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Abstract

In insurance risk theory, dividend and aggregate claim amount are of great research interest as they
represent the insurance company’s payments to its shareholders and policyholders, respectively.
Since the analyses of these two quantities are performed separately in the literature, the companion
paper by Cheung et al. generalised the Gerber-Shiu expected discounted penalty function by further
incorporating the moments of the aggregate discounted claims until ruin and the discounted
dividends until ruin. While Cheung et al. considered the compound Poisson model with a dividend
barrier in which ruin occurs almost surely, the present paper looks at this generalised Gerber-Shiu
function under a threshold dividend strategy where the insurer has a positive survival probability.
Because the Gerber-Shiu function is only defined for sample paths leading to ruin, we will
additionally study the joint moments of the aggregate discounted claims and the discounted divi-
dends without ruin occurring. Some explicit formulas are derived when the individual claim dis-
tribution follows a combination of exponentials. Numerical illustrations involving the correlation
between aggregate discounted claims and discounted dividends are given. For the case where ruin
occurs, we additionally compute the correlations between the time of ruin and the above two
quantities.
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1. Introduction

In the classical compound Poisson insurance risk model, the baseline (i.e., without dividends) surplus
process {U(2)},5 of the insurer is modelled as

Ut) =u+ct—S(), t=>0 (1.1)

where u = U(0)>0 is the initial surplus, ¢>0 the incoming premium rate per unit time, and
{8(2)},5 the aggregate claims process. Specifically, the aggregate claim amount until time ¢ is given
by S(¢) = Zi\]:(? Y., where {N(#)},5 is a Poisson process with rate 1> 0, and {Y,};”; a sequence of
independent and identically distributed positive continuous random variables representing the
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individual claim amounts. Moreover, it is assumed that {N(z)},,, and {Yx};"; are independent.
For later use, the common probability density function of the random variables {Y,};7; is denoted
by p(-) and its Laplace transform is p(s) = [ e~ ¥p(y) dy.

The seminal paper by de Finetti (1957) suggested that the insurer should redistribute some of its
surplus to its shareholders, leading to extensive study of dividend strategies in various insurance risk
models (see e.g., Albrecher & Thonhauser, 2009; Avanzi, 2009 for reviews). The most commonly
studied dividend strategy in the literature is the barrier strategy (e.g., Gerber, 1979) in which any
excess of the surplus over a fixed barrier is immediately paid to the shareholders as dividends.
Although such a strategy is optimal as far as the maximisation of the expected discounted dividends
until ruin is concerned when p(-) is completely monotone (e.g., Loeffen, 2008, theorem 3), it results
in an ultimate ruin probability of one which is practically undesirable. In this paper, we shall impose
a threshold dividend strategy (e.g., Gerber & Shiu, 2006; Lin & Pavlova, 2006) to the surplus
process (1.1), so that part of the incoming premium rate is paid as dividends whenever the insurer’s
surplus exceeds a fixed threshold level &> 0. Denoting the dividend rate by @ >0 and the premium
rate by ¢; = ¢, the net premium rate is ¢; = ¢; —a when the surplus is above b. Therefore, the
modified risk process {U,(2)},s, under the above threshold strategy follows the dynamics:

dt—dS(t), Uy(t)<b
AU, (1) — c (t), Up(?)
o dt—dS(t), Uy(t)>b

and the initial surplus is given by # = U,(0) > 0. The time of ruin of {U(¢)}, ( is defined to be

=inf{z > 0 : U,(¢) <0} with the convention that 7, = inf () = oo if U,(¢) >0 for all #>0. Then,
the ruin probability is given by w(u;b) = Pr{r, <oo|U,(0) = u}. The positive security loading
condition ¢, > AE[Y/] is assumed to ensure that y(u;b) <1 for all #>0 (e.g., Kyprianou, 2013,
corollary 8.5). Note that D(¢) = U(¢) - Uy(#) is the total dividends paid until time . An important
quantity of interest is the total discounted dividends until ruin, as it represents the value of firm in
corporate finance. In the present context, it is defined by

Ds(zp) :J

Th

)
. eiésdD(S) = aJO eiésl{Uh(s) > b} ds (1.2)

where 6> 0 is the force of interest and 1, the indicator function of the event A. When each claim
amount Y} is exponentially distributed, Gerber & Shiu (2006, section 9) showed that the threshold
strategy is optimal in maximising the expected discounted dividends until ruin for restricted dividend
rate. Given a threshold strategy, Dickson & Drekic (2006) analysed the optimal pair of threshold
level and dividend rate that maximises the expectation of Ds(z,) under a ruin probability constraint,
whereas Cheung et al. (2008) derived the higher moments of Ds(z;) and computed the optimal
threshold minimising the coefficient of variation of Ds(z},).

Apart from Dj(z;), which is the total discounted payment made by the insurance company to its
shareholders, another quantity of interest is the aggregate discounted claim amount payable to the
policyholders until ruin, namely [’ e~*dS(z), where > 0 is the force of interest. More generally, one
may consider the aggregate discounted claim costs until ruin defined by

N(m
Z e THf (V) (1.3)

where T, is the time of the kth claim (which is the kth arrival time of the Poisson process {N(z)}, 5 ¢),
and f(-) is a non-negative “cost function” applied to each claim. Clearly, if f{y) =y then Zs(z;)
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becomes Zi\l(j) e kY, = [ e dS(t). We remark that the aggregate discounted claim amount here
is different from the one considered by e.g. Taylor (1979), Willmot (1989), Léveillé & Garrido
(2001), and Woo & Cheung (2013), which is concerned with the aggregate until a fixed time
t instead of the ruin time. The quantity Z;(z;) in (1.3) has gained some attention in recent years
(in models without dividends, i.e., a = 0). For example, the expectation of Zs(z,) was studied by
Cai et al. (2009, section 6) and Feng (20094, section 4.2, 20095, section 5.2) in the compound
Poisson and phase-type renewal risk models, whereas Cheung & Feng (2013) analysed the higher
moments of Zs(z;,) in a Markovian arrival process.

In addition to the discounted dividends, the Gerber—Shiu expected discounted penalty function has
also been widely studied in insurance risk theory since the seminal paper by Gerber & Shiu (1998)
was published. In the present model, it is defined by

¢s(u;0) = E[e*w(Up(z; ), [Up () 1z, <ot Up(0) = 1], 220 (1.4)

where >0 can be regarded as the force of interest or the Laplace transform argument with respect
to the time of ruin 7, and w(-, -) is a non-negative “penalty” as a function of the surplus immediately
before ruin Uy(z; ) and the deficit at ruin |Uy(z;,)|. Typically, w(., -) is assumed to satisfy some mild
integrability conditions. While the Gerber-Shiu function (1.4) was studied by Lin & Pavlova (2006),
some related results on the corresponding discounted densities were given by Zhou (2004, section 4).
Interested readers are referred to e.g. Albrecher et al. (2007, section 2), Badescu et al. (2007a), Zhu
& Yang (2008), Lu & Li (2009), and Kyprianou & Loeffen (2010) for the analysis of the discounted
dividends and the Gerber-Shiu function in more general processes such as the
generalised Erlang() renewal model, risk model with Markovian claim arrivals, and the Lévy insurance
risk process. We also remark that a more general multi-threshold dividend strategy was also considered
by e.g. Albrecher & Hartinger (2007), Badescu et al. (2007b), and Lin & Sendova (2008).

In almost all works in the literature, the analyses of the discounted dividends (1.2), the aggregate
discounted claim costs (1.3) and (the random variables in) the Gerber-Shiu function (1.4)
were performed separately. Therefore, Cheung et al. (2015) proposed an extended version of the
Gerber=Shiu function defined as

¢51,§2,53‘n,m(u; b) = ¢61237n,m(u; b)
= E[e”"" D, (1) Z3 (1 )w(Up(7y ), |Up () 1z, <o} [Up(0) = 1], 420 (1.5)

where n,m € N (with N being the set of non-negative integers) are the orders of moments of Ds, ()
and Zs, (7). It is assumed that the cost function f{-) satisfies some mild integrability conditions
(see Lemmas 2 and 3). Moreover, we assume §; >0, while 8,, 85> 0 are possibly different forces of
interest used to discount dividends and claims for the shareholders and policyholders, respectively.
Note that the indicator function 1, .y does not appear in Cheung et al.’s (2015) definition since
they considered a dividend barrier strategy for which ruin occurs almost surely (a.s.). For notational
convenience, we shall use the abbreviation ¢;,,; , ,,,(#; b) for s, 5, 5, (15 b) When it does not cause
any confusion. Obviously, if #n =m =0 then ¢;, 0(u;b) = @5, (u;b) reduces to the classical
Gerber-Shiu function defined in (1.4). Under a compound Poisson risk model with a dividend
barrier, Cheung et al. (2015) applied ¢;,,, ,,,,(#;b) to find various covariance measures between
ruin-related quantities such as the discounted dividends until ruin and the aggregate discounted
claims until ruin. Through some numerical examples, they demonstrated that the covariance between
the above two random variables may take positive or negative value and gave some interpretations
as well. The motivation for calculating the above covariance (or the resulting correlation) is
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as follows. Because the payments to the policyholders (claims) and the shareholders (dividends) both
come from the same source, namely the insurer’s surplus, it is interesting to see whether the
discounted dividends and the aggregate discounted claims tend to move in the same or opposite
direction. A high positive correlation indicates that the needs of the two groups could indeed be
satisfied at the same time, but a negative correlation may suggest conflicting interests between the
two groups. We remark that Gerber—Shiu-type functions resembling (1.5) were also introduced and
analysed by Cheung (2013) and Cheung & Woo (2016) in the absence of dividends. While the
former contribution considered (1.5) where # = 0, §; = k&3 for some k € N and the penalty w only
depends on the deficit in renewal risk models with general interclaim times and exponential claims,
the latter looked at (1.5), where # = 0 and w further depends on the surplus immediately after the
second last claim before ruin in the dependent Sparre Andersen risk model. The latter work was also
extended to a discrete time framework by Woo & Liu (2014).

It is instructive to note that the Gerber—Shiu function (1.5) only takes into account the sample
paths of {U(¢)},, o for which ruin occurs. Under the loading condition ¢, > AE[Y1], the process
{Uy(t)}, s o has a positive survival probability. For these sample paths where {U,(2)}, 5 o survives
forever (i.e., 7, = o), the discounted dividends Ds,(7;,) and the aggregate discounted claim costs
Zs,(zp) are still defined although Uy(z, ) and |U,(z,)| are not. Therefore, we will also analyse the
joint moments of Ds, (z;) and Zs,(z,) without ruin occurring via

(/)62.53471,7}1(”; b) = (p623,n,m(u.7 b) = E[Dgz (Tb)Zg; (Th)l{rl,:oo}‘Ub(O) = M}? u>0 (16)

where n,m € N and 6,, 53 > 0. Note that the usual joint moments for all sample paths can readily be
obtained as

E[D3, (76)Z5; (73)|Ub(0) = #4] = sy 0. (13 D)l = 0.0=1 + @55, (113 D) (1.7)

This paper is organised as follows. In section 2, the integro-differential equations (IDEs) for
Ds1ysmm(;b) and @5, (u;0) as well as the corresponding continuity conditions and limiting
behaviours as # — co are given. Under the assumption that each individual claim is distributed as a
combination of exponentials, section 3 provides some explicit expressions for ¢s,,. ,,,(#;b) and
©s,, nm(#;b) when fly) = y and w(x,y) depends on the deficit argument y but not x. Because the
derivation of the IDEs and the procedure towards the exact solutions are quite standard but require
tedious and careful calculations, only the main results are stated in sections 2 and 3 with the details
of the proofs provided in the Appendix. Section 4 is concerned with some numerical illustrations in
which we compute the correlation between the discounted dividends and the aggregate discounted
claims separately for the cases of ruin and survival. For the case where ruin occurs, the correlations
between the time of ruin and the above two quantities are also given. Probabilistic interpretations
follow as well. Section 5 ends the paper with some concluding remarks.

2. General Results

Due to the presence of the dividend threshold b, the IDEs in u satisfied by ¢,,, ,,,,(#; b) are different
depending on whether 0 <# < b or u > b (and hence the solution forms will also be different as in section
3). Therefore, we shall denote s, ,..,(#;0) by ¢y 5, »m(1;6) for 0<u<b and ¢y s,,; ,m(1; b) for
u>b, where “L” and “U” stand for “Lower” and “Upper” layers, respectively. Furthermore, we shall
use @ ., (1;0) = (d/du)ds,,. ., (14;b) to denote the derivative of ¢;,,, ,, . (4; b) with respect to the
first argument #. Similar notations will be applied to ¢;,, ,, ,,(#; b) and other related functions as well.
The proofs of the theorems and lemmas in this section are given in the Appendix.
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2.1. IDEs and continuity condition for ¢; ., ,,(#;b) when n = 0

First, we consider ¢, o ,,(#; b) (i.e., n = 0) so that the dividend component Dj, (z;,) does not appear
in the definition (1.5). For notational convenience, we write

¢613,m(u; b) = ¢§12370,m(u; b) = E[e—ﬁlTngV; (Tb)w(Ub(Tb_ )a‘Ub(Tb)D1{1b<oc}|Ub(O) = u]? u>0 (21)

The IDEs and continuity condition for ¢y, ,(u#;b) are stated in the following theorem, where
G5, m(;0) = @y 5, (u;b) for 0<u<b and @5, ,,(4;0) = ¢y, ., (1;b) for u>b according to our
afore-mentioned convention.

Theorem 1 For m € N, the Gerber—Shiu function ¢, ,,,(#; b) in (2.1) satisfies the IDEs, for 0 <u <b

m m u )
CLPL o513 0) = (A4 81 +m83) by 5, u(18; 1) +2 Z ( ) JO "7 () b1 s, i(u—y; b)p(y) dy

=0 ]

mrc ),y — wply) dy = 0 (22)

and for u>b

m m u—b )
62(15,(],513”;(”; b) - (“‘51 +M53)¢U,513,m(’43 b) +AZ < ] ) Jo fmit(J’)flﬁUﬁ,g,i(“ ) b)P()’) dy
=0 1

m m u ) .
+’1; ( ; ) Lihfmft(y)fh,am(“ —y;b)p(y) dy+/IJ " (y)w(u,y —u)p(y) dy = 0 (2.3)

u

In addition, ¢, ,,(u; b) is continuous at u = b, i.e.

¢L,¢513,m(b_ 5 b) = ¢U,513,m(b+ 5 b) (24)

Remark 1 As ¢, ,,(#; b) reduces to the classical Gerber—Shiu function ¢, (#; b) when m = 0, it is
noted that the results in Lin & Pavlova (2006, theorem 3.1) can be retrieved from the above theorem
by putting 7 = 0. Note also that the determination of ¢, ,,,(#; b) is recursive in m, with the starting
point given by ¢, (#; b). Assuming that the lower-order Gerber—Shiu functions ¢, ,(-;b) for i = 0,
1,...,m-1 are known, it is observed that the IDE (2.3) involves both ¢; ;. ,,(-; b) in the lower layer
and ¢y 5,,.,( ) in the upper layer as unknown functions, while (2.2) only involves ¢; 5. (- b).
Therefore, the typical procedure is to first utilise (2.2) to determine the solution form of ¢; . ,,,(; b),
and then attempt to find ¢y 5, ,,(-;b) in (2.3) by treating ¢; 5. ,,(-;b) as known (see the proofs of
theorems in section 3). O

Remark 2 Having established the continuity of ¢, ,(-;b) for i € N in the proof of Theorem 1, we
observe from (2.2) that for each m € N the derivative ¢ 5, (u;b) is continuous in # in the layer
O<u<b if [ f™(y)yw(u,y—u)p(y)dy is continuous in u. A sufficient condition for
I ™ (y)w(u,y —u)p(y) dy to be continuous in « is that the penalty w(-, -) is a continuous function.
For the same reason, ¢y, ,,,(#; b) is continuous in u for u> b under the same sufficient condition.
However, although ¢;, ,,(1;b) is continuous at u = b, the derivative ¢j  ,(1#;b) is generally not
continuous at u =b. To see this, letting #u—b~ in (2.2) and #—b" in (2.3) (assuming
[ ™ (y)w(u,y — u)p(y) dy is continuous at # = b) and comparing the two equations gives rise to

L6 30) = 25, (B730)
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which generalises the result at the end of section 3 in Lin & Pavlova (2006) (see also Gerber &
Shiu, 2006, equation (10.5)). Therefore, @ ;. ,.(b~;b)#dys, (b7 ;b) unless ¢y =c, (or
equivalently @ = 0). O

2.2. IDEs and continuity condition for ¢;,,. , ,,(#;b) when n € N*

Next, we look at the Gerber—Shiu function ¢;,,, , ,,(#; b) defined in (1.5) when » € N¥ and m € N
(where N* is the set of positive integers). The following theorem gives the associated IDEs and
continuity condition.

Theorem 2 For n € N* and m € N, the Gerber-Shiu function ¢s,,, ,,,,(#;b) in (1.5) satisfies the
IDEs, for 0<u<b

a ¢/L,6123,n1m(u; b) - (j’+ 61 + ﬂéz + ma3)¢L46123,n,m (M, b)
m m u )
+4y ( ‘ ) L " L sy i —y:b)p(y) dy = 0 (2.5)
i=0 1

and for u>b

ngblll,éug,n,m(u; b) - (}'+ 51 + 7252 + m53)¢U,6123,n<m (M; b) + an¢U76123<n7 1,m(u; b)

m m u—b )
" AZ ( : ) JO fm*l(y)qSUﬁu}Jt‘i(u ¥ b)p(y) dy
i=0 1

m m u )
+AY ( . ) J beﬂ(y)(ﬁL,ém.n‘i(u —y:b)p(y)dy =0 (2.6)
izo\ i) Ju-
In addition, ¢j,,. ,,,,(#;b) is continuous at u = b, i.e.
DLy (b7 50) = Dy 50, nm(B730) (2.7)
O

Remark 3 It is instructive to note from (2.5) and (2.6) that one requires a double recursion in both
n and m to determine ¢;,,, ,,,(#;b) (see similar comments in Remark 1 concerning ¢;,, ,,,(u; b)).
Furthermore, in parallel to Remark 2 (assuming [)° /™ (y)w(u,y — u)p(y) dy is continuous at # = b)
it is clear that, for n € N*

Cl(ﬁ/l‘,ﬁlu,n‘,m(bi ; b) = Cz(f)/l],5123,n,m(b+ ; b) + an¢U,5123.n — 1.m(b; b)

i.e. the derivative of ¢5,,. ,, ,,(#; b) is not necessarily continuous at # = b. O

Remark 4 Note that the IDEs (2.2) and (2.5) for ¢;,,, ,,,(#; b) in the lower layer are the same as
those in theorems 1 and 2 in Cheung ef al. (2015) concerning the dividend barrier strategy. This is
because these IDEs are obtainable by considering an infinitesimal time interval, for which the
dynamics of the surplus process are identical as no dividend is payable in the lower layer regardless
of whether a barrier or a threshold strategy is implemented. Such an observation will allow us to
reuse some of the intermediate results in Cheung ez al. (2015) in section 3. O
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2.3. IDEs and continuity condition for ¢;,. ,, ,,(1; b)

In the next theorem, the IDEs and continuity condition concerning ¢;,. ,,,,(#; b) (i.e., without ruin
occurring) for n,m € N will be provided. Because the dividend value Dy, (7;,) cannot be 0 on the set
{rp = oo}, here we do not need to separate the analysis into the cases 7 = 0 or n € N* (unlike the
Gerber-Shiu function ¢j,,, ,, ,,(#; b) in the previous two subsections).

Theorem 3 For n,m € N, the joint moment ¢;,, ,, ,,(#; b) in (1.6) satisfies the IDEs, for 0 <u<b

m m u .
Cl(/)/L,ézs,n,m(u; b) - ()“+ 7152 + M53)¢L,623,n7m(u; b) +1 Z ( . ) JO fmil(y)(/)L,ﬁzg.nj(u - b)p(y) dy =0
i=0

= i
(2.8)
and for u>b
CZ‘P/U,an,n,m(“% b) — (A+ndy +md; OU 5331 (M5 b)+ ANy s, —1,m (5 b)

5

i=0

m u—>b .
| ) jo = )00t — ¥ DD (3) dy

1

u

+1) ( . ) r_b " D)L o35 i = ¥: )p(y) dy = 0 (2.9)
i=0 1

In addition, @;,, ,,,,(; b) is continuous at u = b, i.e.
(pL,§23,n,m(b7 > b) = (pU,Ezg,n,m(bJr 5 b) (210)

It is understood that ¢y 5,. ,_1,,(#; b) appearing in (2.9) is regarded as 0 when 7 = 0. O

Remark 5 Forn € N* and m € N, it is observed that the IDEs (2.5) and (2.6) in Theorem 2 satisfied
by ¢s,,, (1 b)]5, -0 in the case of ruin are identical to the IDEs (2.8) and (2.9) in Theorem 3 for
©5,, nm(1; b) concerning the case of survival. However, the full solutions to ¢, ,(#; b)|s, =0 and
©5,, nm(1; D) are generally different due to different limiting conditions as #— co (which will be
discussed in the next subsection) and the fact that the lower-order moments appearing in the two sets
of IDEs are different. O

2.4. Limits of ¢5,. ,,,(1;b) and g5, , ,,(1;b) as u — oo

From Theorems 1 and 2, the Gerber-Shiu function ¢;,,, ,, ., (; b) satisfies two different IDEs in the
lower and upper layers, and each IDE contains a derivative term. Therefore, the determination of the
full solution of ¢s,,. ,,.,,(#; b) from the IDEs typically requires one more piece of information apart
from the continuity condition. Similar comments are applicable to @s,, ,,,,(#;b) as well. In this
subsection, we shall consider the limits lim,, . ¢5,,, ,,,,(#; b) and lim,, . @5,. ,,,,(#; b). It is not our
objective here to discuss the existence and/or uniqueness of solution to the IDEs given the continuity
and limiting conditions in general, but we point out that these are sufficient to yield a unique solution
in section 3 when each claim is distributed as a combination of exponentials (see Remark 9).
Interested readers are referred to e.g. Mihdlyké & Mihalyk6 (2011) where conditions for the
uniqueness of the solution to an integral equation satisfied by the classical Gerber—Shiu function are
analysed. Before providing the limits in Lemmas 2 and 3, we state the following lemma which is a
special case of Léveillé & Garrido (2001, corollary 2.1).
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Lemma 1 Define, for m € N and § > 0

Osm =E

(f}eﬂ”f*f(ﬂ)) ] (2.11)
k=1

Then, 65, can be computed recursively using, for 7 € N*

}Lm—l m ]
Osn = — E[f"~'(Y1)]0s.
5, m5;(i> [~ (Y1)]05,

with the starting value 050 = 1. O

Remark 6 From Lemma 1, it is clear that 65 is finite if E[f(Y})] is finite. For 65, to be finite, one
requires E[f*(Y1)] to be finite (which implies finiteness of E[f(Y;)] and hence 65,). Recursively, one
observes that 05, is finite if E[/"(Y})] is finite. O

Next, we shall first state lim, .o @5, .., (; b) in the following lemma under some mild conditions,
and some intermediate results in the proof will be used to identify lim, . ¢5,,,,,,(#; b) in the proof
of Lemma 2.

Lemma 2 For a given value of m € N, if 05, ,, defined via (2.11) is finite, then under the positive
security loading condition, the limit of ¢,,,, ,,(; b) is finite and is given by, for n € N

a

ulLrI; (pﬁzs,nﬁm(u; b) = (g) 953«,7” (2.12)

O

Lemma 3 For a given value of m € N, if the penalty function w(-, -) is bounded and 65, ,,, defined via
(2.11) is finite, then under the positive security loading condition, the limit of ¢;,,, ,,,,(#; b) is given
by, forn € N

lim g5, 0 (;6) =0 (2.13)
O

3. Combination of Exponentials Claims

In this entire section, we assume that the distribution of each claim amount Y} follows a combination
of exponentials with density

7
pO) =D awue ™, y>0 (3.1)
k=1

where >, gqr = 1,and for k = 1, 2, ..., r the parameters ;s are positive and distinct whereas g;’s
are non-zero. The class of combinations of exponentials is known to be dense in the set of
distributions on (0,00), and we refer interested readers to Dufresne (2007) for its fitting. Concerning
the quantity Zs, (z;,) defined via (1.3), we shall focus on its special case ZZIQ) e=%Tky, (for 65> 0),
which represents the aggregate discounted claims until ruin. Thus, it is assumed that f{y) =y
throughout this section. Since all the moments of Y; are finite, the quantity 65,, computed via
Lemma 1 is also finite for every m € N according to Remark 6. In particular, the first two moments
of Yy are given by E[Y{] =", qr/m, and E[Y}] =", _, 2gi/uj. Consequently, the random

243

https://doi.org/10.1017/51748499516000075 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499516000075

Eric C.K. Cheung and Haibo Liu

variable ZQI(T{’) “6Tey, s integrable as EQIS’) e Ty, <Y e sy,  and
E[>°%, e ®TeY,] = 65, is finite, and hence Z e %TkY, is also integrable on the sets {z;, <o}
and {7z, = co}. Conditional on ruin occurring, we are interested in correlations involving any two of
the aggregate discounted claims until ruin ZZIS{’) e 5TkY,, the discounted dividends until ruin
Ds, (1) (for 8,>0), and the ruin time 7, (see section 4). Although a penalty function of w =1 is
sufficient for our purposes, we shall assume a bounded penalty w(x,y) = w(y) that depends on the
deficit|Uy (7} )| but not the surplus before ruin Uy (z; ), as this does not complicate our analysis. Note
that the limiting condition (2.13) is applicable under the above setting, so is the condition (2.12) as
far as the joint moments of the aggregate discounted claims and the discounted dividends are
concerned without ruin occurring.

The derivations of explicit expressions for ¢, ,,,(#;6) and @, ,,.,(u;b) rely on the Lundberg’s
equation, for [ =1, 2 and n,m € N

cis — (A+81 +ndy+mb3) +Ap(s) = 0 (3.2)

where p(s) = Y r_; qr#r/(ugp+s) is the Laplace transform of Y. Let {pnm,}Hl and {K,,,m,,-};;rll be
the 7+ 1 roots of (3.2) when I = 1 and I = 2, respectively (i.e., the roots p’s correspond to the full
premium rate ¢; = ¢, while «’s belong to the net premium rate ¢, = ¢ — ). Each of these two sets of
roots are assumed to be distinct (see Remark 7). It is well known that (3.2) has a unique root with
non-negative real part (and it is a real root), while the other r roots have negative real parts. When
I =2, we need to distinguish between these roots, and the non-negative root is denoted by ks 7+1.
(Note that k,,,+1 is indeed positive except when §; = n = m = 0.) Also, p,, ,,; and k,, j are denoted
by p;,,.; and ;, i, respectively, when &§; = 0. We shall see that the solutions to ¢;,,, ,...,(#;b) and
©5,, n.m(1; b) admit the representations

m r+1
Doy mm(#:0) =Y > Apmije’, 0<u<b (3.3)
i=0 j=1
n m r
¢U5m,nm u; b = Z A:;,m,z',j,kekmku’ uz b (34)
i=0 j=0 k=
m r+1 )
P sy (:0) =D > Cumije", 0<u<b (3.5)
i=0 =1
and
n m r N a n
Pu, 523,nm u; b = Z C;,m,i,f,keki"r'ku_k (g) gﬁs,m, u>b (3.6)
i=0j=0 k=

As it has been shown that ¢, ,,,(#; b) and (pézs,n,m(u; b) are continuous for # >0, we shall use the
domain 0 <u# <b and u > b for the lower and upper layers, respectively, in the upcoming lemmas and
theorems.

Remark 7 In the unlikely case where there are multiple roots to the Lundberg’s equation, one or
more model parameters (such as A or §;) may be slightly modified such that the roots become distinct.
Consequently, one may approximate the ruin quantities of interest by the corresponding ones in a
model with distinct roots. For a detailed treatment of multiple Lundberg’s roots, we refer interested
readers to e.g. Ji & Zhang (2012). Nevertheless, from e.g. Gerber & Shiu (2006, equation (A.8)),
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a sufficient condition for the roots to be distinct is that all g;’s in the claim density (3.1) are positive
(so that p(-) is a proper mixture of exponentials). Another sufficient condition is that » = 2. See e.g.
equations (7.14) and (7.15) of Gerber et al. (2006) and figures 1 and 2 therein. Under either
condition, the roots are real. O

3.1. $s,p nm(u;b) and @5, ., (u;0) when n=m =0

When n = m = 0, ¢5,,, 001 0) = ¢s,, o(1t; b) = @5, (u; b) is simply the classical Gerber—Shiu function
defined in (1.4). Its solution can be obtained from Gerber & Shiu (2006, appendix B) with minor
adjustments (as they considered w = 1). Since this will be used as a starting point to compute higher
moments, the result is stated in the following lemma.

Lemma 4 The classical Gerber—Shiu function ¢;, (u; b) is given by

r+1
b5, (u;0) = p 5, (u;0) = ZAooolep“’ 0<u<b (3.7)
and
ts, (;0) = py 5, (u;b) = ZAoooo 00ty > b (3.8)

where {poof}Hll and {xo,,}/_; are Lundberg’s roots defined via (3.2). The coefficients {Ao‘o,o‘j},:ll
and {Ag;}i—1 satisfy the 2r+1 linear equations which consist of

r+1 AO 00
L0007 _ ), k=1,2, o r (3.9)
i He T P00,
r+1
A . A}
30000 it = Zﬂ oot k=1,2, ... 1 (3.10)
i1 Mt P00, =1 et K00,
and
r+1 r
Y Ao = Ajg00,0" (3.11)
=1 =
where w(s) = [;” e 2w(y) dy is the Laplace transform of w(-). O

When 7 =m =0, it is clear from the definition (1.6) that ¢g,, ¢ o(u;b) = @(u;b) is the survival
probability (i.e., probability that ruin does not occur). Therefore, one has that
@(u;0) =1 — s (u;b)l, —0,w=1, Where ¢s (#;6)]5,—0w=1 can be computed using Lemma 4. This
leads to the following lemma.

Lemma 5 The survival probability ¢(u; b) is given by

r+1

@(u;b) = @ (u;0) = ZC000]ep00/7 0<u<b

and

r

p(u;b) = py(u;b) =S Cpp0,80" +1, u>b (3.12)

=1
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where {pj 7}” and {x( o}~ are Lundberg’s roots defined via (3.2). The coefficients {Coio,oij},gll

and {Cj;}i—; satisfy the 27+ 1 linear equations which consist of

r+1

Co,0,0/

7*:0, k:1,2, , 7
j=1 Mk+p().0,/'

r+1 C (o1

0,00, . 0,0,0,0,/Hk
Z#eﬂo'o'fh § 0,000/ xig,b +1, k=1,2, ... ,r
S et Po o, 7 Me+Ko,

and
r+1

Zcooo oo —Zcoooo ol +1

3.2. ¢s,, nm(u;b) and @5, , ., (u;0) when n € N* and m = 0

We start with the special cases of (1.5) and (1.6) where # € N* and m = 0, so that the aggregate
claims component Zs,(z;) = ZQ’L’f’ e %TkY) is absent in ¢, ,,,(#;0) and s, ,,,,(1; b). These will
be denoted by ¢;,,, ,0(#; b) = b5, ,(1; b) and @5, ,, o(4; b) = @5, ,,(u; b), respectively, and given in the
following two theorems. The proofs are provided in the Appendix.

Theorem 4 For n € N*, the Gerber-Shiu function ¢, ,(#; b) = s, ,0(#; b) is given by

r+1
Gopn(15b) = Py 5, (115 b) = ZAnoo,e”"w 0O<u<b (3.13)
and
B0 (15 b) = DU 51 (W5 b) = AZ,o,i,o,,-eK"""”, u>b (3.14)
i=0 j=1

where {pnﬂoyj};:*f and {k;0,;}/_; are Lundberg’s roots defined via (3.2). The coefficients {A;,;, .}/
(fori=0,1,..., n-1) can be obtained from

an

Asoio; :7(1171_)52/4;_110,,.‘0,/, i=0,1, . n-1j=12 .. 7 (3.15)

while the coefficients {A,0.0,}7" ! and {A}, 0.0} =1 satisfy the 27+ 1 linear equations which consist of

r+1 A 0.0/
DR =0, k=12, ... 1 (3.16)
=1 Hr +pn,0,j
fiA”*o‘” ePnoib ZZ A00i01 oo 1,2, (3.17)
=1 Mk+pnﬁ0,j i=0 j= 1luk+K101 ' T '
and
r+1
S Anooset =3 ZAn 0:0,¢"" (3.18)
=1 i=0 j=
The coefficients {Af,;}i—; Which form the starting point of the recursion in 7 can be evaluated
using Lemma 4. O
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Theorem 5 For n € N, the nth moment of the discounted dividends without ruin occurring
P5,.n(#:0) = @5, 0 (13 b) is given by

r+1

@5, n(10;0) = @1 5, ,(1;0) = choolep”"f , 0<u<b (3.19)

and "

(pﬁz,n(u;b) (pUﬁzn u; b = ZCnOzO]e it + (5 ) , U > b (320)

i=0 j=

where {p} /}”11 and {x;;}"_; are Lundberg’s roots defined via (3.2). The coefficients {C;,,.}i_
(fori=0,1,..., n-1) can be obtained from

an

1000) = Gy, o roanp A= 0L = L= 1,20 (3.21)

while the coefficients {C,, 0,0 ,}r+1 and {C, ¢, }i—; satisfy the 27+ 1 linear equations which consist of

r+1

C00/
ST —0, k=12, .. 1 (3-22)
=1 ”k+pn,0,f

r+1 "
"00/ 00 — nOtO/ K 1 /a o
P R ZZ et b L (52> L k=12, .. 1 (3.23)

/l’ule pnO/ i=0 j=1

r+1

d
an choo, i —ZZCnO,O,em +<5) (3.24)

i=0 j=1

The coefficients {Cj g ,}i-15

using Lemma §. O

which form the starting point of the recursion in 7, can be evaluated

3.3. ¢5,p,nm(u;b) and @5, . (u;b) when =0 and m = 1,2

We now look at ¢y, ,,,(u;b) when n =0, which is denoted by ¢;,,, ,.(%;6) = s, ,,(2;b) in
section 2.1. The following theorem gives the explicit expression for ¢;,, 1 (#; b). The proof is given in
the Appendix. It will be seen that the analysis is more involved when 7 is now non-zero.

Theorem 6 The Gerber-Shiu function ¢y, 1 (u; b) = ¢bs,,, 0.1 (#; b) is given by

1 r+1
Boy 1 (10) = pp 5 1 (w:0) = D> Aprie”, 0<u<b (3.25)
i=0 j=1
and
1 r
o1 (1;0) = Py 51 (5 0) = Z A6,1.o,i,/‘3k°‘i"ua u>b (3.26)
i=0 j=

where {pO,/}I 1 and {xo;}’_; are Lundberg’s roots defined via (3.2). The coefficients {Ao‘lyo‘,},:ll

and {A§;;}/—1 can be computed directly using

AA00,0,j < i
6 = (e +00,0,)

AO,LO,I' S s ]: 1,2.7 ,7‘+1 (327)
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and

* 2’A640040' L M .
Al 00) = —200) Tk s =12, 7 (3.28)

% =1 (g +x00;)

where {Aoyo,oy,-};;]l and {A( 9 ,}/—1 are obtainable from Lemma 4. Then the coefficients {A071,1¢/};:+11
and {Ag;;}i— can be solved from the 27+ 1 linear equations which consist of

1 r+1 A r+1 A .
Sy SO = T2 w(0), k=12, .1 (3.29)
iz =1 Mt /’017 =7 (r+p00;)

1 r+1 r+1 r A* X
ZZ Aoy oiih +Z Ao0,0, e — ZZ A01.04j ey +Z 0.0.0,0, o,
) k+K01/ "

i=0 j= lﬂk+p01,7 j=1 .uk+p00,1 i=0 j= TH j=1 (Iuk+K0707f)

k=12, ... .r (3.30)

and
r+1 1 r

1
SN At =D T AG 00" (3.31)

i=0 j=1 i=0 j=1

where 7 ﬁkw(O) = [ ye " w(y)dy in (3.29) is the notation of a double Dickson-Hipp operator
(see Dickson & Hipp, 2001; Li & Garrido, 2004). O

The next theorem gives the result for ¢, , (#; b). Since the logic of the derivation is identical to that
of Theorem 6 (although it is more tedious), the proof is omitted. Note that (3.32)—(3.35) concerning
the Gerber-Shiu function ¢; 5, (#;b) in the lower layer are direct consequences of (39)-(42) in
theorem 7 of Cheung et al. (2015) (see Remark 4).

Theorem 7 The Gerber-Shiu function ¢, (u; b) = ¢bs,,, 0.2 (u; b) is given by

2 r+1
Boy 2 (0) = pp 5, 2 (;0) =D Agpije, 0<u<b (3.32)
i=0 j=1
and !

<

MN

5,2(50) = Q5,2 (5 0) = Apnge ", u=b

j=1

I
o

i

where {po,,} and {Ko,/}l 1 are Lundberg’s roots defined via (3.2). For i = 0, 1, the coefficients
{Aozl,} S and {A$.2,04}}=1 can be computed directly using

24010 & ke 240,00 Qb

Ag2pj = 5 = j=12, .. r+1 (3.33)
% = (e +0.0,) % = (e +00,0,)
21A —_
Agay; = 2A0LLS b 12 el (3.34)
e ds] S 2 ]
3 k=1 (Metpoay)
A - ’1A<*)4,1,0‘0,;' . kB }’AB,O,O,O,/ . dkHi i—1.2
0200/ = 5 7t 5 3 J=L24, .07
3 ot (MetKo0,) 3 o (e t+Ko0,)
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and X
A - 2}LA041,041,/ - dkHr
02,01, — 53

= (g +x01))

5 oi=1,2 .

where {Aooo,}Hl and {Af0,}j—1 are obtainable from Lemma 4, while for i =0, 1, the

coefﬁc1ents {Ao1ii 12 ! and {Af,,; ;}i— are obtainable from Theorem 6. Then, the coefficients

{Ao2, 2,} *!and {AG202}i=1 can be solved from the 27+ 1 linear equations which consist of

2 el 1 orel 1
< Aoz < 2401 S 24000, 3
DY *27 =27,
S0 MRt P =0 (e +P0,z,;) = k+/)00;)
2 r+1 . 1 r+1 . r+1 .
ZZ AO,ZJ,] epovwb+ Z 2A0¢1,1,/ 2€p0"~’b+ Z ZA(),0,0,/ - e/’o,o.;b
720 =1 MRt Poj =027 (e +po)) =7 (e +p00y)

2 r
:ZZ 0201/ 2K +ZZ 01011 e,m” +Z 0000/
k+K017

i=0 =1 (pp, +x0,if) =1 .“k“‘KOO,/
and
2 r+1
b i
D> Agpiel :ZZAOZO &t
i=0 j=1 i=0 j=1

w(0), k=12, ...

k=1,2,

, T

(3.35)

where Tikw(O) = [y (*¢ ¥ /2)w(y)dy in (3.35) is the notation of a triple Dickson-Hipp

operator.

O

Concerning the first two moments of the aggregate discounted claims without ruin occurring
(denoted by @s,, o, (1; b) = @s, ,,(; b) for m = 1, 2), the results are stated in the following theorems.

Their proofs follow closely those of Theorems 6 and 7 and are omitted.

Theorem 8 The expected aggregate discounted claims g, {(u;b)

occurring is given by

1 r+1
P51 (1:0) = @1 6,1 Z Co,1,ij¢"",
i=0 j=1
and
1 r
®5,1(:0) = @y 5,1 Z o104 ,eo” + 53

i=0 j=1

AE[Y1]

u>b

= @5, 0.1(#; b) without ruin

where {potl}'+1 and {xj;;}/_; are Lundberg’s roots defined via (3.2). The coefficients {C()’Loﬂ,}] i

and {Cj ; 9;}/—; can be computed dlrectly using

AC ; )
Co10;= g’o’o” qk/ik 5 =12, 7
30 i (etpop,)
and
1Ch000; <
Co100; = 0009 el , =12,
»L,UUyy S * 2
3 k= (/"k""(o,o_j)
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where {C 0,}”1 and {Cj g ¢,}/=1 are obtainable from Lemma S. Then the coefficients {Coil,u},gll
and {Cj ;g ;}/—; can be solved from the 2+ 1 linear equations which consist of

1 1 . r+1
Z COlz; +Z C000] 707 k:1727
1

r+

i=0 j— Het pOt/ =1 /"k+p00/)
1 r+1 C r+1 C .
3§ Gut i, §1 G
iz0 =1 ”k+p071,/ = (Me+P50;)

LI Coioii o G T AE[Y 1
S 303 gy § Z00005 b AL L g

2 b
20 =1 MRt Ko = (e txp0;) Hids
and
1 r+1
« by AE[Y1]
Z Co14j¢0i" Z Z Co.1.0,¢ &b s
i=0 j=1 i=0 j= 3

O

Theorem 9 The second moment of the aggregate discounted claims @g, ,(u;b) = @5, 0, (2;b)
without ruin occurring is given by

2 r+1
P52 (:0) = pp s, 5 (u; b) = cho,z,i,/ep”""u7 0<u<b
i=0 =1
and
2 r
05,2 (1;6) = @y s, Z C 620480 05,0, u>b (3.36)
i=0 j=

where {pj; 7}”1 and {x;,;};_; are Lundberg’s roots defined via (3.2). The constant term 65, » in
(3.36) can be evaluated by Lemma 1 as 05, = 4(2E[Y1)05, 1+ E[Y?])/(253) with 65,1 = AE[Y1]/55.
For i = 0, 1, the coefficients {Cotz,i,j};;l and {Cj, ,,}i—1 can be computed directly using

2Co,1,0j Qb +/‘LCO‘O,0J - Gkt

Coz0, = 3 = =12, .. r+1
% = (g +05.0;) - (Hr+P50,)
22C —
Coptj = Ll Pfe - j—1,2, . 1
2Ly F) * 2
3 fo (Metppay)
. _ 2C611,010,j . qkHk + ’Icao.o‘,o.;' . qkHr 12
0270‘077'7 (S « 2 5 % 30 /* &y e ,7’
3 -1 (l‘k‘H‘o,o,,') 3 k=1 (ﬂk‘*"o‘o,/)
and
2AC P
" o 0,1,0,1,f qkHE -
Con01,j = 5 J=1,2, .7
o 83 (M +K5 1)
k=1 \Hp tKq 1

where {Co 0.0 ,}”1 and {Cj 9 ,}/—1 are obtainable from Lemma 5, while for i = 0, 1 the coefﬁc1ents
{Co1 ”}1 1 and {Cq ; o;;}7—; are obtainable from Theorem 8. Then, the coefficients {Cy > 2,}, ; and
{C2.02,} =1 can be solved from the 27+ 1 linear equations which consist of

2 o+l 1 r+l r+1
ij 2Co,1,i 2
ZZCO‘%ZZJWZ CO“ S+ C°°°’ 7=0, k=12,
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2 2L Coay Ll 2Coqs; =l 2¢ j 0 26, 2
0,2,/ eps b 0,1,i,/ * b 0,0,0,/ b 83,2 83,1
[ et i 4 73‘)0” + g 7g00,0./ [ - & Rl
z : z : : : 2 3

¥ 2 3
120 =1 HE T Poij =0 =7 (e tp5,) = (e +p50;) s He M
2 C* . 2Ck . 2C
:ZZ 0,2,0,4,j Ko;/ 4 Z 0,1,0,i,j KO/ +Z 0,0,0,0,/ Koob k:1,27 7
=0 = et Koy i=0 j=1 .“k""%,,) =1 ,“k""(oo,)
and
2 r+1 2 r b
_ ok K*l.
Z Copje" b ZZC012,04'7/9 07+ 05,2
iZ0 =1 iZ0 =1

34. ¢5,,, nm(u;b) and @5, . (u;b) when n=m =1

In the next two theorems, the procedures to find ¢5,,, 1 1 (#; b) and ¢s,, 1 1(1; b) are provided. These
two quantities will be useful for computing the covariance (and hence correlation) between the
discounted dividends Dy, (7;) and the aggregate discounted claims Z;,(z;) = ZQIS{’) e 5TkY,. Again,
(3.37), (3.39), and (3.43) follow directly from Cheung ef al. (2015, equations (50)—(52)).

Theorem 10 The Gerber-Shiu function ¢5,. 1 1 (#; b) is given by

1 r+1
D1y 11 (:0) = br 5., 1.1 (5;0) = Z Aqieit, 0<u<b (3.37)
i=0 j=1
and
1 1 T
o311 (1:0) = Py 50,1115 0) = ZZ Al e, u=b (3.38)
=0 i=0 j=1

where {p, ,,}7”11 and {k;;;}/_; are Lundberg’s roots defined via (3.2). The coefficients {ALLOJ};;I,
{Al 104 =1 (for i =0, 1) and {A],;}}_; can be computed directly using

24100 Ak

Ar10/ = , =12, ... r+1 (3.39)

% = (e +P1,0,;‘)2

aAj . AAY I
AT]OO/‘ _ #0100,/ 1,0,0,0,j qkHk - i=1,2, ... 7 (3.40)
R 6+ 03 62+ 03 = (ﬂk"‘KO,O,/’)

* X s .

Al.LO.lJ = EAOJVOJJ’ =12 ... ,r (3.41)
and
AA% .
Aoy =—g S I 10 (3.42)
o 0 (I (metK10,)

where {A1 0,}, 1 and {Aj ;4 }i_; (fori = 0, 1) are obtainable from Theorem 4, while {Ag 1,1}
(for i = 0, 1) are obtainable from Theorem 6. Then the coefficients {A; 11}, ! and {A} 111,}j=1 can
be solved from the 2r+ 1 linear equations which consist of

1 r+1 r+1

A ii A i
ZZ Llij 1,00 >=0, k=12, ... ,r (3.43)
S0 M P T (et papy)
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1 r+1 Arq: r+1 A i
SN B by 3N LL00T piad

20 =T MRt Py =T (e +p10,)
D3N gty o
= L g L _gioh Rk =1,2, .. 7 (3.44)
2 b b P | .
120 i=0 i=1 P& T KL =0 =1 (uptxio))
and 1 r+1 11
2P D IRRES 3 o I 549
i=0 j=1 1=0 i=

O

Theorem 11 The first joint moment of the discounted dividends and the aggregate discounted claims
©5,, 1.1 (#; b) without ruin occurring is given by

1 r+1
@s11(:0) = @r 5,11 (3 b) = chl,l,iiep”’u, 0<u<b
i=0 j=1
and
LA e o, WAE[Y1]
¢523,1,1(”§b) = QU111 b) = ZZZCH 1ij€ " 5255 u>b
1=0 i=0 j=1

where {p?i,/’};:ll and {kj, };_; are Lundberg’s roots defined via (3.2). The coefficients {C1_,1101,-};:11,
{Cl104}j=1 (for i =0, 1) and {Cj; | }/_; can be computed directly using

2C10,0j & qrte

Ci10; = j=12, ... ,r+1
1,0,/ 2’ i ’
5 = (e +Pi,0,j)
o _9C100;  AClo00j N~ ki 19
11,00/ = FI + 545 . 79 J=1,4
2 +03 2+03 (ﬂk+’<o,07/)
y a ., .
1101 = gco,l,o,l,,v j=12,
and
*
" . ’ICLO,LO,/' . kP i—1.2
LLL0j = T I=5%

27
i1 (e +Ki o))

where {Cy 0,}] 1 and {Cj ;4 }i_; (fori = 0,1) are obtainable from Theorem S, while {Cj 1,31
(fori = 0, 1) are obtainable from Theorem 8. Then the coefficients {Cj 11 ,}/ 1 and {C1 111 ]}/ | can
be solved from the 27+ 1 linear equations which consist of

1 r+1 r+l
Ci1.j C
i] n 0,0 5 =0, k=1,2, ... ,r
Z Z +P1 i 050"
i=0 =1 Hi 1ij =1 ﬂk pl 0,

1 r+1

ZZ Cia,ij ey +§ Ci100, eﬂw

0T et P k+/’10/)

C111, . " Cloioj « 5 EYY] a
g +ZZ W7 _gkoby 2L Tk

2 2 = 1,2, N
=0 i=0 j=1 Hie* l’/ i=0 j=1 (/"k+K107) Hi6263 llk52
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and

1 r+1 1 1 r
c b . o b GAE[Y1]
Cia e’ = Z Z Clﬁl,l,i,/e Lif” 4 o
i=0 j=1 =0 i=0 j=1 203

|

Remark 8 From the statements of the theorems in this section, it is important to note the recursive
nature of the determination of the coefficients involved in the solution forms (3.3)-(3.6). For
example, the computational steps required to calculate ¢,,, ; 1 (#; b) via Theorem 10 involve the use
of earlier lemma and theorems, and these are summarised as follows:

1. For each fixed | = 1, 2 and n, m = 0, 1, we solve the Lundberg’s equation (3.2), which has r+1
roots, i.e. the equation is solved eight times. When / = 1 the roots are denoted by {pn’mﬁj};;rll, but
when [ = 2 they are denoted by {Kn_’m’,'};;l and the non-negative root ;. ,+1 is discarded.

2. Obtain {Aoio.oij},tll and {A} 0,}j1 from Lemma 4 by solving the linear equations (3.9)-(3.11).

3. Apply the special case of Theorem 4 under # = 1, where {Alyoyo,,-};;'ll and {A] ;0 - (fori=0,
1) are computed from (3.15) and the linear system (3.16)—(3.18).

4. Use Theorem 6 to compute {AoﬁlAit,-};:ll and {Aj,,}i-1 (both for i = 0, 1) via (3.27) and (3.28)
along with the linear system (3.29)—(3.31). (Although Ag 1 ;s are not needed in the next step, they
have to be determined together with Aj, o, ’s.)

5. Utilise Theorem 10 to calculate {Alﬂly,},—}gf (for i =0, 1) and {A],, };y (for [, i=0, 1) via
(3.39)—(3.42) and the linear system (3.43)—(3.45), so that ¢;,,. ;1 (u;b) is finally evaluated with
(3.37) and (3.38). O

Remark 9 Following the proof of Theorem 4 in the Appendix, it is noted that the exact value of the
limit lim,, @5, 1 (#; b) is indeed not required for deriving the full solution to ¢, 1(u; b). We only
need the finiteness of the limit to conclude that the coefficient of the exponential term e*19+1* is 0 as
k1,0,+1 >0, and then from (3.14) the limit lim,, . ¢5,, 1 (#; b) must equal 0 as k1,0 has negative real
partforj = 1,2,..., 7. This is also true for the proof of Theorem 5, except that the final term in (3.20)
(when 7 = 1) obtainable via equating the constant term in (A.17) is non-zero (and it automatically
satisfies the limiting value lim,, . @5, 1 (#; b) suggested by Lemma 2). The same comments are also
applicable to Theorems 6-11 (although the proofs of Theorems 7-11 have been omitted). O

4. Numerical Examples

In this section, the results in section 3 are applied to compute the correlations involving the total
discounted dividends until ruin Dg,(7,), the aggregate discounted claim amount until ruin
ZZIS{') e %TY), and the time of ruin 7;, (which is considered only when ruin occurs). Hence, we assume
a cost function of fly) =y (i.e., Zs,(z},) = Zi\l(:’l”) e 5TkY}) and a penalty of w = 1 throughout this
section. With initial surplus U,(0) = u and threshold level b, for notational convenience we denote the
unconditional expectation of a random variable X by E[X|u;b], and we shall use E,[X|u;b] (E([X|us;b],
respectively) to denote the expectation of X conditional on the event {7, < 00} ({r;, = o0}, respectively).
The subscripts “r” and “s” correspond to “ruin” and “survival”, respectively. Clearly, one has

_ EX1yy, cogplt; ]

X b] = == =
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and
E[Xl {rp=00} |M; b]

Es[Xlu; b} = (p(M;b)

where w(u;b) and @(u;b) are the ruin probability and survival probability, respectively. Then the
correlation of the random variables X; and X, is given by

Corr, (X1, Xolu; b) = Cove (X1, Xo; b)
I - /Var.(Xi[u; b)Var, (Xa[u; b)

where

Cova (X1, Xali; b) = Eu[X1Xa)ut; b] — EJ[ X3 b)Eu[XaJu; b]

is the covariance of X; and X,, and

Vary (Xl b) = Eu[X?u; b] — (Ea[XJu; b)*

is the variance of X. Here the expectation E, can be the unconditional expectation E or the conditional
expectations E, or E, and this applies to other moment-based quantities as well. All intermediate
quantities required in our computation involving 7, Ds, () and Zs,(z,) are obtainable from the
Gerber-Shiu function ¢, 5, 5, .m(#;0) = @5, 4.m(u; ) in (1.5) and the joint moment @5, 5., ,.,(4; b) =
©sys nm(#;b) in (1.6). For example, the first joint moment E,[Ds,(7),)Zs,(z5)|u; b] conditional on
ruin is the ratio of E[Ds,(7y)Zs;(25) 1z, <oo}ltt; b] = ¢s,51.1(:0)]5,—0 to w(u;b) = s, (u;b)|s, —0,
which can be evaluated using Theorem 10 and Lemma 4. Similarly, the first joint moment
E([Ds,(tp)Zs, ()| u; b] conditional on survival follows from E[Ds,(z4)Zs, (7)1, —so}lt; ] =
©5,,1.1(#; b) (that is available in Theorem 11) and ¢(u; b) = 1 — y/(u; b). The unconditional first joint
moment E[Ds, () Zs, (t,)|#; b] is given by (1.7) when # = m = 1. It is instructive to note that corre-
lations in relation to 7}, only exist when 7, < 0o, and the (joint) moments involving 7, can be obtained
from ¢, ,.m(1; b). For example, one has

_ElnZs,(m) 1, <o) 6] 30 513,01 (4 0)]5, =0
w(u; b) w(u; )

E/[esZs, ()| 13 D]

Before discussing specific examples, we first note that in general the relationship

u+crp+|Up(7p)|= D(73) + S(zp) on the set {7, < o0} (4.1)

among the random variables is valid for sample paths leading to ruin, where D(z;) is the total
N(zp)
k-1
discounting). For these sample paths, it is clear that

dividends paid until ruin and S(z;,) = Y, is the aggregate claims until ruin (both without

D(zp) <ary ontheset {r, < oo} (4.2)

and therefore
S(zp) = u+ ot +|Up(7p)| on the set {7, < 00} (4.3)

On the other hand, concerning the sample paths for which the process survives, one has that

D(#)+S(¢) <u+ctforallt > Oontheset {z, = oo} (4.4)
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The parameter values that are used for all numerical illustrations are summarised in Table 1. In each
subsequent figure, the quantity of interest is plotted against the initial surplus level # under three
different claim size distributions, namely

i. a sum of two exponentials (“Sum Exp”) with density p(y) = 3¢~ 2~ 3¢73;
ii. an exponential distribution (“Exp”) with density p(y) = ¢™; and
iii. a mixture of two exponentials (“Mixed Exp”) with density p(y) = (1/6)e™ ¥ + (4/3)e72.

All these distributions belong to the class of combinations of exponentials (see (3.1)) and have the same
mean of 1 (and the loading condition ¢;>AE[Y1] holds true). However, they have different amount of
variability as evident in their variances of 0.56, 1, and 2, respectively. The curves corresponding to the
above claim distributions are marked in solid, dashed, and dotted lines, respectively.

Conditional on ruin occurring, Figures 1-3 show how the pairwise correlations of 719 and Z 01 (z10)
and Dy o1 (719) vary with # for 0 <u <200. (For simplicity, we shall write 7, Z, and D instead of 719,
Zo.01(710), and Dy o1(710), respectively, in the y-axis of the plots.) From Figure 1, it is observed that
Corr, (710, Zo.01(710)|; 10) for all three claim distributions is of the same shape. Specifically,
Corr, (710, Zo.01(710)|1; 10) starts with a positive value of over 0.9, and it decreases as u increases and
then becomes negative when u reaches approximately 95. This complements figures 1 and 2 in
Cheung & Woo (2016), which demonstrated a sign change of the covariance of the ruin time and the
aggregate discounted claims until ruin in a dependent Sparre Andersen risk model without dividends as
u increases. Some interpretations therein are indeed applicable: for fixed u, two opposing effects are in
place when one analyses sample paths for which z;, is large. Intuitively, the aggregate (non-discounted)

Table 1. Parameters used in all numerical examples.

Parameters Value
Threshold level b 10
Premium rate ¢ = ¢; 1.5
Dividend rate @ = ¢ = ¢, 0.2
Poisson arrival rate A 1
Shareholders’ force of interest &, 0.01
Policyholders’ force of interest &3 0.01

Sum Exp
— — — Exp
--------- Mixed Exp

Corr,(1,ZJu;10)

-0.5

Figure 1. Correlation of ruin time and aggregate discounted claims conditional on ruin.
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= 061
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Qn
2 o Sum Exp
§ . — — — Exp
......... Mixed Exp
0.2r
50 100 150 200

u

Figure 2. Correlation of ruin time and discounted dividends conditional on ruin.

Sum Exp
— — — Exp
--------- Mixed Exp

Corr,.(Z,DJu;10)

Figure 3. Correlation of aggregate discounted claims and discounted dividends conditional on ruin.

N . . .
k(j‘)) Y, tends to be large because more claims arise as the process survives

longer (see also (4.3)). But these claims occur over a longer time horizon and a large claim does not
happen early (otherwise it would have caused early ruin), meaning that the discounted amount
Zoo1(t10) = ZZ:{M e 00Ty, possibly has a tendency to become smaller due to discounting.
Figure 1 suggests that the former effect is more dominant until the correlation changes sign at around
u = 95. As u increases further from 95, the effect of discounting starts to dominate because the
discounting on the nominal amount # appearing on the right-hand side of (4.3) is getting significant.

claim amount S(z19) =

Next, when we look at Figure 2, which depicts the behaviour of Corr,(z19, Dg.o1(710)l%; 10), it is
noted that the correlation is always positive. This is unlike Corr, (710, Zo.01(710)[#; 10) in Figure 1
where there is a change in sign as # increases. A possible explanation is that # does not appear on the
right-hand side of (4.2) (as dividend is paid from part of the premium income but not the initial
surplus), and thus the effect of discounting on u is absent in this case. As a result, the positive
correlation between 719 and Dy 1(z10) is simply attributed to the fact that, for each fixed u, the
surplus process is more likely to stay above the threshold more often when the ruin time is large,
resulting in more dividends.

In Figure 3, the correlation Corr,(Zo.01(z10), Do.o1(z10)#; 10) conditional on ruin takes on positive

values when # increases to about 100 and then it becomes negative. From the above discussions, we
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argue that the aggregate non-discounted values of the claim amount S(z19) and dividends D(z1¢)
both tend to increase with the ruin time 739. However, S(z19) and D(z19) may also move in
opposite directions because only part of the claims are paid from the premium, while all dividend
payments come from the premium (see also (4.1) for the constraint on the sum D(z19)+S(z10))-
Under discounting, Figure 3 suggests that the former effect dominates for u less than 100,
while the latter becomes dominant when # exceeds 100. Interestingly, we observe that
Corr,(Z0.01(710), Do.o1(z10)l#; 10) in Figure 3 changes sign at roughly the same place as
Corr, (710, Zo.01(r10)|#; 10) does in Figure 1. Note also that the curves in Figure 3 are ordered
according to the variance of the individual claim size distribution.

Now, we turn to Figure 4 concerning the correlation of Z¢1(r10) and Dy 1(710) conditional on
survival. Clearly, the shape of Corrs(Zo01(710), Do.o1(z10)[#; 10) is completely different from that of
Corr,(Zo.01(710), Do.o1(z10)|#; 10) in Figure 3. In particular, Corrs(Zo.01(z10), Do.o1(z10)l#;10) in
Figure 4 begins at a negative value between -0.55 and -0.60. It increases with #, stays negative and
converges to 0 from below. Note also that the above pattern appears to kick in earlier when the claim
size has smaller variance. The reason for negative correlation is the constraint (4.4), which makes it
impossible for both Zjoi(710) and Dgg1(r19) to be large in the presence of discounting.
The convergence of Corrg(Zg.01(r10), Do.o1(710)[#; 10) to 0 as u increases can be explained by
zero covariance at the limit. Indeed, we can apply Lemma 2 three times with (n, m) = (1, 1), (1, 0),
and (0, 1) to see that

Jim E[Ds, (7)) Zs, (7)1 r,=oc} 1 0]

= ((lim EIDs, (7)1 5, 6]) (Jim EIZ5, (7)1 ey 1 6]

Division of each of the three above limits by the limiting survival probability lim,_.@(u;b) =1
reveals that Covs(Zs,(zp), Ds, (tp)|u; b) = Es[Zs, (zp) Ds, (tp,)|u; b] — Es[Zs, (zp)|ut; b Es[Ds, (7)) |u; b]
tends to 0 as # — oc.

Lastly, Figure 5 plots the unconditional correlation of Zg1(z19) and Do 1(710) against #. As a
function of u, the correlation Corr(Zg1(r10), Do.o1(z10)|#; 10) first decreases from over 0.95 to
negative values and finally converges to 0. Similar to Figure 4, the pattern prevails earlier when the
individual claim size has less variability. Note that the unconditional correlation takes all sample

60, E) 100
-0.1
S -02
=
()
2 o3 Sum Exp
y o
8 » Exp
......... Mixed Exp

-0.6

Figure 4. Correlation of aggregate discounted claims and discounted dividends conditional on
survival.
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Figure 5. Unconditional correlation of aggregate discounted claims and discounted dividends.

paths into account regardless of whether the process ruins or survives. The contributions of these
events are in accordance with the ruin probability w(x#;10) and the survival probability
@(u;10) = 1 —w(u; 10), respectively. As u increases, w(u;10) decreases and converges to 0 and
therefore the impact of ruin occurrence becomes less significant while that of survival becomes
stronger. The shape of Figure 5 is thus a combination of Figures 3 and 4.

5. Concluding Remarks

This paper jointly analyses the aggregate discounted claims until ruin (payments to policyholders)
and the discounted dividends until ruin (payments to shareholders) in the compound Poisson
insurance risk model with a threshold dividend strategy. The method adopted here is based on the
derivation of recursive IDEs satisfied by Gerber—Shiu-type functions involving the joint moments of
these two random variables. When each claim amount is distributed as a combination of expo-
nentials, these IDEs are transformed to ordinary differential equations that can be solved with the
help of the continuity and limiting conditions.

An alternative approach will be to connect the risk process to an equivalent fluid flow model (e.g.,
Badescu et al., 2005). In such a construction, a downward jump (caused by the arrival of a claim) of
size y in the risk model is replaced by decreasing segment of slope —C in the fluid model over a time
period of y/C for some constant C> 0. It is well known that (e.g., Ramaswami, 2006; Ahn et al.,
2007) the Laplace transforms of various first passage times can typically be expressed in terms of the
Laplace transform of the busy period, whose evaluation can be done by numerical algorithms that
converge quadratically fast (e.g., Ahn & Ramaswami, 2005; Bean et al., 2005). Then one may try to
express our Gerber—Shiu-type functions in terms of these quantities pertaining to the fluid model.
While the moments of discounted dividends were derived by Badescu & Landriault (2008) in this
manner for a multi-threshold model, the aggregate discounted claim amount until ruin has never
been analysed via fluid flow to the best of our knowledge. Nevertheless, in the absence of dis-
counting, we note that the total dividend is (a scalar multiple of) the occupation time when the fluid
level is in an increasing phase above the threshold level b, while the aggregate claim amount cor-
responds to (a scalar multiple of) the occupation time of the fluid in a decreasing phase. Finally, we
also remark that another research problem will be to determine the exact joint distribution of the
discounted dividends and the aggregate discounted claims until ruin (as opposed to joint moments in
the present work), which is expected to be a very challenging task. We leave these as open questions.
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Appendix: Proofs of Theorems and Lemmas in Sections 2 and 3

Proof of Theorem 1: We use the standard approach of considering the time interval (0,/h] for some
small »>0. Conditioning on all possible events together with a binomial expansion (if a claim
occurs) yields, for 0<u<b

D5,m(11:0) = (1= 2h)e =Py, (utcib; b)

u+ch m m .
+ 2he~remsp U Z( , )fm%y)%-(umh ~y:b)ply) dy

0 i=0 \ 1

[ prowtraby—u-abpo) dy} +o(h) (A1)

u+cih

Letting » — 0*, one observes that ¢, (u;b) is right-continuous in u# for 0<u<b. Since
e~Gr+mah — 1 _ (51 +mb3)h+o(b), rearrangements and division by b give, for 0 <u<b

¢513,m(u+61h; b) - gb&g,m("t; b)

— (/1+51 +m63)¢5n'm(u+c1h; b)

b
X u+ch m m )
+ g (Or+mds)h UO > ( . )f”’"(y)%m,,-(wqby; b)p(y) dy
i—o \ i
o o(h)
+ J hf Mw(u+carh,y—u—cah)p(y)dy| + - = 0 (A.2)

Again, sending » — 0* and noting that the above equation only involves ¢, ,(-;b) in the lower
layer, we obtain (2.2) with ¢} 5 . . (u;b) being a right derivative. If we replace u by # - ¢,b in (A.1),
then similar procedure reveals that ¢5 . ,,(#;b) is left-continuous in # for 0 <u<b and (2.2) also
holds true with ¢ 5 . (u;b) being a left derivative.

For u> b, it can be easily seen that (A.1) (and hence (A.2)) is also applicable but with ¢, replaced
by ¢,. Therefore, following the same arguments as above, one can conclude that ¢, ,,,(u;b) is
continuous for # > b. Further noting that, for u>b

J P73 ba s — : D)) dy

u

u—b
= .‘0 " )b s1,i (1 = y: 0)D() dy+J _bf’”*"(y)(pwm(u_y; b)p(y) dy

u
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it is found that (2.3) is valid for both right and left derivatives of ¢y 5, ,,(-; b). Finally, the continuity
condition (2.4) is a direct consequence of the left-continuity of ¢, ,,(u; b) at u = b in the lower layer
and the right-continuity of ¢, ,,,(; b) at u = b in the upper layer. O

Proof of Theorem 2: The same method as in the proof of Theorem 1 of considering a small time
interval (0,/] can be adopted. If the process {Uy(2)}, s  starts below the threshold level b, then it is
possible that Dj, (z;,) = 0 (when the process {U,(¢)}, - o never reaches b before ruin). We first arrive
at, for 0<u<b

¢6123,n,m(1’t; b) (1 lh) (61+ b +més h¢5123 nm(u+clh b)

u+ch m m )
+ dhe” 61+"52+’"53)hj > ( , )fm_’(ywaum.i(““lh—y; b)p(y) dy+o(h) (A.3)
0

0 i i

The above equation is almost identical to (A.1) in Theorem 1, except that the term
j;’oﬂlh f™(y)wm+cih,y —u—c1h)p(y) dy is now absent. Following the arguments therein, one can
see that ¢, ,,,,(u;b) is continuous in u for 0 <u <b, and (2.5) holds true.

On the other hand, if # > b, dividends are paid continuously at rate a until the surplus falls below b.
Denoting 5z = (¢” —1)/8 as the actuarial symbol for the accumulated value of an annuity with
rate $1 per unit time payable continuously for ¢ time units under a force of interest &, we have that,
foru>b

n

n j
B non (43b) = (1 = 2h)e” 51*”2*”3”2(,)(0:5,,52) By om0+ 213 )
]

j=0

+ Abe~(@r+ndy+mds)h uHthn: ! (as )/i iy (u+crh— d
B3, 5123, — i 2 y;b)p(y) dy

0 =0 \ ] i=0

+ r (55, ) @)+ cab,y = u = cb)p(y) dy} +o(h) (A4)

u+ch

Noting limhﬂoﬁz‘ 5 =0 and the convention 0° = 1, we separate the contribution j = 0 in the first
summation term above and let » — 0" to establish the right-continuity of ¢5,,. ,, ,.(1;b) for u>b.
As g~ @Gr+n024mis)b — 1 _ (5 4+ n) +mb3)b+o0(h), rearranging (A.4) and then dividing by b yields,
for u>b

j
) 123, mm \ M T C h;b) —¢ 123,72, u; b 3 " @ 2
iz (UF €2 h) buas )+Z <i><}j)¢5lzs.n—f,m(”+52h?b)

=1

n n i
— (A+ 61 +nby+més3) ( ) (a?;léz) o133 — jm M+ C2D3 b)
=0 \J

— (81 +ndy +més3)h R " < I i m—1i .. h—vb d
+Je S (@55) D0 )T 00l ek =y b)p(y) dy
i=0 4

0 =\
(o) o(h)
+ J i (O!S;kgz) " (Nwm+crb,y—u—cb)p(y) dy| + > -0
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Because lim,H(th‘lS /b =1 and limy,_+ (5h|5 Y /b =0 for j> 1, taking the limit » — 0 in the above
equation leads to the IDE (2.6), with ¢7;5,. ., ,(1#; b) understood to be a right derivative. Next, for
u > b, by assuming an initial surplus level of u - ¢,/ instead in (A.4), we obtain the left-continuity of
B 5125 mm (13 b) and that (2.6) is valid with ¢ 5 ., (4; b) being a left derivative as well. Lastly, the
continuity condition (2.7) follows in the same manner as in the proof of Theorem 1. O

Proof of Theorem 3: As the definition (1.6) contains the indicator 1y, _., sample paths for which a
claim amount exceeds the surplus level just before its occurrence contribute nothing to ¢s,. , ,,(1; b).
Again, by conditioning on the possible claim events within (0,h] for some small », we have,
for 0<u<b

(p623,n,m(u; b) (1 /U/)) (nbo +m3)b (ﬂ§23,n,m(u+ Clh; b)

u+cith m m )
+abe” "5”’"63)hj Z( _>fm_1(J’)%23.m(M+Clh—y;b)P(y) dy+o(h) (A.5)

0 i=0 \ 1

and, for u>b

n

n i
D5y om0 0) =(1 = Ah)e™ (162 +md3)h ( ) <a§;‘§2) @syy - jm U+ C2b; b)
i ]

7=0
u+ch n n i
+/1he—(n§2+m53)h‘[ <ash‘§ > Z fm 1 )
0 =0 \j i=0 \ ¢
X Qs i+ c2b —y;D)p(y) dy+o(h) (A.6)

While (A.5) is structurally identical to (A.3), (A.6) is like (A.4) except that the term with the penalty
function is absent. Hence, the IDEs (2.8) and (2.9) together with the continuity condition (2.10)
follow in the same manner as how Theorem 2 (and also Theorem 1) is proved. O

Proof of Lemma 2: For presentation purposes, in this proof we shall specify the dependence of the
time of ruin on the initial surplus # by writing z,,;, instead of 7,. Moreover, we let Dg, (1, b, ) =
aj(t) e 1(y,s) > p}ds be the total discounted dividends paid until time ¢ Then, it is clear that
Ds, (u,b,t) is increasing (i.e., non-decreasing) in both # and ¢, and the dividend variable defined via
(1.2) shall be written as Dy, (z,) = Ds, (1, b,7,;). In contrast, with Zs, (¢) = 22’( *53T’<f(Yk) being
the aggregate discounted claim costs until time ¢, it is noted that Zs(7,;) = Z,r e BTf(Yy)
depends on u only via the ruin time 7,,;. In this proof, the initial condition U(0) = « will be omitted
in related expectations and probabilities.

Note that the ruin probability y («; b) = Pr{z,;, < oo} is bounded by y(u; 0) for which the net premium
income is always c,. Under the loading condition ¢, > AE[Y], it is known from e.g. Kyprianou (2013,
theorem 4.3 and equation (9.16)) that lim,_,. w(#; 0) = 0. Therefore, one has that lim,,—,« w(#; b) = 0,
or equivalently lim,_, Pr{z,), = co} = 1. Meanwhile, for every realisation of the aggregate claims
process {S(2)}, ¢, it is clear that 7, is increasing in # and the sequence of sets {{z,, = co}},-; is
increasing as well. This leads to lim, . Pr{z,, = oo} = Pr{lim,_..c{z,;, = c0}}. Combining the above
two results, we arrive at Pr{lim,_...{z,, = o0}} =1, i.e. the event lim,_.{7,, = co} occurs a.s..

263

https://doi.org/10.1017/51748499516000075 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499516000075

Eric C.K. Cheung and Haibo Liu

In other words, 1y, . {z,, =0} = 1 a.s.. Again, due to the fact that the set {z,,;, = oo} is increasing in u,
we have 1y, jz.,—oc} = lim, o0 14z,,—0}> and the intermediate result

lim 1,y =1 as. (A.7)

follows. Next, we look at the limit of (1.6), namely

th& (p523,n7m(u; b) = L}erolo E[Dgz (4, b, Tu,b)Zg (Tu,b)1{fu17 = 00}}

where #,m € N. For any sample path of {S(¢)},. , it is observed that the random variables
Ds, (#,b,74p), Zs,(tup) and 1y, — o are all non-negative and increasing in u. Applying the
Monotone Convergence Theorem to change the order of limit and expectation leads to

B0 (05 ) = E i (D2 0, b, ) 23 (7)) (A8)

Because D} (u,b,7,,)Z3 (t,),) = D}, (1, b,00)Z5 () on the set {z,,;, = o0}, the above equation can
be rewritten as

M @5, (43 0) = E| lim (Df, (u, b, 00) Z ()17, , = oc})

u—00 [MHOO ]
Since N(#) — oo a.s. as t— oo, we note that Zs, (00) = > 3%, e ®Tef(Y}) a.s. which does not depend
on u, and therefore

i 95,0014 b) = E[ Z22(00) Tim (D7, (1,5, 00) 1, =)

Uu—0o0 Uu—00

— E[Zz1(00) ( Jim Dj,(1,,00) ) (lim 145, -y )]

- E[zg;<oo) lim Dy (u,b, oo)]

In the second equality above, we have used the fact that the limit of product is the product of limits as
long as the individual limits exist. While the limit of 1, _.; is given by (A.7), the limit
lim,,—.oDs, (u, b, 00) exists because D, (u, b, ) is increasing in # and bounded by a/5;.

Next, for any realisation of {8(¢)}, ¢, the event {Uy(s) > bforalls > 0} (for {U,(z)}, , starting
with initial surplus #>b) is equivalent to the event {z,_,0 = oo} (for {Up(2)}, , starting with
u-0b). Since lim, ow(u—0b;0)=0, using the same arguments leading to (A.7) vyields
lim,, oo 1¢r, ,o=oc} = 1 a.s. and hence lim, oo 1{y,(s) > bforalls > 0y = 1 a.s.. By consolidating these
observations, it is found that

M @, (03 b) = E[ 232 (00) lim (D} (14, b, 00) 1 0,9 2 brorati = 0))|

m : a "
= E{Zés(oo) JLIIOIO<<E) Liu, () beora11520}>:|
a n 00 m
=(=) E “aTf(y,
(52) Kk}j fl k>>

Note that we have also used the fact that Ds, (1, b,00) = a [ e 1y, (5) » pyds = @/, on the set
{Uy(s) = bforalls > 0} as well as Zs,(00) = >3, e T¢f(Y}) a.s. in the last two equalities. From
the definition (2.11), the result (2.12) follows, from which it is clear that the right-hand side is finite if
03, m is finite (and from Remark 6 a sufficient condition for this is that the mth moment of f{Y;) is

finite). O
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Proof of Lemma 3: Suppose that w(-, -) is bounded by a constant W. Using the notations in the proof
of Lemma 2, we have that, for n,m € N

lim g5, (3 b) = lim E[e™*"* D} (1, b,7,,4)Z (2,)w(Up(7,,3,)1Up (700D 1z, , <0}

u—00 u—00

<W lim E[Dj, (u,b,7,4)Z5 (2,0) 1z, <o0)]

= WJLI’I;(E[D (14 b Tub)Z (Tub)] E[D (M b Tub)Z (Tub)l{1 b= Oo}]) (A.9)
= W(JE&E[DEZ (M7 b77u,b)Z§; (Tu,b)] - ulgrolo ¢623,n.m(’4; b)) (Alo)

One can apply Monotone Convergence Theorem to the first limit to yield

lim E[DF, (,b,7,,4)Z5, (z44)] = E | lim (D, (u, b, 7,,4) Z5, (Tu,b))] = lim g5, (113 0)

Uu—00 U—00

where the last equality follows from (A.7) and (A.8). For a given 7z € N, the limit lim,, @5, ,, . (#; b)
on the right-hand side is finite according to Lemma 2 since we assume that 65, ,, is finite. As both limits
appearing in (A.10) are equal, one has that lim, .o@;s,,, ,.m(#; b) <0, which along with the non-
negativity of ¢, ,,,(#; b) results in (2.13). (Note that we require both E[D}, (u,b,7, )7 (7,,)] and
E[Dj, (4,6,7,,)Z5(7,6)1{z,, = 0}] to be finite in obtaining the equality (A.9). But this must be true as
both expectations are increasing in # and converge to a finite limit.) O

Proof of Theorem 4: When m = 0, the IDE (2.5) becomes, for 0 <u<b
€100 ) = G401 4102010 0) 2 | Bt = 3300 (3) dy =0

which is structurally identical to e.g. Gerber et al. (2006, equation (2.12)). Therefore, the solution
form (3.13) along with (3.16) is a direct consequence of their equations (7.3) and (7.8).

Next, (3.14), (3.15), and (3.17) can be proved by induction on n € N*. To begin, we look at the case
n = 1. From (2.6), we have that, for u>b

u—b
CZ¢/U,612,1 (1;0) — (A+81+82)py 5,1 (15 0) + acpy 5, (15 6) + 4 Jo busp1(m—y;0)p(y)dy

#2|  Bralu=yblp()dy =0 (A1)

u—

Using the density (3.1) and (3.13) with # = 1 leads the last integral in (A.11) to

r+1
" A1,00,9kHE b -
zJ b (- ydy =13 § 21,009k ( Gt p10,)b _ 1) g het (A.12)
- Lol y= o = et )

Because (d/du+,uk)fo_b(ﬁUﬁwl(u—y; be Y dy = ¢y 5, 1(u; b), insertion of (3.1), (A.12), and
¢y s, (u;b) given in Lemma 4 into (A.11) followed by application of the operator [, _; (d/du+p,)
results in an (r+ 1)th order differential equation with constant coefficients satisfied by ¢y 5, 1(-; b).
Note that the non-homogeneous part of this differential equation involves the exponential
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terms {0} Let {k10 ,}”1 be the roots of the characteristic equation of the homogeneous part.
Later we will see that {0, ,}] 1 are really Lundberg’s roots defined via (3.2). Then, we arrive at the
solution form

r+1

by s, (u:b) = ZAmOOe“"’ +ZA1010e1°' u>b (A.13)

where Aj ;o ’s are constants to be determined. Utilising (3.1), (3.8), and (A.13), we evaluate the first
four terms in (A.11) as

u—b
524’/11,(5124 (u;6) — (A+61+ 52)¢U.5.2,1 (u;0) + agpy 5, (u; b)+2 Jo DUsp1 (u—y;b)p(y) dy

r+1
0,0, 1,04
=a ZAlo(Jo;KOO;e "+ E :A1010,’<10/e !

j=1 j=1

r+1 r
K0,0,/ 4 K1,0,4 * K0,0,/4
—(A+61+62) (2 AlOOO 200" 4 E A1010 A >+a E AO’O‘O.’OAje i

j=1 j=1 j=1

r+1

" /12 ZA1 OOO/qk”k( Kg(),uie(ﬂkiﬂ(ool —ﬂk” +/12 A1 Ololqk”k( "10-/“,e(ﬂwrkw.,)befﬂku) (A.14)
T i HetKoo, i1 =1 MetKLo)

As the sum of (A.12) and (A.14) is O for all #> b due to (A.11), relationships among the unknown
constants in (A.13) can be obtained by equating various exponential terms with 0. First, examining
the coefficients of €510/ asserts that {K1,0,/};:+11 are the roots of (3.2) when [ = 2,7 =1, and m = 0.
Since &1,0,+1>0, application of the limiting condition (2.13) to (A.13) reveals that A7, =0
(see Remark 9), and therefore we have proved (3.14) when # = 1. Next, from the coefficients
of eX0i" | we get

! Aﬁ{,oﬁo,oﬁﬂkﬂk

* * *
€247 00,0,%0,0, — (A+81+82)A7 0 00,+AAj 000, T4 Z

—=0, =12 ... r
=1 HMe T Ko,

which leads to (3.15) when 7 = 1 because each ko o satisfies (3.2) when / = 2 and n = m = 0. Lastly,
the coefficients of e+ along with the use of A7, ,,,; = 0 imply

r+1
_AZZ Al o0 akMe el triofb 4 o M(e(ﬂkﬂ’l.o,,)b —1)=0, k=12, ... ,r
0= MRt T HetPiro;

One can use (3.16) when # = 1 to simplify the above equation and observe that (3.17) holds true
when # = 1. Having shown that (3.14), (3.15), and (3.17) are true for # = 1, mathematical induction
can be applied to prove that they are also valid for all # € N*. Since the induction step is almost
identical to the above proof, the details are omitted here. Finally, (3.18) is a result of the continuity
condition (2.7) and the solutions (3.13) and (3.14). O

Proof of Theorem 5: It is instructive to note that the analysis of the IDE for the lower layer is
identical to that in Theorem 4. Therefore, it is clear that (3.19) and (3.22) hold true. Moreover, once
the solution (3.20) in the upper layer is proved (in what follows), (3.24) simply comes from the
continuity condition (2.10).
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Like the proof of Theorem 4, we shall focus on proving (3.20), (3.21), and (3.23) for n = 1, as the
induction step is essentially the same as this first step. When 7 =1 and m = 0, (2.9) becomes,
foru>b

u—b
oy 5,1 (145 ) — u+5z>qou,5z‘1<u;b)+a¢u<u;b>+aj0 00,1 (10— ;D)D) dy

#2[ pLaatemyiblpldy =0 (A.15)
Although the above IDE looks identical to (A.11), it contains the starting point ¢ (#;b) (given in
(3.12)) which involves an additional constant term compared to the starting point ¢y 5 (3 b) (given
n (3.8)) of (A.11). See Remark 5. Similar to the derivations of Theorem 4, application of the
operator [[,_, (d/du+py) leads (A.15) to an (r+1)th order differential equation with constant
coefficients as well as some non-homogeneous terms involving a constant and the exponential terms
{00 }iz1- We shall see that the roots of the characteristic equation of the homogeneous part are the
Lundberg s roots {k} 07}/ 1> and hence the general solution of ¢y 5, (#;b) is

r+1

Pus1 chooofeoo’ +ZC1010,€”” +E1, u>b (A.16)
= =

for some constants Cj.’s, Cjg,’s, and Eq . Substitution of (3.1), (3.12), (3.19) with n = 1,
and (A.16) into the left-hand side of (A 15) followed by straightforward calculations yields

r+1
0=c, E Clooo,"oo;e”’ +ZC1010;K1019””

j=1 =1

r+1
—(A+6,) <ZC1000 €00+ 3 " Ch 4 g €10 +E10)+a<ZC0000/e00r +1>

j=1 j=1 =1

) Z Z Cloo, £1,0,0,0,/TkHE (exao_/u B e(ﬂ”xg_o_/)hefﬂku)

T HeTKo,

r+1 r Cx* Qi . . r
+ A E E 71’0’1’0”* <g"1,0.7” — e("“"].o,r)be*”k”) +AE1 E qr(1— e”kbefﬂku)
ko MetKiog k=1
r+1
C "
. /IZ Z $1,0,0,/9kHe ( 4Py o)l 1>eﬂ4ku (A17)

T PloiTHE

First, one confirms that {x} 0 }] 1 are the roots of (3.2) when [ =2, n=1, and m =5, =0 by
equating the coefficients of €10/ with 0. Noting that 7, >0, the boundedness of ¢y 5,  (u; b)
as #— oo according to Lemma 2 means that Cj,,,,,; = 0. Second, the constant term implies
E1 o = ald;, which must be the case because of Ei_o = lim,, .o @5,,1,0(#) and Lemma 2. Thus, the
solution form (A.16) reduces to (3.20) when 7 = 1. Finally, using the coefficients of ¢00/* and e 4,
respectively, proves that (3.21) and (3.23) are true for # = 1 in the same manner as (3.15) and
(3.17) when n =1 are shown. The induction step of the proof of (3.20), (3.21), and (3.23) is
omitted. O

Proof of Theorem 6: We begin by recalling from Remark 4 that ¢ 1 (#;b) = ¢y 5, 1(u;b) in the

lower layer satisfies the same IDE as the counterpart under a dividend barrier strategy. As a result,
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some results in Cheung et al. (2015, theorem 6) are applicable. In particular, (3.25), (3.27), and
(3.29) directly follow from equations (29)—(31) therein. Therefore, it is sufficient to look at the IDE in
the upper layer. From (2.3), it is given by, for u>b

U

u—b
b5 (u;b)fu+51+53>¢U,5w,1(u;bwjo ¢U.5U<,1<ufy;b>p<y>dy+aj D u= b 0) dy

u—

u 00

bym,g](u—y;b)p(y)dyuj ywly—up(y)dy=0  (A18)

u

u—b
+/1JO y¢U,al(u—y;b)P(y)dy+iJ

u—

Using (3.1), (3.7), (3.8), and (3.25), the last four integrals in (A.18) are evaluated as

1 r+1
u A ; .
/IJ brs,1(m—y:b)p(y)dy = AZZZ 0.1, /qk"k( (ke Posp)b 1) he (A.19)
u—b i=0 j=1 k=1 Mt Po.ij
AJiuibyqﬁU& (e — y)dy = /12 ZAOOOO 7 YT E—— #e(ﬂkﬂom)bue*ﬂku
0 1 =1 k= ! (g +x0,0,) Hi K00,
b 1
+ — 5 o+ K007)b —pyt (A.20)
HetKo0j  (up+Ko,0,)
r+l1 r
" 1
AJ Vo5 (w—y;b)p(y)dy =2 A0,0.0jqriy ——— (eWrrro0)b — 1)
e ,zl:,; ! Mkt Po0,

n |:_ Le(ﬂk +po0)b 4 % (e(ﬂk +p00,)b _ 1):| ﬂku}(A 21)
Fie+ P00, (M +Po0,)

and

u

1| yoly = p)dy =13 quniune 42> qunTE w0 (A22)
k=1 k=1

Applying the operator []},_; (d/du+py) to (A.18) yields an (r + 1)th order differential equation with
constant coefficients, and the non- homogeneous terms involve the exponential terms {€*%*}_; and
{e#"}},_; - As the Lundberg’s roots {xo1,};" ! will be shown to satisfy the characteristic equation of
the homogeneous part, we arrive at the solutlon form

r+1

DU sy (;0) = ZAO]OOe"OUf”+ ZAOW ot +ZB010ke Hc u>b (A.23)

for some constants Aj ;. 08 and Bj; 10&S: With (3.1) and (A.23), the first three terms in (A.18) are
found to be

u—b
ol 1 (1:6) u+al+a3>¢U,513,1<u;b>+zj0 B (10— y:b)p(y) dy
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r+1
0.0, 0,14 __ H
CZ(ZAOIOO/KOOIE ! +§ Ap 1,01, K01,€" E:BOIOk/‘ke k)

=1 =1 k=1

r+1
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Owing to (A.18), the sum of (A.19)—(A.22) and (A.24) is identical to 0. From the coefficients of e¥.1/%,
we know that {Ko,l,,-};:f are the roots of (3.2) when /=2, n =0, and m = 1. As ko 1,+1 >0, the
limiting condition (2.13) implies Aj ;o ;,,; = 0. Next, comparing the coefficients of ue™" leads to
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Rearrangements give

B o s AOD,O,/' ~ . AS,O,O,O,]' K0,0,i0 o AO,O,O,j P00 b emzb -0
01,0k = Z_ - —w(u) | + Z e _Zﬂk+/’00' v -
Uy

=1 Mk Jr/)0.,0,/ =1 Hp +Ko00, =1
k=12 ...,r
thanks to (3.9) and (3.10). Hence, (A.23) reduces to (3.26). Utilising the coefficients of e¥0%*, one has
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which results in (3.28) since each ko, satisfies the Lundberg’s equation (3.2) when /=2 and
n =m = 0. Lastly, equating the coefficients of e #" results in
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With the help of (3.10) and (3.29), simplifications of the above equation yield (3.30). The remaining
formula (3.31) comes from the continuity condition (2.4). O
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