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Abstract

We characterize Hermitian cones among the surfaces of degree g + 1 of PG(3, ¢?) by their intersection
numbers with planes. We then use this result and provide a characterization of nonsingular Hermitian
varieties of PG(4, ¢*) among quasi-Hermitian ones.
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1. Introduction

An m-character set in the projective space PG(n, g), g any prime power, is a set of
points of PG(n, g) with the property that the intersection number with any hyperplane
only takes m values, where m is a positive integer.

A nonsingular Hermitian variety H(n, ¢*) of PG(n, ¢*) is a remarkable example
of a two-character set, precisely a set of (¢"*' + (=1)")(¢" — (=1)")/(¢*> — 1) points of
PG(n, g) with the property that a hyperplane I1 meets it in either

" + D" = (=D D) (g - 1)

points, in case IT is a nontangent hyperplane to H(n, ¢*), or

L+ @@+ (=D"(G"? = (1)) /(g* - 1)

points, in case IT is a tangent hyperplane to H(n, ¢*); see [21].

Quasi-Hermitian varieties are generalizations of nonsingular Hermitian varieties
such that they have the same size and the same intersection numbers with respect
to hyperplanes.
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Actually, a point set S of PG(n, ¢%), n > 2, having the same intersection numbers
with respect to hyperplanes as a nonsingular Hermitian variety H(n, ¢*) has also the
same number of points of H(n, q%); for n = 2, the size of S can be either ¢° + 1, that
is, the size of a Hermitian curve also called a classical unital, or ¢> + ¢ + 1, which is
the number of points of a Baer subplane of PG(2, qz); see [7].

As far as we know, the only quasi-Hermitian varieties of PG(n, g*) which are not
isomorphic to Hermitian varieties were constructed in the series of papers [1, 3, 5, 6,
17, 18].

The definition of a quasi-Hermitian variety can be extended to that of a singular
quasi-Hermitian variety, that is, point sets which have the same number of points
and the same intersection numbers with respect to hyperplanes as singular Hermitian
varieties. Each cone over a quasi-Hermitian variety is a singular quasi-Hermitian
variety; thus, a natural question is also whether such a cone is isomorphic to a singular
Hermitian variety.

Various characterizations of a nonsingular Hermitian variety among the quasi-
Hermitian ones in PG(n, qz), with n € {2, 3}, have been given, but very few in higher
dimensional cases; see [2, 7, 15, 19]. In [2], singular Hermitian varieties were also
characterized among singular quasi-Hermitian ones.

Here we first consider point sets of PG(3, ¢°) such that their intersection numbers
with respect to planes take three values as well as the Hermitian cone with one singular
point, thatis, ¢> + 1, ¢°> + 1, or ¢* + ¢> + 1.

Combining geometric and combinatorial arguments with algebraic geometry, we
prove the following result.

Tueorem 1.1. Let S be a surface of PG(3, ¢%) of degree q + 1. If every plane meets
Sing>+1, ¢ +1, or ¢ +¢* + 1 points of PG(3, ¢*), then S is a cone projecting a
Hermitian curve in a plane r from a point V not in n.

Next, we also provide the following characterization of nonsingular Hermitian
varieties of PG(4, ¢°).

Tureorem 1.2. Let S be a quasi-Hermitian variety of PG(4,¢%). If S is a hypersurface
of degree q + 1, then S is a nonsingular Hermitian variety.

2. Preliminaries

Let T = PG(n, ¢*) be the Desarguesian projective space of dimension 7 over GF(¢?)
and denote by X = (xy, x, ..., X,+1) homogeneous coordinates for its points.

We use o to write the involutory automorphism of GF(g*) which leaves all the
elements of the subfield GF(g) invariant. A Hermitian variety H(n, ¢°*) is the set of
all points X of £ which are self conjugate under a Hermitian polarity h. If H is
the Hermitian (n + 1) X (n + 1) matrix associated with %, then the Hermitian variety
H(n, g*) has equation

XHX7)" =0.
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When H is nonsingular, the corresponding Hermitian variety is nonsingular, whereas
if H has rank r + 1, with r < n, the related Hermitian variety is singular and it is a
cone I1,_,_{H(r, qz) with vertex an (n — r — 1)-space Il,_,_; and basis a nonsingular
Hermitian variety H(r, ¢*) of an r-space disjoint from II,,_,_;.

A d-singular quasi-Hermitian variety is a subset of points of PG(n, ¢*) having the
same number of points and the same intersection sizes with hyperplanes as a singular
Hermitian variety with a singular space of dimension d.

Nonsingular Hermitian varieties of PG(n, ¢°) are in particular hypersurfaces. We
recall that a projective hypersurface S of degree d is a set of points of PG(n, ¢g*) whose
homogenous coordinates satisfy

F(Xo,Xi1,...,X,) =0,

where F is a form of degree d over GF(¢?).

However, to understand the geometry of the hypersurface S, the zeros of F' over
GF(¢?) and over any extension of GF(g?) are required. Thus, S is viewed as a
hypersurface over the algebraic closure of GF(g%) and a point of PG(n, ¢*) in S is
called a GF(g?)-point or a rational point of S; in general, a GF(g*)-point of S is a
point P(ay, . . ., a,) in PG(n, ¢*) such that F(ay, . .., a,) = 0. The number of GF(¢*)-
points of S is denoted by N, (S). When n = 2, a projective hypersurface S is called a
projective plane curve, whereas when n = 3, S is called a projective surface.

The following results will be crucial to our proof.

Lemma 2.1 [20]. Let d be an integer with 1 <d < g+ 1 and C be a curve of degree d
in PG(2, q) defined over GF(q), which may have GF(q)-linear components. Then the
number N (C) of rational points of C is at most dq + 1 and Ny(C) = dq + 1 if and only
if C is a pencil of d lines of PG(2, g).

Lemma 2.2 [12, 13, 16]. Let d be an integer with 2 < d < g+ 2 and C be a curve of
degree d in PG(2, q) without GF(q)-line components. Then the number of rational
points of C is at most (d — 1)g + 1 except for a class of plane curves of degree four
over GF(4) having 14 points.

Levma 2.3 [10]. Suppose that g # 2. Let C be a plane curve over GF(q?) of degree
q + 1 without GF(q?)-line components. If C has ¢* + 1 points over GF(q?), then C is a
Hermitian curve.

Levma 2.4 [14]. Let S be a surface in PG(3, g*) without GF(q*)-plane components. If
the degree of S is q + 1 and the number of its rational points is (¢°> + 1)(¢g*> + 1), then
S is a nonsingular Hermitian surface.

Finally, a hyperplane of PG(n, ¢?) intersecting a point set S of the projective space
in i points will be called an i-hyperplane, whereas a line meeting S in s points will be
called an s-secant line if s > 1 or an external line to S if s = 0.

Lemma 2.5 [19]. If each intersection number with planes and hyperplanes of a point
set H in PG(4,q%) is also an intersection number with planes and hyperplanes of
H(4,q%), then H is a nonsingular Hermitian variety H(4, ¢*).
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3. Hermitian cones of PG(3, qz)

TueoreM 3.1. Let S be a surface of PG(3, ¢°) of degree q + 1, q any prime power. If
every plane meets S in ¢ + 1, ¢° + 1, or ¢° + ¢> + 1 points of PG(3, ¢*), then S is a
cone projecting a Hermitian curve in a plane m from a point V not in m.

Proor. Let rbe a (g° + g* + 1)-plane. As S'is a surface of degree g + 1,thenC =S nNn
is a plane curve of degree ¢ + 1. By Lemma 2.2, C must have some GF(g?)-line
component and thus, by Lemma 2.1, C turns out to be a pencil of g + 1 lines of 7.
Furthermore, each line of 7 has to meet Sin 1, ¢ + 1, or g> + 1 rational points and, in
particular, the surface S contains lines of PG(3, 7).

Now assume that the plane 7 is a (¢* + 1)-plane which does not have any GF(q?)-
line of S. In this case C = 7 N S is a plane curve of degree ¢ + 1 without GF(¢?)-line
components and it has ¢* + 1 GF(g?)-points; thus, by Lemma 2.3, C is a nonsingular
Hermitian curve for g # 2.

We are going to prove that S meets every line of PG(3, ¢%), that is, S is a blocking set
with respect to lines of the projective space. First, we assume that g # 2 and consider
aline r of PG(3,¢%). If ris on a (¢> + ¢*> + 1)-plane, then r is at least a 1-secant line of
S. In the case in which r lies on a (¢> + 1)-plane, say r, either 7 contains some line of
S or 1 N S is a Hermitian unital of ; in both cases r turns out to be at least a 1-secant
line of S.

Thus, if r is an external line to S, all planes through r have to be (¢> + 1)-planes
and the number N (S) of rational points of S is (¢* + 1)%. Let t be a 1-secant line of
S lying in some (¢* + ¢* + 1)-plane and let #; denote the numbers of i-planes through
t. Counting the number of GF(¢g?)-points of S by using all planes through z,

(6]2 + 1)2 = tq2+1q2 + tq3+lq3 + tq3+q2+l(q3 + q2) +1,

that gives
l=(q- 1)tq3+1 + qlpig+1s

namely, 7,5, = 0 and 73,2, = 1/q, which is a contradiction.

Now we assume that ¢ = 2. An algebraic plane curve of degree three in PG(2,4),
with nine rational points, without GF(4)-line components is a unital or is projectively
equivalent to the curve C’ : X3 + wX; + w?X3 = 0, which meets each line in zero, two
or three rational points; see [9, §11]. Therefore, if r is an external line to S, then r
could be contained either in 5-planes or in 9-planes. Suppose that there is at least a
planar section of S which consists of five rational points on a line. In this case, a 9-
plane never can intersect S in an algebraic plane curve which is projectively equivalent
to C’; therefore, only 5-planes can pass through an external line r of S. Arguing as in
the case g # 2, we get a contradiction.

Hence, each planar section of S with five points has to be an absolutely irreducible
cubic curve with a cusp or a nonsingular cubic with one rational inflexion; see [9, §11].
Thus, a line of S lies either on a 9-plane or on a 13-plane, whereas a 2-secant line lies
either on a 5-plane or on a 9-plane. Let m be a 2-secant line of a 5-plane, which we
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know to exist, and denote by x,, the number of 5-planes through m. Next, take a line
¢ of S and denote by x; the number of 9-planes through ¢. Counting the number of
GF(4)-points of S by using all planes through ¢ and all planes through m,

x(9=5)+0G6-x)13-5)+5=x,5-2)+ S5 - x,)9-2)+2,

that gives x, = x,,, + 2. As x,, > 1, we obtain x, € {3,4,5}. Consequently, the number
of rational points N4(S) € {33,29,25}. In order to prove that none of the previous
possibilities can occur for N4(S), we count in a double way the number of planes, the
number of pairs (P, ), where P € PG(3,4) and n is a plane through P, and the number
of pairs ((P, Q), ), where P, Q € PG(3,4) and « is a plane through P and Q. Let
X, Y, z denote the numbers of 5-, 9-, and 13-planes, respectively, we get the following
equations:

x+y+z=285,

Sx 4+ 9y + 13z = 21N4(S), (3.1

20x + 72y + 1562 = SN4(S)(Ng(S) — 1).

For N4(8) = 25 or N4(S) =29, (3.1) provides z = 0 or z = —1, respectively; in both
cases we have a contradiction. When N4(S) = 33, (3.1) gives z = 3, that is, there
are three 13-planes, each of which meets S in three concurrent lines. On the other
hand, exactly two 13-planes have to pass through each line of S and hence we get a
contradiction. Thus, S is a blocking set with respect to lines of PG(3, ¢?) for all prime
power q.

We recall that a blocking set with respect to lines of PG(2, %) which consists of
g* + 1 points is a line; see [4]. Thus, if 7 is a (¢g° + 1)-plane, then 7 N S consists of
g* + 1 points on a line.

Furthermore, each line which is not contained in S meets S in i points with
1 <i<q+1asSisasurface of degree ¢ + 1 over GF(g?).

The next step is to prove that each line meets S in one, g + 1, or ¢*> + 1 GF(¢?)-
points. By way of contradiction, assume that there is an i-secant line to S, say m,
with 2 <i < g. Then each plane through m has to be a (¢ + 1)-plane containing
some line of S. Counting the number of GF(¢?)-points of S by using all planes
through m, we obtain No(S) = (¢ + (@ + 1 - D) +i=¢" + ¢ +¢* —ig> + 1. Let
us consider a (g* + 1)-plane, say a, and let ¢ be the line « N'S. By considering
that each plane through ¢ has at most ¢* + ¢> + 1 GF(¢?)-points of S, we get that
Np(S) < PP +q¢*+1=¢ +q¢>+1. Then i>gq and hence i = g, which gives
N,(S) = ¢ +¢* + 1. In particular, each line of S is contained in at most one (¢* + 1)-
plane. Now let x; denote the numbers of i-planes with respect to S. In this case double
counting arguments give

D xi= (gt + D@+ D),

Z ixi= (@ +@+ )@+ + 1), (3.2)

1

D ii=1)xi= (@ +¢" + D@ +¢)g + D).
i=1
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By solving (3.2), we obtain in particular that the number x,2,; of (g% + 1)-planes is
g+ 1.

Denote by X = {ay, ..., a4} the set of all (¢* + 1)-planesto Sand set {; = a; N S
for all @; € X. We observe that any two lines £; and £;, with i # j, intersect in a point and
three of these lines never form a triangle. In fact, a triangle PQOR of such lines would
be contained in a (¢° + 1)-plane r; since every line of 7 would meet S in at least two
points, we would obtain in particular that every line of 7 through P would be at least
a g-secant to S and hence we would get [t N S| > (¢*> — (g - 1) +2¢* + 1 > ¢* + 1,
which is a contradiction.

This means that the ¢> + 1 lines contained in S are concurrent at a point V. Since
S has exactly ¢>(¢® + 1) + 1 rational points, each other line contained in S cannot
pass through V and has to meet ¢> + 1 lines among the lines ¢;, with 1 <i < ¢* + 1.
Thus, we find a GF(¢?)-planar component of S which is excluded. Hence, S contains
exactly ¢* + 1 lines and, for each line £ contained in S, exactly one (g* + 1)-plane
through it exists whereas no plane through ¢ is a (¢°> + 1)-plane. But, then, there are no
(¢> + 1)-planes containing some line of S, which is a contradiction.

Thus, each line which is not contained in S meets S in either one or ¢ + 1 rational
points. For g # 2, from [11, Theorem 23.5.1], S has to be a cone I1)S” with S’ of type:

(I)  aunital;

(II) asubplane PG(2, g);

(IIT) a set of type (0, g) plus an external line;
(IV) the complement of a set of type (0, g> — g).

As the possible intersection sizes with planes of PG(3,¢%) are ¢* + 1, ¢> + 1,
q3 + q2 + 1, possibilities II, III, and IV must be excluded, since their sizes cannot be
possible. This implies that S = I1pS’, where S’ is a unital. On the other hand, 8’ turns
out to be an algebraic curve of degree g + 1 without linear components and with ¢* + 1
points over GF(g?). Thus, for ¢ # 2, Lemma 2.3 applies and &’ has to be a Hermitian
curve.

For g = 2, there is just one point set in PG(3, 4) up to equivalence, meeting each
line in one, three, or five points and each plane in five, nine, or 13 points, that is, the
Hermitian cone; see [8, Theorem 19.6.8]. Thus also for ¢ = 2 our theorem follows. O

As an easy consequence of Theorem 3.1, we get the following result.

CorOLLARY 3.2. Let S be a surface of PG(3, ¢°) of degree d. If every plane meets S in
@+ 1, ¢ +1, or ¢ + ¢* + 1 points over GF(¢?), thend > g+ 1. Ifd = q + 1, then S
is a cone over a Hermitian curve.

4. A characterization of H (4, g*)

TueoreM 4.1. Let S be a quasi-Hermitian variety of PG(4,q?). If S is a hypersurface
of degree q + 1, then S is a nonsingular Hermitian variety.

https://doi.org/10.1017/51446788718000253 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000253

[7] Characterizing Hermitian varieties in three- and four-dimensional projective spaces 7

Proor. We recall that S has ¢’ + ¢° + ¢*> + 1 rational points and its intersection
numbers with respect to hyperplanes over GF(¢?) are ¢° + ¢> + 1l or ¢’ + ¢* + ¢* + 1.
First, we prove that S does not contain any plane of PG(4, ¢*). Suppose on the
contrary that there is a plane a which is contained in S. Let us denote by x the number
of hyperplanes through a meeting S in ¢° + ¢*> + 1 GF(g*)-points.
Counting the number N,>(S) of GF(¢*)-points of S by using all hyperplanes through
a,

I +@+F+1=Np S =@ +1-0 +¢ - g +x(" - g +¢* +¢* + 1,

that is,

X =~¢"+ ¢ + ¢,
which is a contradiction. This implies that ¥ = SN II is an algebraic surface of
degree ¢ + 1 without GF(¢?)-plane components. In the case in which Np(®) =
¢ +¢*> +¢* + 1, by Lemma 2.4, ¥ is a nonsingular Hermitian surface.

Now let IT” be a hyperplane of PG(4, ¢*) meeting S in ¢° + ¢* + 1 rational points and
set X’ =II' N'S. We are going to study the planar sections of ¥’. Thus, let us denote by
@ a plane contained in IT’. If at least one (¢° + ¢° + ¢*> + 1)-hyperplane passes through
a, then @ N S is either a Hermitian curve or a pencil of ¢ + 1 concurrent lines and,
hence, Np(@NX)=¢’+lorNp(@n)=¢> +¢* + 1.

Suppose that all hyperplanes containing @ meet S in g° + g* + 1 rational points and
sety = Np(a N S). Then

Q+@+@+1=NagS) = (@ + 1)@+ +1-y)+,

namely, y = ¢*> + 1 and, thus, Np(@nZ) = g+ 1.

Theorem 3.1 applies and X’ turns out to be a cone over a Hermitian curve. Then
each intersection number over GF(¢®) with planes and hyperplanes of S is also an
intersection number with planes and hyperplanes of H(4, ¢*). By Lemma 2.5, S has
to be a nonsingular Hermitian variety of PG(4, ¢°). O
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