 2) Il + el (A2

and from (A.2) it follows that there exists a constant C. > 0 not depending on n €
N* such that 0 < Y,? < C.||ul|% for all n € N*, a.s. in Q. Since lim,, 0 ||ty — ul|% =
0 a.s. in €, it follows that lim, _,~ ¥,> = 0. Combining these two results, we get that
the convergence also holds in L'(Q2). Now, E[X,,] = E[X,, — €| lu,|%] + eE|un|% <
E[Y,] + €M, and therefore it follows that limsup,,_, ., E[X,] < eM, for any € > 0.
Therefore we get limsup,,_, .o E[X,,] <0 and this yields (A.1). O

A.2. Some technical tools

A.2.1. Laws and subsets

LEMMA A.3. Let (2, A, P) and ((NZ,/LIE’) be complete probability spaces, E, F be
separable Banach spaces with a continuous embedding of F' in E and consider X :
QO — FE and X : Q — E, two random variables with the same law on E.
_1If X takes values in F, then it is a random variable with values in F'. Moreover,
X is also a random variable with values in F', with the same law on F'.

Proof. Assume that X (2) C F. By [16, theorem 1.1, p. 5], B(F) C B(E) and X :
 — F is a random variable. Moreover, F' € B(E) and 0 = P[X ¢ F| = P[X ¢ F|
thus it follows that X () C F. The same argument yields that X : Q@ — F' is a

random variable and that X and X have the same law on F , namely the restriction
of their law to F. |

A.2.2. On predictability Let (92, A, P) be a complete probability space, E, F' be sep-

arable Banach spaces, and X : ) x [0,7] — E a process with continuous trajectories
and denote by (F;) its natural filtration.
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LEMMA A.4. For any t € [0,T], denote by Xjo4 : Q — C([0,t; E), w— X(w,-).
Then, O{X‘[O’t}}, the sigma algebra generated by the random variable X0, 15 Fy-

Proof. Since X is continuous with respect to ¢ and adapted to (F;), it is progres-
sively measurable, thus Vt € [0,T], X : Q@ x [0,t] — E is F; x B(0,t) measurable.
Therefore, X : Q x [0,t] — E is a Carathéodory function on (2, F;) x [0,¢] to E,
and thanks to [1, theorem 1], the random variable X0 : 2 — C([0,t; E), w
X (w,-) is Fy-measurable. Hence, o{ X0} C F.

On the other hand, for any s € [0, ¢], the mapping 05 : C([0,t]; E) — E, g — g(s)
is continuous. Thus, w — X (w, s) = d5(X|[0,q(w)) is o{X|j04} measurable for any
such s and o{Xj0.} = F. O

Denote by Y : Q — F' a F;-measurable random variable. Then, Y is o{X|j04}
measurable and, by [9, lemma 1.13 p. 7], there exists a Borel function h from
C([0,t], E) to F such that Y = h(X|j,4)-

Denote by v the nonnegative mapping defined on C([0,T]; E) x F by #(u,v) =
|h[ujjo.4] — vl|F where w4 denotes the restriction to [0,¢] of u. The mapping
U+ o4 is continuous from C([0,T7; E) into C([0,t]; E), and h is a Borel function
from C([0,t]; ) into F. Therefore, (u,v) + hlujjo4] — v is a Borel function from
C([0,T]; E) x F into F, hence 1) is a Borel function.

Consider another complete probability space (Q A P) a random variable Y :
Q—F, and a pathwise continuous process X:Qx [0,T] — E with its natural
filtration (7).

LEMMA A.5. If (X,Y) and (X,Y) have the same law, Y is F;-measurable.

Proof. Indeed, E[¢(X,Y)] = E[w(X V)] and since 0 = E[))(X, Y)], one has also
E[¢)(X,Y)] = 0. Therefore, Y = h(XHO 4) and Y is 0{X| 0 t]}, thus F;-measurable
since what has been developed above for X holds also for X. O

A similar result holds concerning continuous processes:

LEMMA A6 If Y :Qx[0,T] — F and Y : Q x [0,T] — F' are continuous pro-
cesses such that Y is (Fi)-adapted and (X,Y), (X,Y) have the same law p on
C([0,T); E) x C([0,T); F), then Y is (F;)-predictable.

Proof. Indeed, Y is also progressively measurable and, for any ¢, Y|jo 4 : (22, F) —
C([0,t], F'), w+ Y (w,-) is measurable, thus o{Xq 4} measurable. Then, there
exists a Borel function h; such that Yjjo4 = ht(X|[0,4). By using the above idea,
for given (u,v) € C([0,T]; E) x C([0,T); F), ¥(u,v) = Hh[u| 0,4] = V)[0 t]”C( 0,,F) is a
IlOIl negatlve Borel function and 0 = EWJ(X| [0,t]» ‘[0 t] )] EW}(X\[O t] HO t] )] Thus

\[0 7 1s X 0.1 measurable, thus F measurable, and, as a Carathéodory function,
it is progressive, then predictable. O

3[9, lemma 1.13, p. 7]: fix two measurable functions f and g from a measurable space (Q,.4)
into some measurable Borel spaces (S,S) and (T, 7). f is g-measurable (i.e. o(f) C o(g)) if and
only if there exists some measurable mapping h : T — S with f = hog.
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A.3. From Q to Q/

In this section, we are interested in proving that the time discretization scheme
is preserved by changing the probability space. Following the notations of §§ 2.3.1
and 2.3.2, by Skorokhod representation, we consider a vector of random elements
Y= (uN Wy, Wy, Uy — MN,MN,MN,QJ’N,WN) with the same law vy as Yy
on X. Let us notice that thanks to Appendix A.2.1, Yx and Y} have both the
same law on [L2(Q7) N LP(0,T; Wy *(D))]? x leqvp’(o, T; Wy (D), W17 (D)) x
[C([0,T); L?(D))]? x L?(0,T; HS(L*(D))) x C([0,T];U) denoted X’ where ¢ =
min(2,p). Note that the semi-implicit Euler-Maruyama scheme (2.1) means, for
any k,

—~ _ th+1
i — M (bes) — [in — Mn](be) — / div(a(z, uly, Vi) + F(uly)) dt = 0,

tr

and since for any ¢ € C2°(D), the following mapping ¥ defined by

B(Vy) = /D olin — M) (trsr) — plin — My](t)

tet1
+ / (a(z,uly, Vuly) + F(uly))Vedtdz| ,

ty

is a positive Borel function on X”’, one gets that

- - tk+1 ’ ’ ’
[y — My](ter) — [ty — My(tr) — / div(a(z, uy, Vuy) + F(ug)) dt = 0.

ty

For a fixed N € N*, u} is a W,?(D)-valued, right continuous step func-
tion on the fixed time discretization (t;)N_: it can be identified with an

clement of Wy?(D)Y by the Borel measurable mapping Zszl Uk L[ty ) —
(u1,...,un). By Appendix A.2.1, one concludes that u}(, follows the same structure:

N
Zk:l u;c]‘[tk—lvtk) and

tk+1 ’ ’ ’
/ div(a(e, ufy, Vi) + F(uf)) dt = 7 div(a(e, w1, Vi, y) + Flug)).

tr

By a similar reasoning, ®, @, and M & are respectively right continuous step
function and piecewise affine continuous functions for the two last ones. Taking
into account those information, one gets that the discretization is conserved by
changing the probability space, i.e.

= F — r div(a(z, u B VU R 4 F(uFY) = O A W

Then, by Appendix A.2.2, since @y, is F;, measurable where (F;) is the filtration
generated by W, then, ®; will be F{, measurable where (F) is the filtration gen-
erated by Wy. Therefore, the time discretization (2.1) is totally recovered and by
the uniqueness of lemma 2.1, u), is f{k measurable for any k.
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REMARK A.1. Note that, as a by-product, one gets that

E'N @ 1220 1552 (D)) = ENI®NIZ20.7,m5(22(0))) — EI®NT2 0015022 (D))

E'| My lIZ o.13:22(pyy = EIMNZ 0 13:12()) — ]E||/O @ AW ()12 (10.13:12 (D))

for N — oo,

E' sup || @ () 5rsz2myy =B sup 1On(O)llmsz2 o)) < EI®IE 0.1 m5(22(D)):

te[0,T] te[0,7)

E'[Wx 2 om0 = BEIW I 0.17.0)

for all N € N* and all the a priori estimates developed in lemmas 2.2 to 2.6 remain
true on (Q, F', P’).
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