SOME RESULTS FOR THE GENERALIZED
LOTOTSKY TRANSFORM

V. F. COWLING axp C. L. MIRACLE

1. Introduction. Let 4 = (a,) and x = {s,} (nk =0,1,2,...) be a
matrix and a sequence of complex numbers, respectively. We write formally

oo

(11) by = Z xSk

k=0

and say that the sequence x is summable 4 to the sum ¢ or that the 4 matrix
sums the sequence x to the value ¢ if the series in (1.1) converges and

lim £,

n-co
exists and equals {&. We say that the matrix A is regular provided it sums
every convergent sequence to its limit. Well-known necessary and sufficient
conditions in order that a matrix 4 be regular are:

o)

(1.2) > am) < M n=0,1,...),
k=0
(1.3) lima,; =0 (B=0,1,...),
(1.4) Iim Z U = 1,
nsco k=0

where M is a constant independent of z.

Let {d,} (n =1,2,3,...) be a given sequence of complex numbers with
d, # —1. To simplify the notation and computations of this paper we will
also assume that d, # 0. Using the given sequence {d,}, we define the elements
P, of the [F, d,] matrix by the relations
(15) .Poo = 1

Py =0 k=0

2 0+d_7_ = k

Notice that P,; are undefined for — o <k < 0and P, =0forn < b < o,
If needed, one can define P,; = 0 for — » < k < 0. Jakimovski (3) has shown
that the [F, d,] matrix so defined is regular provided the following three
conditions hold: (1) d, is real, (2) d, > 0 for n > n, where #n, is some integer,
and (3) X>.=1"d,~! diverges. He has also shown that if the above three con-
ditions hold and in addition that »~,_;"d,~? converges, then the [F, d,] matrix
sums the sequence of partial sums of the geometric series to the value (1—2)"!
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for Re(z) < 1, and uniformly in any bounded domain inside the half-plane
Re(2) < 1. One of the results of this paper is that the above conclusion follows
from the first three hypotheses without requiring the extra assumption that
> n=1”d,"? converges.

This paper falls naturally into four sections. First, we obtain several neces-
sary conditions bearing on a complex sequence {d,} in order that the corre-
sponding [F, d,] matrix be regular. Secondly, with these conditions in mind,
we obtain one set of sufficient conditions bearing on a complex sequence {d,}
in order that the corresponding [F, d,,] matrix be regular. This matrix has the
regular Euler matrix as studied by Agnew (1), the Lototsky matrix as studied
by Lototsky (5) and Agnew (2), and the [F, d,] matrix as studied by
Jakimovski (3) as special cases. Thirdly, we find (f lim|d,| = « or
lim d, exists) the domain in which this regular [F, d,] matrix sums the geo-
metric series to the value (1 — z)~!. The domain in which this matrix sums
any power series then follows from a theorem of Okada (7). Finally, it was
shown by Agnew (1) that the Euler transform provides a method of analytic
continuation for cases in which the method is not regular. We study certain
non-regular [F, d,] matrices from this point of view.

2. Necessary conditions in order that the [F, d,] matrix be regular.
Throughout this paper we will assume that the sequence {d,} (z = 1,2,3,...)
is a given sequence of complex numbers subject perhaps to certain conditions.
Using this sequence we then define the elements P,; of the [F, d,] matrix by
(1.5). Also we will always use the notation, |d,| = p, and argd, = 6,
(=7 <6, <.

THEOREM 2.1. Let d, = x, + 1y,. A necessary condition in order that the
[F, d,] matrix be regular is that there exists a monotone increasing sequence of
natural numbers {n;} such that

> 14 2%,
it T
Proof. Assume that the [F, d,] matrix is regular. Upon setting 6 = 0 in
(1.5), we get
P TT -
n0 i) 1 +dj-

Since the numbers P,, must satisfy (1.3), it follows that

) z d; _
lim IT 7373, =0

However,

=0
gl-l—df

if and only if

https://doi.org/10.4153/CJM-1962-033-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1962-033-7

420 V. F. COWLING AND C. L. MIRACLE

|d,|*
gﬂ‘l‘@l =0
But
=yt
Iayar=°

if and only if there exists a monotone increasing sequence of natural numbers
{nx} such that

©

kz=:1< 1+‘1+dnk

diverges to minus infinity.

? - > 1+2xnk
) ~ X Tt duf

e

COROLLARY 2.1. A mnecessary condition in order that the [F,d,| matrix be
regular is that x, > —7% for infinitely many values of n.

COROLLARY 2.2. A mnecessary condition in order that the [F,d,] matrix be
regular is-that Y n—1"p, ' = + .

Proof. Assume that ¥,_;"p,! is convergent. Since p, > 0 this implies that

limp, = + «.

Hence
o~ 1+ %
n; 1+ d.|*

is absolutely convergent. This in turn implies that if {n;} is any sequence
of integers, then

is also convergent. Since the [F, d,] matrix is regular, this is a contradiction
to Theorem 2.1.

Meir (6) has constructed an example of a real sequence {d,} which is regular
and does not satisfy Jakimovski's (3) sufficient conditions for regularity.
Hence these conditions are not necessary. Meir's sequence is an interesting
example showing that Corollary 2.1 is the strongest theorem of this type one
can obtain.

THEOREM 2.2. Let a be given where 0 < o < /2. If there is a positive integer
N such that o < 8, for all n > N, then the [F, d,] matrix is not regular.

Proof. Assume the [F, d,] matrix is regular. Define the terms )\, of the
sequence {\,} by A, = p.e®n, where 8, = 0, — a. Define the elements b, of
the [F, \,] matrix by the relation
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boo = ].
b = E#0
@.1) P S

Using the Cauchy integral formula, the numbers P, in (1.5) are given by

_1 (1 t+d>
P =55 cn<l+d L

where ¢ is any closed curve containing the origin. Integrating we get

(2.2) P, = —rl—— > didy ... dsn,

H 144y s1+s2t .. sptk=n

j=1

where s; = 0 or 1 and the sum is taken over all possible values of s; such that
si1+s2+4+ ...+ s, =n— k. Similarly, the numbers b,; as defined by (2.1)
are given by

b= Y M.
H (1 + N, ) s1+s2+...+Sptk=n

j=1

where the sum is the same type as in (2.2). Now since A, = d,e~ %, it follows

that
by = Y didE...dr e
1 )\ s1+s2+.. A sptk=n
[] -+
or that
2.3) > dids .. d| = bl TT 114 Nl
s1+s2+...+sntk=n j=1

Inserting absolute values in (2.2), summing over k {from 1 to #, and making
use of (2.3), we have

n _ n 1_|_)\
(2.4) k; |P| = gl ’1+d 2 ot

Substituting 8 = 1 in (2.1) yields X ;—¢"bn = 1. Hence X i—o"|bu| >
|3 k—"bu] = 1. Using this inequality, (2.4) becomes

n

k=0 j=1

1+,
1+ d,

Since the [F, d,] matrix is by assumption regular, it satisfies (1.2). Hence
(2.5) implies that
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" 1+>\,.>
1 (1

j=

is a bounded function of #.

From the hypothesis of the theorem and the fact that —7 < 6, < =, there
exist N such thata < 6, < 7 for all # > N. This implies that 6, > 8, > 0 and
cos 0, < cos B, for » > N. It follows that |1 + N\, |2 > |1 4 d,|® for n > N.
This means that

SRLESY
=1 11+ d;
is a monotone function of # for » > N. Therefore, a necessary condition in
order that
|14 xj,
T 153,
be bounded for all » is that
© 1 + )\j 2
gl 1+4d;
be convergent. From a well-known theorem on infinite products,
7 Ll
i1 114 d;

is convergent if and only if

£ e i)

is convergent. If # > N, a <8, + 0, < 27 — « and so

. .+ 0, .
sin (%) > sin %.

Hence if #» > N, then cos 8, — cos 6, > 2sin?«/2. Using this fact, we have
that if » > N, then

2 4:pn sin2<(—¥>
<_1 N '1 + M\ > _ 2p,(cos B, — cos 6,) 2
L+dil /142000860, +p 7 (1+p)°
By assumption the [F,d,] matrix is regular and so by Corollary 2.2
S a1 p~t = 4 . Hence
)

. 1+ M\
2 <—1+ 1+ 4,

and thus

0
n=1

B}
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diverge to plus infinity. Consequently (2.5) implies that D ;—¢"|Pu| is not
uniformly bounded for all #, and thus (1.2) is not satisfied. This is a contra-
diction to the assumption that the [F, d,] matrix is regular.

THEOREM 2.3. Let a be given where —n/2 < a < 0. If there is a positive
integer N such that 6, < o for all n > N, then the [F, d,] matrix is not regular.

Proof. Suppose the [F, d,] matrix is regular. Define the terms A, of the
sequence {\,} by M\, = p,e~"%, The elements 4,; of the [F, \,] matrix are
defined by the relation
n 6 + k]' 00 "

—i= A’y Ao =1,40, = 0,k £ 0.
I;Il 1 + )\j kz=0 K 00 0%
Since \; = d,, where the bar denotes complex conjugate, it follows from (1.5)
and (2.6) that

(2.6)

n n

k=0 k=0

for all 6. This implies that

@7 2 Pul = 2 [dul.
%=0 %=0

But the sequence {\,} and the numbers 4,; defined by (2.6) satisfy exactly
the same conditions as did the sequence {d,} and the numbers P,; in the
proof of Theorem 2.2. Consequently, using the same method as in Theorem
2.2, we may conclude that Y ;—¢"|4.| is not a bounded function of #. Hence
(2.7) implies that Y ;—¢"|Pu| is not a bounded function of # and so (1.2) is
not satisfied. This contradicts the assumption that the [F, d,] matrix is
regular.

The theorem to be proved next is included here largely because its proof
best displays the central idea used in the proofs of Theorem 2.2 and Theorem
2.3. It is also much simpler to apply.

TaEOREM 2.4, Suppose that 6, = o (n = 1,2, ...), and that the corresponding
[F, d,] matrix is regular, then 6, = a = 0.

Proof. Recall that |d,| = p,, and let @, denote the elements of the [F,p,]
matrix. Note that |as| = a@u. Then using the same method that was employed
to arrive at the inequality (2.5), we can obtain the equation

- 14p
2 |Pul = H i
Hence the regularity condition (1.2) implies that
IQ_DI 1+ Pj
=1 |1+ dy
is convergent. However, the terms of this product are real and greater than
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or equal to one, and so by a well-known theorem this product is convergent
if and only if

e f 1+pﬂ_>2}_ = 2py(cosa — 1)
;{ 1+<|1-|-an _n;ll-i—ancos@,,—l—pr

is convergent. But from Corollary 2.2 > ,_1%p, ! = + =, so this series is
divergent unless o = 0. Hence in order for the regularity condition (1.2) to
be satisfied, we must have a = 0.

3. A regular [F, d,]) matrix. In view of the theorems in § 2, one need only
consider two types of non-real sequences {d,} in attempting to construct a
regular [F, d,] matrix. Firstly, those sequences for which

limargd, =0 (=7 <argd, < m).

n—-co
Secondly, those sequences {d,} which satisfy both the following conditions:
(1) there exists a subsequence {n;} of the sequence of natural numbers such
that Re(d,;,) > —% and Im(d,,) > 0, and (2) there exists a subsequence {m}
of the sequence of natural numbers such that Re(d,,) > —% and Im(d,,;,) < 0.
In this section we will give an example of a [F, d,] matrix of the first type
which is regular and for which 6, £ 0. We leave the following as an open
problem: to find a sequence {d,} of the second type such that

lim arg d, # 0

N—c0

and such that the [F, d,] matrix is regular; or to show that no such sequence
exists.

THEOREM 3.1. Suppose that 3 ,—1"p, ! is divergent and 3_,—10,%0,~" is con-
vergent, then the [F, d,] transform is regular.

Proof. Substituting 6 = 1 in the defining relationship (1.5), we get
S i=d"Pu = 1 and so condition (1.4) is satisfied.

Note that the elements a,; of the [F, p,] matrix also satisfy > ;—¢"|an| =
S i=d"ay; = 1. From this fact and a relationship of the type (2.2) for the
numbers a,;, it follows that

n

3.1) > 2 pips ..o = I_:II 1+ py), (n>1).

k=0 si1+s2+...+sntk=n

Inserting absolute value signs on both sides of (2.2) and making use of (3.1),

we obtain
1 < $1 782 Sn
(3.2) E 1P| < 2 2 ads . .. |
ll+ I k=0 s1+s2+...+sntk=n
j=1
7 1+ Pj
< — v Fj
= =1 11 +d71
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Note that the convergence of Y ,-176,%0,! and the divergence of Y ,—1"p,!
implies that

limg, = 0.
Hence there exists an integer N such that |6,] < /3 for » > N. Thus for

n>N,

__1+<1+Pn>2_ 2p"(1‘—COSGn) <P_n—0_2_0_3
1 +d/ — 142pcosbu+pn = pn oo’

Now since 1 4 x < ¢ for x real and 1+ p, > |1 4+ d,|, it follows upon
applying the above inequality that

1 n 1 n 2 1 n 2 B
il i 5,,1 < <11 i §n|> < exp{‘l T (———“ll if} ]) } < exp (Bn)

for » > N. In view of this inequality, (3.2) may be written as

3 1Pl < 1T (20 e { 3 B .

k=0 j=1 =N

But by hypothesis 3 ,_1"6:%05! is convergent. Therefore, > i—1"|Pnx| is uni-
formly bounded for all #» and condition (1.2) is satisfied.

In order to show that the [F, d,] transform is regular it remains only to
show that (1.3) is satisfied. Using the Cauchy integral formula, (1.5) implies
that

_ 1 "t+@£
(3'4:) Pnk - 271 . g <1 + dj tk+l )
where ¢ is a circle with centre at the origin and radius 1/4. Recall that N is
an integer such that [0,] < /3 for n > N. Since 1 + 2z < ¢? for real z, it
follows with ¢ = x + 2y that
ki

t + d,
15 .
16 + 2p, cos ,(x — 1) + 2p,y sin 6,

2

t 4+ d,
144,

1+4 <eXp{_1+'

< exp 1 4+ 2p, cos 6, + pn

_2pn cos 6, + %pn }
< exp {1 + 2Pn cos 0, + P72L

—Pn

< exp {2<1 + pn)z}

for » > N. Taking the positive square root of both sides of this inequality,
we obtain the inequality

)t—l—dn
1+d,

(3.5) < exp {Zzl——‘i‘pLPn)—E} .
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Hence upon inserting absolute values on both sides of (3.4) and using the
inequality (3.5), we get

n 4k f27rN—l |t+d
P e"p{ ,;4(1+p]) ! T+ d, %
But
=t 4+ d
1N

is the absolute value of a polynomial in ¢ of degree N — 1, and such a poly-
nomial has a maximum value M on |f| = 1. Hence

(3.6) |Pu| < M-4* exp{ > ia flj;j)_2}

j=N

for » > N. By assumption Y_,-1"p,~! = 4+ =, and so

n

im 3 B o

300 j=N 4(1 + Pj)
Hence, (3.6) implies that
lim |Py| = 0

n->co

for all k.

4. Summation of power series. Suppose we have a function g(z) defined
by a power series with a non-zero radius of convergence, then we would like
to know in what domain the [F, d,] matrix of Theorem 3.1 sums the sequence
of partial sums of this power series to its analytic continuation by radial
extension. In view of a theorem by Okada (7), one need only consider the
domain in which the geometric series with partial sums

4.1) sp(2) = (1 — 2)~! — g"H1(1 — 2)~1
is summed to its analytic continuation (1 — z)~L
THEOREM 4.1. Suppose 3 ,—1"p, " is divergent, D n_1"0,2p,"" is convergent, and

limpn: + <,

n—-co
then the [F,d,] matrix sums the sequence whose terms are given by (4.1) to
(1 —2)1if Re(z) < 1.

Proof. Let {0,(2)} denote the [F,d,] transform of the sequence {s,(2)}
given by (4.1), then

(4.2) (s = (1= 2)7 2 Pu—2(1 = 2)7" 3 Pus”

— k=0
Using the fact that ) ,—¢"Pn; = 1 plus the relation (1.5), (4.2) can be written
as
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(43) @) = (1 =27 —2(l —2) I;I Zi‘i“jf.

Let 2 = x 4+ 4y. Since 1 4+ w < ¢” for w real, we have

2+ dy|’ {2pn[<x — 1) cos 6, + ysin 6,] 2_}

(44) 1+4d, < exp 1+ 2p, cos 6, + P: + Pn ’
where

_ e =1

2e, ll + dni2 Pn

Note that

lime, =0
since

lim p, = .

n—-o0

Taking the positive square root of both sides of (4.4), we get

z + dn {Pn[(x - 1) cos b, + ¥ sin 07»] &}
(45) T+d) S®PU 1F 2000640, ol
Since
limé, =0

and Y..—1"p, ! = +®, (4.5) implies that

T 24+ 4d;

e = 0’
11

if x — 1 < 0. Therefore (4.3) implies that

limo,(z) = (1 — 2)7"

if Re(z) < 1. This completes the proof of the theorem.
CorOLLARY 4.1.  Suppose Y,y '= 4+, D110, =+,
SamtTpn 0, < 4, and
lim pyf, = + =,

N0
then the |F, d,] matrix sums the sequence {s,(2)} whose terms are given by (4.1)
to its analytic continuation (1 — 2)~! for all z such that Re(z) < 1 and also for
all z such that Re(z) = 1 and Im(z) < 0.
Proof. Since
lim 6, = 0 and lim p, = + =,

n—oo -0

this corollary follows directly from the theorem except for z such that
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Re(z) = 1and Im(z) < 0. As in the previous theorem let z = x + 4y. Placing
x = 1in (4.4), we get

2+ do|? { 20, sin 6, + 5° }
T+ d S P 20, co86, + 52 -
Since
lim p,8, = + =,
n->
there exists N such that 2p,sin8, > — y 4+ p,0, if # > N. Since y < 0, we
have
2 + dn nen
144, < exp {5(1p+3;>n7} whenever n > N.

Since y < 0 and Y,-1"p,~'0, diverges to plus infinity the corollary follows.
If we take p, = n* and 6, = n~'**, the hypotheses of Corollary 4.1 are
satisfied for 3 < a < 1.

CorOLLARY 4.2.  Suppose D .i®pnl=+®, >0, = — .
Zn=1mpn—10n2 < + @©, and
lim p,0, = + =,

n—co

then the [F, d,) matrix sums the the sequence {s,(2)} whose terms are given by
(4.1) to its analytic continuation (1 — 2)~' for all z such that Re(z) < 1 and
also for all z such that Re(z) = 1 and Im(z) > 0.

The proof of this corollary is similar to the proof of Corollary 4.1.

THEOREM 4.2. Suppose > ,—1"p, ! 1s divergent,

lim 6, = 0,
and
lim p, = 4 =,

then the sequence {a,(2)}, whose terms are given by (4.2), is divergent if Re(z) > 1.

Proof. Assume z is given such that Re(z) > 1. From (4.3) it follows that
the sequence {g,(2)} is divergent if the product

z+ d,
1+4+4d,
is divergent to infinity. Since Re(z) > 1, we have |z + d,| > |1 + d,| for =
sufficiently large. Therefore, using a well-known theorem, the product
ﬁ z 4+ d,
n=1 1 + dn

is divergent to infinity if and only if the series

2

e}

I1

n=1

2
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z+d,

)
144,

diverges to infinity. Thus to prove the theorem we need only show that (4.6)
diverges to infinity. A typical term of the series (4.6) is given by

(4.6) > (—1 +

n=1

_ z+ d,|* ]z| — 1+ 2(x — 1)p, cos 8, + 2yp, sin 6,
4.7) 1+ 144, M+ d,°
where 2 = x 4+ 7y. Let @ (0 < o < 7/2) be given. Since x > 1,
lim 6, = 0,
and

lim Pn = @,

n->c0
there exists N such that 2p, > 1 4+ p,, |¥ysin6,| < 3(x — 1) cos 6,, and
cos 6, > 4 cos a whenever n > N. Also, we have |z|2 > 1and |1 + d,| < 1+p,.
Using these relations (4.7) becomes

z2+d,|°
1+4d,

for » > N. Since > ,—1"p,~! = + © by hypothesis, (4.8) implies that the
series (4.6) diverges to plus infinity.

(x — 1) cosa
Pn

(4.8) -1+ >

THEOREM 4.3. Suppose that
lim p, = p
n—>co
and that Y ,—170,% converges, then the [F, d,] matrix sums the sequence {s,(2)},
whose terms are given by (4.1), to its analytic continuation for all z such that

lz+ o <14 5.

Proof. Let {0,(3)} denote the [F,d,] transform of the sequence {s,(2)}
whose terms are given by (4.1), then using the same argument as was employed
to obtain (4.3) and (4.5) we obtain

-1 -1 __‘_l‘
(4.9) on(2) = (1 —3) —2(1 — 2) Ll T4
and
2 + dy Elk —1+2p,,cost9(x—l)+2pnysm0}
@10) 7 g,| < e"p{ 3(1 -+ 2p, cos b, + p))

However, since

lim 6, = 0 and lim p, = p,

n—-00 n-00

we have
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|z|2 — 1+ 2p,(x — 1) cos b, + 2p,ysin 6, _ 2P =14 20— 1)+ e
1+ 2Pn cos 8, + Przz (]- + P)2

where

lim ¢, = 0.
N0

Using this equality, (4.10) can be written as

z + d, Iz[2—-1—|—2p(x-—1)-|—en}
1+ 4, <exp{ 2(1 + p)° ‘

Suppose z such that |z 4+ p| < 1 + p is given. Then there exists « > 0 such
that |z + p|2 < (1 + p)? — a. Since a > 0 and

(4.11)

lime, = 0,
there exists an integer N such that |e,| < o for » > N. Since |32 — 1 +
20(x — 1) = |z + p|2 — (1 + p)?, (4.11) becomes

z + d, 1z+p|2—(p+1>2+a}
1+ 4, <ex"{ 2(1 + o)’

for n > N. But since {|z + p|2 — (p + 1)2 4+ @} (1 + p)~2 is a negative con-
stant, (4.12) implies that

(4.12)

=0

for all z such that |z 4 p| < 1 + p. Therefore, (4.9) implies that

lim o,(2) = (1 — 2)~"

for any z such that [z + p| < 1 4 p. This completes the proof of the theorem.

Note that the convergence of {c,(3)} to (1 — 2)~!is uniform for all z inside
a circle concentric with the circle |z 4+ p| = 1 + p and having a radius less

than 1 + p.
Notice that in the proofs of Theorem 4.1 and Theorem 4.3 we require only
that
lim 6, = 0.
n-co

We made the assumption that ¥,-1"6,%,! is convergent since in Theorem 3.1
we proved the [F, d,] matrix regular in this case only. Notice also that both
Theorem 4.2 and Theorem 4.4 contain the hypothesis

lim 6, = 0.

n—>c0
This would seem to indicate that there is some possibility of proving Theorem
3.1 with the hypothesis 3 ,.176,%,"! < + « replaced by
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lim 6, = 0.
We leave this as an open problem.
If |24 p| =14 p, (4.10) can be written as

2+ d, <e {2(3‘: - 1)(Pn cos 8, — p) + 2p,y sin 0n}
1+d,l S 2(1 + 2p, cos 6, + p3) '

Suppose that p,cosb, > p, 6, > 0, and 2sin6, > 6, for » > N; and that
y < 0, then (4.13) reduces to
z+ d,
1+4d,

for n > N since x < 1. From the inequality (4.14) and Theorem 4.2, we get
the following

(4.13)

(4.14)

£nY0n }
<ov izt

COROLLARY 4.3. Suppose

lim p, = p,
n-00

>ty = F o, 3 ,0170,2 < 4, and that p, cos 8, > p for n sufficiently large,
then the [F, d,] matrix is regular and sums the sequence {s,(2)}, whose terms
are given by (4.1), to (1 — 2)7! for all z which satisfy the condition |z + p| <14p
and for all z which satisfy both the condition that |z + p| = 1 + p and the con-
dition Im(z) < 0.

Similarly we have another corollary which is the same as Corollary 4.3
except that Y.,-1°0, = + = is replaced by Y ,-1"8, = — « in the hypothesis,
and Im(z) < 0 is replaced by Im(z) > 0 in the conclusion.

THEOREM 4.4. Suppose
lim p, = p,lim 6, = 0,

n->0 n -0

and z is given such that |z 4+ p| > 1 + p, then the sequence {o,(2)}, whose terms
are given by (4.9), is divergent.

Proof. Suppose z such that [z 4 p| > 1 + p is given. Then there exists
0 < a < 8 such that

|z 402> (1 4 p)2(1 + 2a).
Hence we have
22— 1= —=2p(x — 1) +]z2+p>— (1 +p)?> —2p(x — 1) + 2a(1 + p)=
Using this inequality, we get
(4.15) |z 4+ dul? — |1 4 dul? = |22 = 1 4+ 2p,(x — 1) cos 6, + 2p,y sin 6,
> 2(x — 1) (p, cos 8, — p) + 2yp, sin 6, + 2a(1+p)2.

But since
lim p, = pand lim g, = 0,

n->o N0
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there exists an integer N such that if # > N, then
12(x — 1) (ps cos 6, — p) + 2ypu sin b, < a(1 + p)*.
Therefore if # > N, (4.15) can be written as
o+ duf? — |1+ dif* > a1 + o)
Dividing through by |1 4 d,|?, we get

2+ d,|* < 145 )2
(4.16) Tl >t
whenever n > N. Since
lim |d,| = p,
(4.16) implies that
. 2+ d, «
Ll_l: 144, >1+4?£1.
But this is a sufficient condition in order that
T 24 d,
LII 144,

diverge to plus infinity. Hence (4.9) implies that the sequence {o,(z)} is
divergent.

5. Analytic continuation. Upon setting d, = (1 — r)r!, the [F,d,]
matrix becomes the classical Euler matrix of order 7. Since Agnew (1) has
shown that the Euler matrix provides the analytic continuation of a power
series for cases in which the matrix is not regular, it is natural to raise the
following question. Does the [F, d,] matrix also provide the analytic con-
tinuation of power series for some sequences {d,} for which it is not regular
other than the above-mentioned cases studied by Agnew? By Corollary 2.2
the [F, d,] matrix is not regular if 3,_1"p,~! converges. The proposed question
is answered for these non-regular matrices by observing the results of the
following theorem.

THEOREM 5.1. Let 3 y1®py ! < o, S,(23) = Tid"ais® and f(2) = 3 —c”a,2"
be regular in a neighbourhood of the origin. Let {0, (2)} denote the [F, d,) trans-
form of the sequence 0,0,...,0, S¢(2),S1(2),..., where —v is an integer
denoting the number of zeros in the sequence preceding the term So(z). Let {a, (2)},
where v is a positive integer, denote the [F, d,] transform of S,(2), S,y1(2), Syya(2)....
Then {0, (2)} converges uniformly for all z in any bounded domain except
that z must be outside some neighbourhood of the origin when v < —1.

Proof. Since f(2) is regular in a neighbourhood of the origin

1 (f(Hdt

= — -
" 2w J, £
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where ¢ is a small circle with centre at the origin. Replacing a, by this integral,
we obtain

Su(2) = _ 1 [ fndt 4

0 21!'1/ ¢ t+1

(5.1) L[> <—j—>kf—(;—)dt

2w ¢ k=0

_ 1 (i _i"“}
T 2 ct—z{l <t> dt.

Since f(¢) is regular inside the circle ¢, it follows by the Cauchy integral theorem
that

1 (£ i"’} B
(5.2) 5t t—z{ <t> dt =0

for m < 0 and z # 0. If the elements of the [F, d,] matrix are denoted by P,
then it follows from (5.1) and (5.2) that

53) o) = —— | LU Pnk{l - <—§—>k+v+l}dt

27”« b — 2520

_ 1 J@) di Z P,

2m J b — 2 =

1 j@-(z)”“ : ()
2mt J t — 2z \t ;)P"k dt.

But using the fact that > ;P = 1 and the relation (1.5), (5.3) reduces to

z
(@) 1 [t 1 o <£)v+l ﬁ <[ + d; )dt
T2 t—z 2mJ.t—z\1¢ =1 \l+4d;/

Hence it follows that

n + d;
(G4) o) — o) = 57 | T2 (t”<t> 1+ du) I (1—17) it

If we let |t = s and |3| = r and insert absolute values on both sides of (5.4),
we obtain

220 — @] <= (D 1+ l“lﬁ< +p]>f2"|f<t>\de
Op41 Tp X 27 \s n+1 l1+dl N .

Since f(¢) is regular on |¢| = s, there exists a constant Q such that [f(¥)] < Q
for all ¢ such that |¢{| = s. Hence
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r
1 n ~+o»
(5.5) e — )] < T <Z> T\,

|1 + dn+ll S, =1 Il + djl
Employing the same type of argument that was used to obtain (4.5), we
have
2
§+Pn %— 1+2p,.<£—coson>
(5.6) < exp

1+ d 2(1 4 2p, cos 6, + pr)

Since r/s is a constant and since > ,—1"p,~! < + =, it follows from (5.6) that
there exists a constant L(r) such that

r
n :;+ Pj
(5.7) I gy <Lo

=1
for all n. We write L(r) to indicate that although L(r) is a constant for fixed
2, L(r) is a function of ». Using the inequality (5.7) and summing (5.5) over
n, we get

)

58) 3 o) — o ()] < QLMY (/) 3o 1+ dupal ™,

n=0 n=0

if 0 for v < —1. Since > ,=¢"|1 + dp1|™! is convergent by hypothesis,
it follows that the left-hand series in (5.8) is uniformly convergent for z in
any bounded domain except that z must be outside some neighbourhood of
the origin when » < —1.

Since 0,41 (2) — 00 (2) = X imdoe 1P (2) — 0 (2)], it follows that the
sequence {o,”(2)} is uniformly convergent for all z in any bounded domain
except that whenever » < —1 we must also have [z| > a for some a > 0.
This completes the proof of the theorem.

From (5.1) it follows that S,(z) is a polynomial of degree n in z. Hence
from (5.3) it also follows that ¢, (z) is also a polynomial of degree % in z.
Define ¢ (2) by

o (2) = lim ¢, (2)
n—00
whenever the limit exists. Note that ¢® (0) is undefined for » < —1. Since
{07 (2)} is uniformly convergent in any bounded domain for » > —1, it
follows that ¢ (2) is an entire function of z for » > —1. Therefore, if the
analytic continuation of f(2) has singular points, then f(z) # ¢ (z) for
v > —1. Now suppose v < —1. By assumption f(3) is analytic in a circle
about the origin, and from Theorem 5.1 ¢¢” (3), » < —1, is analytic outside every
circle about the origin. Therefore, ¢ (2) 5 f(2) unless f(z) is entire. Thus the
[F, d,] transform of Theorem 5.1 does not give the analytic continuation of a
single function defined by a power series whose analytic continuation possesses
a singularity. If f(z) is entire we cannot say that ¢ (2) 5 f(2) except in case
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v = —1 where it is easy to prove that ¢©2(0) # f(0). However, we have no
problem of analytic continuation if f(z) is entire as the power series itself
converges for all z in this case. Let us say that the [F, d,] matrix provides
an effective method of analytic continuation for a function of f(z) defined by
its power series if f(2) is not entire and if ¢ (3) = f(2) for some ». Then we
may conclude that the [F, d,] matrix does not form an effective analytic
continuation procedure if 3 ,_1"p,! is convergent.
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